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Preface

Scientific computation has a long history, dating back to the astronomical tables
of the Babylonians, the geometrical achievements of the Egyptians, the calen-
dars of the Mayans, and the number theory of the ancient Chinese. The success
of these activities led in many parts of the world to the development of mathe-
matical theories trying to explain the surprising applicability of pure thought to
physical phenomena. Probably the most important such development took place
in ancient Greece, where mathematics, as we know it today, was created.

Just as practical advances in scientific computation have stimulated the de-
velopment of theory, so also new theoretical breakthroughs have led to whole
new ways of mathematizing science. A prominent example is the development
of calculus by Newton and Leibnitz and its application in all areas of science.
Mathematical theory, however, became more and more abstract and removed
from possible applications.

The twentieth century witnessed the advent of computing devices in the
modern sense. Right from the beginning these machines were used for facilitat-
ing scientific computations. The early achievements of space exploration in the
1950s and 1960s would have been impossible without computers and scientific
computation.

Despite this success, it also became clear that different branches of scientific
computation were taking shape and developing apart from each other. Numerical
computation saw itself mainly as a computational offspring of calculus, with
approximations, convergence, and error analysis forming its core. On the other
hand, computer algebra or symbolic computation derived its inspiration from
algebra, with its emphasis on solving equations in closed form, i.e., with exact-
solution formulae. Both of these branches were very successful in their own right,
but barely interacted with each other.

However, this split of scientific computation into numerical and symbolic
branches was felt more and more to be a problem. Numerical methods in solving
differential equations might make use of an analysis of integrability conditions or
symmetries, which can be provided by symbolic methods. Symbolic methods, on
the other hand, rely on exact inputs, which are often hard to come by. So they
need to be extended to cover certain neighborhoods of their input data. Prob-
lems such as these require a well-balanced integration of symbolic and numerical
techniques.

In 1998 the Austrian Science Fund (Fonds zur Förderung der wissenschaft-
lichen Forschung) established the Special Research Program (Spezialforschungs-
bereich, SFB) “Numerical and Symbolic Scientific Computing” at the Johannes
Kepler Universität, Linz, Austria. The speaker of this SFB is Ulrich Langer, and
the current co-speaker is Franz Winkler. In this SFB various research groups
with backgrounds in numerical analysis and in symbolic computation join forces
to bridge the gap between these two approaches to scientific computation. For
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more detail, please check out the Web page of the SFB: http://www.sfb013.
uni-linz.ac.at. Besides bringing local researchers together to work on numer-
ical and symbolic problems, this SFB also sees itself as an international forum.
Over the years we have organized several conferences and workshops on scien-
tific computation. In particular, in August 1999 the workshop “Symbolic and
Numerical Scientific Computation (SNSC ’99)” took place in Hagenberg near
Linz, the home of the Research Institute for Symbolic Computation (RISC-
Linz). SNSC ’99 was quite a success. So in September 2001 we held the second
such conference, “Symbolic and Numerical Scientific Computation (SNSC ’01)”,
again in Hagenberg.

As for SNSC ’99, Franz Winkler served as the organizer and general chair
of the conference. SNSC ’01 was designed as an open conference of the SFB.
The goal was to further the integration of methods in symbolic and numeri-
cal scientific computation. Topics of interest for the conference included all as-
pects of symbolic-numerical scientific computation, in particular: construction
of algebraic multigrid methods for solving large-scale finite element equations,
computer-aided geometric design, computer-supported derivation of mathemat-
ical knowledge, constraint solving, regularization techniques, combinatorics and
special functions, symmetry analysis of differential equations, differential geome-
try, visualization in scientific computation, and symbolic and numerical methods
in engineering sciences. The following invited speakers addressed these topics in
their presentations:

J. Apel, “Passive Complete Orthonomic Systems of PDEs and Riquier Bases
of Polynomial Modules,”
M. Dellnitz, “Set-Oriented Numerical Methods for Dynamical Systems,”
E. Hubert, “Differential Equations from an Algebraic Standpoint,”
F. Schwarz, “Algorithmic Lie Theory for Solving Ordinary Differential Equa-
tions,”
H.J. Stetter, “Algebraic Predicates for Empirical Data,”
R. Walentyński, “Solving Symbolic and Numerical Problems in the Theory
of Shells with MATHEMATICA.”

In addition to these invited presentations, 25 contributed talks were given at the
conference.

This book contains the proceedings of the conference SNSC ’01. The par-
ticipants were encouraged to submit revised and elaborated papers on their
presentations, and many of them did so. These submissions were then carefully
refereed by at least two independent referees each, under the supervision of the
editors.

The papers in this proceedings volume fall into three categories:

I. Symbolics and Numerics of Differential Equations,
II. Symbolics and Numerics in Algebra and Geometry,
III. Applications in Physics and Engineering.

In the following we briefly describe the various contributions and their interre-
lations.
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I. Symbolics and Numerics of Differential Equations:

Several invited presentations focused on algebraic methods for the investigation
of differential systems. The first paper by E. Hubert, “Notes on Triangular Sets
and Triangulation-Decomposition Algorithms I: Polynomial Systems,” reviews
the constructive algebraic theory of the solution of systems of polynomial equa-
tions. The core of any such solution method is the elimination of some variables
from some of the given equations. In the optimal case we arrive at a triangu-
lar system of equations, which can then be solved “one variable at a time.” In
her second paper, “Notes on Triangular Sets and Triangulation-Decomposition
Algorithms II: Differential Systems,” E. Hubert describes the extension of the
polynomial elimination theory to differential algebra. Differential polynomials
are associated with differential equations, and radical differential ideals with
differential systems. Hubert investigates questions about the solution sets of dif-
ferential systems by viewing them in terms of the corresponding radical differ-
ential ideals. In his paper “Passive Complete Orthonomic Systems of PDEs and
Riquier Bases of Polynomial Modules,” J. Apel relates passive complete ortho-
nomic systems of PDEs and Gröbner bases of finitely generated modules, which
can be seen as Riquier bases or so-called involutive bases of these differential
systems. This correspondence opens the way for an algebraic analysis of differ-
ential systems. Lie’s symmetry theory allows us to classify differential systems,
determine canonical forms of such systems, derive qualitative properties and in
certain cases also solve such systems. F. Schwarz investigates “Symmetries of
Second- and Third-Order Ordinary Differential Equations” in his contribution.

In the contributed papers in this category K. Schlacher et al. deal with “Sym-
bolic Methods for the Equivalence Problem of Systems of Implicit Ordinary
Differential Equations.” The goal in this investigation is to identify solutions
of an original set of differential equations as solutions of a given normal form.
M. Hausdorf and W.M. Seiler are able to generalize ideas from differential alge-
braic equations to partial differential equations in their paper “On the Numerical
Analysis of Overdetermined Linear Partial Differential Systems.” Involutive sys-
tems provide important normal forms for differential systems. Some of their
algebraic and computational aspects are investigated by R. Hemmecke in “Dy-
namical Aspects of Involutive Bases Computations.”

II. Symbolics and Numerics in Algebra and Geometry:

In their invited paper “Congestion and Almost Invariant Sets in Dynamical
Systems,” M. Dellnitz and R. Preis propose a new combination of numerical and
graph theoretic tools for both the identification of the number and the location of
almost invariant sets of a dynamical system which are subsets of the state space
where typical trajectories stay for a long period of time before entering other
parts of the state space. The algorithms derived find interesting applications in
the analysis of the dynamics of molecules.

The contributed papers in this category cover a wide range of different sym-
bolic and numeric techniques and also interactions between these techniques.
G. Brown proposes certain combinatorial graphs, so-called datagraphs, as a
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means for classifying and storing information on algebraic varieties. V. Marotta
elaborates Stetter’s approach of neighborhoods, i.e., inexactly given symbolic
objects, in her paper on “Resultants and Neighborhoods of a Polynomial.” The
issue here is that in practical applications polynomials are given with inexact
coefficients. Given such an inexact object, one tries to identify a neighboring
object exhibiting a certain structure. “Multi-variate Polynomials and Newton-
Puiseux Expansions” are investigated by F. Beringer and F. Richard-Jung. This
provides a generalization of local resolution from the classical curve case to the
case of hypersurfaces. P. Paule et al. use algebraic methods for constructing
wavelets that satisfy alternatives to the vanishing moments conditions in their
paper “Wavelets with Scale-Dependent Properties.” N. Beaudoin and S.S. Beau-
chemin propose a numerical Fourier transform in d dimensions that provides an
accurate approximation of the corresponding continuous Fourier transform with
similar time complexity as the discrete Fourier transform usually realized by
Fast Fourier Transform (FFT) algorithms. The paper by G. Bodnár et al. deals
with the method of exact real computations that seems to provide a reason-
able and effective alternative to the usual symbolic techniques of handling exact
computations. In particular, the authors consider some real linear algebra and
real polynomial problems such as inversion of nonsingular matrices, computation
of pseudoinverses, greatest common divisor computations, and roots computa-
tions. Some of these problems are ill-posed and require regularization techniques
like the Tikhonov regularization technique. U. Langer et al. develop a new sym-
bolic method for constructing a symmetric, positive definiteM -matrix that is as
close as possible to some given symmetric, positive definite matrix in the spec-
tral sense. This technique is then directly used for deriving efficient algebraic
multigrid preconditioners for large-scale finite element stiffness matrices.

III. Applications in Physics and Engineering:

Applications of both symbolic and numerical techniques in the theory of shells,
i.e., thin layers of physical bodies, are exhibited in the invited paper “Solv-
ing Symbolic and Numerical Problems in the Theory of Shells with MATHE-
MATICA” by R.A. Walentyński. The author demonstrates the applicability of a
typical computer algebra system, in this case MATHEMATICA, to mechanical
problems.

Several contributed papers describe hybrid symbolic-numerical techniques for
practical problems. A.R. Baghai-Wadji makes a conjecture about the diagonal-
izability of linearized PDEs as models of physically realizable systems and gives
a variety of examples of his conjecture in “A Symbolic Procedure for the Di-
agonalization of Linear PDEs in Accelerated Computational Engineering.” The
computer algebra system Maple is used by V.L. Kalashnikov in his paper “Gen-
eration of the Quasi-solitons in the Lasers: Computer Algebra Approach to an
Analysis.” A. Shermenev investigates the two-dimensional shallow water equa-
tion describing the propagation of surface gravity waves in polar coordinates. He
presents some solutions to this equation in the form of analytic representations.
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Notes on Triangular Sets
and Triangulation-Decomposition Algorithms

I: Polynomial Systems

Evelyne Hubert

INRIA - Projet CAFE
2004 route des lucioles BP 93
F-06902 Sophia Antipolis
Evelyne.Hubert@inria.fr

Abstract. This is the first in a series of two tutorial articles devoted to
triangulation-decomposition algorithms. The value of these notes resides
in the uniform presentation of triangulation-decomposition of polynomial
and differential radical ideals with detailed proofs of all the presented
results.We emphasize the study of the mathematical objects manipulated
by the algorithms and show their properties independently of those. We
also detail a selection of algorithms, one for each task. We address here
polynomial systems and some of the material we develop here will be
used in the second part, devoted to differential systems.

1 Introduction

The natural representation of a tower of separable field extensions is a triangular
set having some irreducibility properties. Those special triangular sets, called
characteristic sets, therefore provide a natural representation for prime ideals in
polynomial rings. That idea was in fact first fully developed by J.F.Ritt [Rit32,
Rit50] in the context of differential algebra. Ritt gave an algorithm to represent
the radical ideal generated by a finite set of polynomials as an intersection of
prime ideals defined by their characteristic sets. For want of effectiveness and
realistic implementations the irreducibility requirements were to disappear both
in the representation of field extensions and of radical ideals.

What we call a triangulation-decomposition algorithm is an algorithm that
computes a representation of the radical ideal generated by a finite set of polyno-
mials as an intersection of ideals defined by triangular sets. Many triangulation-
decomposition algorithms in fact provide a zero decomposition: the variety de-
fined by a set of polynomials is decomposed into quasi-varieties. To be gen-
eral, the quasi-varieties are described by a triangular system of equations and
a set of inequations. Application or algorithm requirements lead to output sys-
tems and decomposition with more or less specific properties, [Wan99] presents
quite a few options. Bridges between different approaches have been proposed
in [ALMM99, AMM99, Del00a, Del01].

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 1–39, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



2 Evelyne Hubert

Zero decomposition algorithms were investigated and developed for applica-
tion to geometry theorem proving starting with the work of Wu in the late sev-
enties [Wu78]. Books devoted to the field include [Wu94, Cho88, CGZ94, Wu00].
As for field representation, the D5 system [DDD85, Duv87] was designed to
work with algebraic numbers without factorization. Its extension to the dynam-
ical closure system D7 [GD94, Del99, Del00b] is intended to work with towers
of extensions. A side product of the D7 system is a zero decomposition algo-
rithm. Last but not least, triangular forms of systems of polynomials are very
amenable to resolution. Triangulation-decomposition of polynomial systems are
therefore naturally applicable to solving polynomial systems with finite number
of solutions [Laz92, MMR95] and parametric systems [GC92, Sch00]. In the case
of polynomial system with a variety of positive dimension the decomposition
computed is strongly unmixed dimensional [Laz91, MM97, Sza98, Aub99]. It
therefore gives an excellent description of the variety and can be relatively eas-
ily refined into an irreducible decomposition. Solving polynomial system with
triangulation-decomposition is particularly adequate when the solution set has
relevant components of different dimensions, as is the case of the classification
problem solved in [FMM01]. Triangulation-decomposition has also proved ade-
quate for solving positive dimensional systems over the reals [ARSED03]. Also,
elementary-algebraic systems [Ric99, BJ01] can be attacked with this technique.

The first focus of this paper is a thorough study of ideals defined by triangular
sets. Many of the presented results are either assumed or disseminated in the
literature. We will give full proofs to all those results. The second focus will be on
Kalkbrener’s algorithm. That algorithm was first presented in [Kal93] in a very
synthetic and highly recursive way. Our presentation owes to the presentation
of [Aub99].

The basic idea of working with triangular sets is to consider multivariate
polynomials as univariate polynomial in a distinguished variable, the leader. We
want to treat systems of polynomials recursively as univariate polynomials. The
reduction of one polynomial by another will be pseudo-division.

Triangular sets are sets of polynomials with distinct leaders. We look at the
ideals they define outside of some singularity sets, given by the initials of the
polynomials, i.e. the leading coefficients of the polynomials when considered as
univariate polynomial in the leader. These ideals have excellent properties: they
are unmixed dimensional and the non leading variables give a transcendence
basis for all associated primes (see Section 4). Thanks to that structure, we can
associate a product of fields to a triangular set in a natural way.

Some specific triangular sets, called regular chains (Section 5), are amenable
to computations. This is because the cutback of the ideal defined is given by
the cutback of the regular chain. Computations can thus be lead recursively in
a univariate way. Regular chains give the ideal they define a membership test,
as well as a zero-divisor test (Section 8).

Of course, not every ideal can be written as the ideal defined by a regu-
lar chain. Our final goal is to give an algorithm that writes the radical ideal
generated by some finite set of polynomials as an intersection of (radicals of)
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characterizable ideals. Characterizable ideals can be defined intrinsically and are
given by regular chains.

For the zero-divisor test or the decomposition into characterizable ideals,
there is an interesting notion coming in, the pseudo-gcd. This is a generalization
of the gcd of univariate polynomial over a field to the case of univariate poly-
nomials over a product of fields. In our case, we consider univariate polynomials
with coefficients taken modulo the ideal defined by a triangular set.

The paper is organized as follow. In Section 2 we shall review some defini-
tions and basic properties on polynomial rings. We in particular give a series
of results about zero-divisors. We conclude the section with a simple example
of a splitting procedure of a product of fields. This serves as an introduction
to one of the two main components of Kalkbrener’s algorithm. In Section 3 we
review pseudo-division and its property and the definition of pseudo-gcd, as in
[Aub99] . After the pseudo-gcd definition, we give an algorithm to compute a
pseudo-gcd assuming we are given a splitting procedure. That provides an intro-
duction to the second main component of Kalkbrener’s algorithm. In Section 4
triangular sets together with the fundamental properties of the ideals they de-
fine are detailed. In Section 5, we define regular chain, review the notion of
characteristic set of Ritt and give the equivalence of [ALMM99] between the
two approaches. For the characterizable ideals they define we exhibit canonical
representatives. Section 6 defines characteristic decompositions and makes the
link between irredundant decompositions and decomposition of a product fields.
Before the algorithmic part of the article, we assemble in Section 7 a number of
results about the radical of an ideal defined by a triangular set. These results
are of use to construct the radical of a characterizable ideal and in differential
algebra [Hub03]. Section 8 gives the two components of Kalkbrener’s algorithm,
one to split and one to compute the pseudo-gcd. These components are then ap-
plied in Section 9 to provide a characteristic decomposition algorithm. A further
application will be given in [Hub03] for the algebraic part of a decomposition
algorithm in differential algebra.

2 Preliminaries and Notations in Commutative Algebra

We recall here some basic definitions and results in commutative algebra and
take the opportunity to set up some notations. The notions we shall expand on
are saturation ideal, zero divisors and product of fields. All of these are central
in the techniques of triangular sets and in Kalkbrener’s algorithm. Other notions
can be found for instance in [Eis94].

2.1 Ideals, Saturation and Equidimensionality

In this section and the following, R is a Noetherian ring. Let H be a subset of
R. We denote by H∞ the minimal subset of R that contains 1 and H and is
stable by multiplication and division i.e. a, b ∈ H∞ ⇔ ab ∈ H∞. When H
consists of a unique element h we will write h∞ instead of {h}∞.
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Let I be an ideal of R. We define the saturation of I by a subset H of R as
I :H∞ = {q ∈ R | ∃h ∈ H∞ s.t. h q ∈ I}. I ⊂ I :H∞ and I :H∞ is an ideal.
Consider H−1R the localization of R at H∞. Let H−1 I be the extension of I
in H−1R. When 0 /∈ H∞, I :H∞ = H−1 I ∩ R.

If P is a primary ideal of R, P :H∞ is either equal to P or R according to
whether H ∩√P is empty or not. This has the following consequence.

Proposition 2.1. Let J be an ideal of R, and H a subset of R. J : H∞ is
the intersection of those primary components of J the radical of which have an
empty intersection with H.

We shall see that the ideals defined by triangular sets that are central in
our approach are unmixed dimensional. The following definition is taken from
[Vas98].

Definition 2.2. LetR be a Noetherian ring. An ideal I inR is equidimensional
if all its minimal primes have the same codimension. An ideal I in R is unmixed
dimensional, if all its associated prime have the same codimension.

An ideal that is unmixed dimensional is equidimensional and has no embed-
ded primes. Therefore, the set of primary components is uniquely determined.
Every zero-dimensional ideal is unmixed dimensional.

We note (F ) the ideal generated by a non empty subset F of R. For an ideal
I of R, we note

√
I the radical of I that is

√
I = {r ∈ R | ∃α ∈ N s.t. rα ∈ I},

which is a radical ideal.
√

(F ) will be noted 〈F 〉.

2.2 Zero Divisors

In Kalkbrener’s algorithm, deciding if an element is a zero divisor modulo the
ideal defined by a triangular set is a central figure. We set up some notations
that will enable us to describe the algorithms in a more compact way. We review
also a number of results that will be useful, in particular Gauss lemma.

We shall see that to a triangular set is naturally associated a product of fields.
Computing modulo the ideal defined by a triangular set amounts to compute
over this product of fields. We review some of the features of product of fields
and their natural construction with the Chinese remainder theorem.

Given a ring R, Zd(R) will denote the set consisting of 0 and the zero divisors
of R. The total quotient ring of R, that is the localization of R at R \ Zd(R)
will be written Q(R).

Let I be an ideal in R. An element p of R is said to be

– invertible modulo I if its canonical image in R/I is a unit.
– a zero divisor modulo I if its canonical image in R/I is a zero divisor. By

extension we write p ∈ Zd(R/I) or p ∈ Zd(I) for short.

Note that an element of R is invertible modulo an ideal I iff it is invertible
modulo the radical,

√
I. An element p of R is a zero divisor modulo an ideal I
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iff p belongs to an associated prime of I. Thus, when I a unmixed dimensional
Zd(I) = Zd(

√
I).

The following theorem is Gauss lemma [Eis94, Exercise 3.4]. It gives a prac-
tical test for a univariate polynomial to be a zero divisor. A weak version of this
lemma is traditionally used in the literature on triangular sets: the test is made
on the leading coefficient only. We will use it in its generality.

Theorem 2.3. Consider a polynomial f ∈ R[x] and note Cf the ideal in R
generated by the coefficients of f (the content of f). Then f ∈ Zd(R[x]) ⇔
Cf ⊂ Zd(R).

2.3 Product of Fields

The Chinese Remainder Theorem [Eis94, Exercise 2.6] is a major tool in con-
structing product of rings - and thus of fields.

Theorem 2.4. Let Q1, . . . , Qr be ideals in R such that Qi + Qj = R for all
i �= j. Then

R/
(

r⋂
i=1

Qi

)
∼=

r∏
i=1

R/Qi.

When the Qi are maximal ideals in R, R/ (
⋂r
i=1Qi) is isomorphic to a prod-

uct of fields. In particular, the quotient of R by a zero dimensional radical ideal
is isomorphic to a product of fields.

Lemma 2.5. LetR be a ring isomorphic to a product of fields. The total quotient
ring of R, Q(R), is equal to R.

This is easily seen as a nonzero element of R that is not a zero divisor is a
unit.

2.4 A Splitting Procedure

We shall pause here to introduce on a simple case the concept of splitting that
comes into Kalkbrener’s algorithm. Let K be a field and c a square-free univariate
polynomial over K, say in K[λ]. Assume c =

∏r
i=1 ci is a decomposition into irre-

ducible factors. By the Chinese remainder theorem R = K[λ]/(c) is isomorphic
to the product of the fields Ki = K[λ]/(ci).

To work over R, i.e. modulo the algebraic condition on λ, one can factor
c and work over each Ki. Beside factorization, this implies repeating the same
computation for several components. Instead, at each step of a computation,
we can group the components where the same computation are done. We only
need to distinguish the components on which an element is a unit from the
components on which it is zero.

Given an element p in K[λ] it is possible to split R into two products of fields,
R0 and R1, in such a way that the natural projection of p on R0 is zero while
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the projection on R1 is a unit. If g0 = gcd(p, c) and g1 = c
g0

then we can just
take R0 = K[λ]/(g0) and R1 = K[λ]/(g1). If g0, g1 /∈ K then R ∼= R0 ×R1.

When c is not square-free we consider R = K[λ]/ 〈c〉. We can take R0 =
K[λ]/ 〈g0〉, where g0 = gcd(p, c). But now p and g1 = c

g0
may have common

factors, in which case p is not a unit in K[λ]/ 〈g1〉. Consider the sequence starting
with g1 s.t. gk+1 = gk

gcd(p,gk)
. For some k, gk+1 ∈ K. We can then take R1 =

K[λ]/ 〈gk〉 so that R = R0 ×R1.

3 Univariate Polynomials over a Ring

The basic reduction step in the triangular set techniques is pseudo division.
We review briefly the properties of such an operation. We then introduce the
notion of pseudo-gcd that was defined in [Aub99] to put a mathematical frame
on Kalkbrener’s algorithm. The pseudo-gcd (or pgcd) of a non empty set of
univariate polynomials over a ring is the generalization of gcd in a principal
ideal ring, i.e. the generator of the ideal. It is well defined over a product of
fields. We shall show how to compute a pseudo-gcd over a product of fields
when we have a splitting algorithm. This is a fairly simple extension of Euclid’s
algorithm. Kalkbrener’s algorithm evolves on this basic idea.

3.1 Pseudo Division

Let R[x] be a ring of univariate polynomials with coefficients in the ring R. For
a polynomial p ∈ R[x] we will note

– deg(p, x) the degree of p in x
– lcoeff(p, x) the coefficient of xdeg(p,x) in p (the leading coefficient).
– tail(p, x) = p− lcoeff(p, x)xdeg(p,x).

Let p, q ∈ R[x], q �= 0, d = deg(p, x), e = deg(q, x) and c = lcoeff(q, x).
The pseudo-remainder of p w.r.t. q is defined as the unique polynomial p̄ such
that deg(p̄, x) < deg(q, x) and cd−e+1 p ≡ p̄ mod (q) when d ≥ e, p otherwise
[GCL92, vzGG99]. A sparse pseudo-remainder is usually defined by taking a
power of c as small as possible. One can be slightly more general and define a
sparse pseudo-remainder of p with respect to q to be a polynomial r of degree
in x strictly lower than that of p for which there exists h ∈ c∞ s.t. h p ≡ r
mod (q). An equality h p = aq + r where p, q, a, r ∈ R[x], deg(r, x) < deg(q, x)
and h ∈ lcoeff(q, x)∞ is called a pseudo-division relationship (of p by q). We
will write r = srem(p, q, x) and a = squo(p, q, x), though these two quantities
depend on the algorithm used to compute them. We nonetheless have a kind of
uniqueness property.

Proposition 3.1. Let f, g ∈ R[x] such that lcoeff(g, x) /∈ Zd(R). Assume h f =
q g + r and h′ f = q′ g + r′ are two pseudo division relationships. Let h̄, h̄′ ∈
lcoeff(g, x)∞ be chosen so that h̄ h = h̄′ h′. Then h̄ q = h̄′ q′ and h̄ r = h̄′ r′
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Proof. Indeed h̄ h f = h̄ (q g + r) and h̄′ h′ f = h̄′ (q′ g + r′). Therefore (h̄ q −
h̄′ q) g = h̄′ r′ − h̄ r. The right hand side is of degree strictly less than deg(g, x).
Since lcoeff(g, x) is not a zero divisor, it follows that (h̄ q− h̄′ q) is zero and so is
(h̄′ r′ − h̄ r).

It follows that the pseudo remainder is zero iff all the sparse pseudo remain-
ders are zero. The following property is shown in a similar way.

Proposition 3.2. Let f, g ∈ R[x] be such that lcoeff(g, x) /∈ Zd(R). The poly-
nomial g divides f in Q(R)[x] iff srem(f, g, x) = 0.

3.2 Pseudo-gcd over a Product of Fields

The notion of pseudo-gcd is present in [Laz91, Kal93, MMR95] We reproduce
here the definition given in [Aub99].

Definition 3.3. Let R be a ring isomorphic to a product of fields and F
a non-empty subset of R[x]. The pseudo-gcd of F over R is a set of pairs
{(R1, g1), . . . , (Rr, gr)} such that

– (F ) = (gi) in Ri[x], 1 ≤ i ≤ r.
– R1, . . . ,Rr are isomorphic to products of fields and R ∼= R1 × . . .×Rr.

The existence of a pseudo-gcd is secured by the existence of a gcd over each
field that is a component of R.

We shall expand here on the generalization of Euclid’s algorithm over a prod-
uct of fields as it is a good introduction to Kalkbrener’s algorithm. Assume that
we have for a product of fields R the procedures

– is-zero that decides if an element of R is zero
– is-zerodivisor that decides if an element of R is a zero divisor
– split that splits R according to a zerodivisor p into R0 and R1 s.t. R ∼=
R0 ×R1 and p = 0 in R0 while p is a non zero divisor in R1.

In Section 2.4, we saw for R = K[λ]/ 〈c〉, c a polynomial in K[λ], how to write
these procedures. One can rework Euclid’s algorithm to compute the pseudo-gcd
of two polynomials in R[x]. It will work with the following property:

Proposition 3.4. Let f, g ∈ R[x] be such that lcoeff(g, x) /∈ Zd(R). The ideals
(f, g) and (srem(f, g, x), g) are equal when considered as ideals in Q(R)[x].

Recall that Q(R) = R when R is a product of fields and so (f, g) =
(srem(f, g, x), g) in R[x]. In the general pgcd algorithm of Section 8.1 we will
nonetheless have a slightly stronger result that needs this statement.

The following algorithm computes the pgcd of two univariate polynomials
over R. It is described in maple style. As we shall often do in algorithm de-
scription, S is a set of tuples that await more computations while G contains
data for which the computation is over. The command pop returns one element
of a set and removes it from that set. Tuples are noted with parenthesis to fit
mathematical notation rather than the maple list construction with brackets.
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Algorithm 3.5. pgcd
Input:

– R a ring that is isomorphic to a product of fields.
– p and q polynomials in R[x].

Output: A pgcd {(R1, g1), . . . , (Rr, gr)} of p and q over R.
S := {(R, p, q)};
G := ∅;
while S �= ∅ do

(Q, a, b) := pop (S);
if b = 0 then
G := G ∪ {(Q, a)};

else
c := lcoeff(b, x);
if is-zero(Q, c) then
S := S ∪ {(Q, a, tail(b, x))};

elif is-zerodivisor(Q, c) then
Q0,Q1 := split (Q, c) ;
S := S ∪ {(Q0, a, tail(b, x)), (Q1, b, srem(a, b, x))};

else
S := S ∪ {(Q, b, srem(a, b, x))};

fi;
return(G);

Together with what was presented in Section 2.4 we can now compute the
pgcd of two polynomials in (K[λ]/ 〈c〉)[x]. The procedure can be made more
efficient by using subresultant sequences [AK93, Del00c].

4 Multivariate Polynomials
with a Recursive Univariate Viewpoint

We shall see multivariate polynomials as univariate polynomials in a distin-
guished variable. The coefficients are multivariate polynomials. Triangular sets
are the basic objects of our approach. They define ideals with specific structure
to which we associate products of fields.

4.1 Vocabulary for Multivariate Polynomials

Consider the polynomial ring K[X] where X is a set of ordered variables. The
order on the indeterminates is called a ranking in the line of the terminology
introduced by Ritt. A side effect is to avoid possible confusion with the term
ordering used in Gröbner bases theory. For x ∈ X we write X>x, and respec-
tively X<x, the set of variables greater, and respectively lower, than x in X. We
denote also X≤x = X<x ∪ {x}. When we write K[X][y] for K[X ∪ {y}] it will be
understood that ∀x ∈ X, x < y.
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Let p be a polynomial in K[X] \ K. The leader and the initial of p are
respectively the highest ranking variable appearing in p and the coefficient of its
highest power in p. They will be noted lead(p) and init(p). If d is the degree of p
in its leader, the rank of p is the term rank(p) = lead(p)d.

The ranking on X induces a pre-order1 on the polynomials of K[X]. An
element q ∈ K[X]\K is said to have higher rank (or to rank higher) than p when
its leader, lead(q), has higher rank than lead(p) or when lead(p) = lead(q) and
the degree in this common leader is bigger in q than in p. In that case we write
rank(q) > rank(p).

A polynomial q is reduced w.r.t. p if the degree of q in lead(p) is strictly less
than the degree of p in lead(p).

4.2 Triangular Sets

From now on we consider a polynomial ring K[X] endowed with a ranking.

Definition 4.1. A subset of K[X] is a triangular set if it has no element in K
and the leaders of its elements are pairwise different.

A triangular set cannot have more elements than X but can be the empty
set. Let a1, a2, . . . , ar be the elements of a triangular set A such that lead(a1) <
lead(a2) < . . . < lead(ar). We shall write A = a1 � a2 � . . . � ar. We will also
use the small triangle � to construct triangular sets by mixing polynomials a
and triangular sets A,B in the following ways:

– a�A denotes the triangular set A∪{a} if a is such that lead(a) ranks lower
than the leader of any element of A

– A� a denotes the triangular set A∪{a} if a is such that lead(a) ranks higher
than the leader of any element of A

– A�B denotes the triangular set A ∪ B if the leader of any element of A
ranks less than the leader of any element of B.

For a triangular set A in K[X] we note L(A) and IA the sets of the leaders
and of the initials of the elements of A. We will also note T(A) = X\L(A) the set
of the non leading variables of A. For x ∈ X we define Ax to be the element of A
with leader x if there is any, 0 otherwise. A<x = A∩K[X<x], A≤x = A∩K[X≤x]
and A>x = A \ (A≤x). A<x can be considered as a triangular set of K[X] or as
a triangular set of K[X<x].

A polynomial p is said to be reduced with respect to a triangular set A if for
all x in L(A) we have deg(p, x) < deg(Ax, x). The pseudo division algorithm can
be extended to compute the reduction of a polynomial in K[X] with respect to
A.

Lemma 4.2. Let A be a non empty triangular set and p a polynomial in K[X].
There exists h ∈ I∞

A and r ∈ K[X] reduced w.r.t. A such that h p ≡ r mod (A).
We will write r = red(p,A).
1 We take the convention that a pre-order is a relation that is reflexive, transitive and
connex [BW93]. Therefore the difference with an order is that a ≤ b and b ≤ a does
not imply a = b.
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The pair (h, r) is not unique but in our use, any such pair will do. If A =
a1 � . . . � am we can take

red(p,A) = srem(. . . srem(srem(p, am, um), am−1, um−1), . . . , a1, u1) ,

where ui = lead(ai).
Note that if red(p,A) = 0 then p ∈ (A) : I∞

A . The best we can expect to
represent with a non empty triangular set A of K[X] is the ideal (A) : I∞

A . For
readability in some equation we note I(A) = (A) : I∞

A and R(A) =
√I(A) =

〈A〉 : I∞
A . For the empty set we take as a convention that I(∅) = R(∅) = (0). A

triangular set is said to be consistent if 1 /∈ (A) :I∞
A .

At some points we shall extend the coefficient field to the rational function
field in the non leading variables T(A) of A. We will write KA = K(T(A))
and consider the ring of polynomials KA[L(A)]. If L(A) is ordered according to
the ranking on K[X] then A is a triangular set in KA[L(A)]. For a consistent
triangular set A we furthermore define R(A) the ring K(T(A))[L(A)] / R(A).
We shall see that this ring is isomorphic to a product of fields (Proposition 4.7).

4.3 Ideals Defined by Triangular Sets

In this section we examine the properties of the ideal I(A) = (A) :I∞
A defined by

a triangular set A. They are unmixed dimensional and all the associated prime
share the same transcendence basis, as stated in Theorem 4.4. There are several
references for that theorem or its related results [GC92, Kal93, Sza98, Aub99,
Hub00]. We also study the cutback properties of ideals defined by triangular sets.
Indeed the basic operations on triangular sets is to extend or cut them shorter.

Lemma 4.3. Let A be a triangular set in K[X]. Let a ∈ K[X][x] be of strictly
positive degree in x and h = init(a). Then

(I(A) :h∞ + (a)) :h∞ = I(A� a) and I(A� a) ∩ K[X] = I(A) :h∞

Proof. We prove the first equality. Since h ∈ IA� a, it follows that I(A) :h∞ ⊂
I(A� a) and thus ((a) + I(A) :h∞) :h∞ ⊂ I(A� a).

Let p ∈ I(A� a). There exist h̄ ∈ h∞, k ∈ I∞
A and q̄ ∈ K[X][x] such

that h̄ k p = q̄ a mod (A). Since h̄ k /∈ Zd(I(A) : h∞), p is divisible by a in
Q(K[X]/I(A) : h∞)[x]. By Proposition 3.2 there exists h′ ∈ h∞ and q′ ∈ K[X]
such that h′ p = q′ a mod I(A) :h∞. Thus p ∈ (I(A) :h∞ + (a)) :h∞.

For the second equality assume p ∈ I(A� a) = (I(A) :h∞ + (a)) :h∞. There
exists h′ ∈ h∞, q ∈ K[X][x] such that h′ p − q a ∈ I(A) : h∞, and therefore
all the coefficients of the powers of x in h′ p − q a belong to I(A) : h∞. Since
h = init(a) is not a zero divisor modulo I(A) :h∞, if p ∈ K[X] then q = 0. Thus
I(A� a) ∩ K[X] ⊂ I(A) : h∞ and the other inclusion is immediate from what
precedes.

Intuitively this shows that if I(A) :h∞ �= (1), a is not a zero divisor modulo
I(A) :h∞ and therefore the dimension of I(A� a) is one less then the dimension
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of I(A). Nonetheless an iterative proof of the dimension properties of the ideal
defined by a triangular set is not easy. Conversely, the following fundamental
property of the ideal I(A) allows us to understand better the iterative properties
of triangular sets.

Theorem 4.4. Let A be a consistent triangular set of K[X]. I(A) is unmixed
dimensional of codimension the cardinal of A. Furthermore T(A) forms a tran-
scendence basis for each associated prime of I(A).

Proof. Let us note A = a1 � . . . � am and let ui denote the leader of ai. Each
ai introduces the new variable, ui. Consider the localization LA = I−1

A K[X].
We note I−1

A (A) the ideal generated by A in LA. By the principal ideal theorem
[Eis94, Theorem 10.2], I−1

A (A) has at most codimension m. Considered as a uni-
variate polynomial in ui, ai has one of its coefficient, its initial, invertible in LA.
By Gauss lemma (Lemma 2.3) ai can not divide zero modulo I−1

A (a1, . . . , ai−1) .
It follows that a1, . . . , an is a LA-regular sequence. I−1

A (A) has depth greater or
equal to m. As LA is Cohen-Macaulay I−1

A (A) has codimension m and therefore
is unmixed dimensional [Eis94, Proposition 18.14 and 18.9]

As I(A) = (I−1
A (A)) ∩ K[X], an associated prime of I(A) is the intersection

with K[X] of an associated prime of I−1
A (A). They all have codimension n and

there is no embedded prime [Eis94, Exercise 9.4].
Let P be a minimal prime of I(A). It contains no initial of the elements

of A. Therefore all the elements of L(A) are algebraic over T(A) modulo P .
Considering dimensions, T(A) provides a transcendence basis for P .

It follows that Zd(I(A)) = Zd(R(A)) and we will simply write Zd(A).

Proposition 4.5. Let A be a consistent triangular set of K[X] and x ∈ X.
Assume P is a minimal prime of I(A). P ∩K[X≤x] is a minimal prime of I(A≤x).

Proof. Obviously I(A≤x) ⊂ I(A) in K[X]. Therefore I(A≤x) ⊂ I(A) ∩ K[X≤x]
in K[X≤x]. Let P be a minimal prime of I(A) in K[X]. P ∩ K[X≤x] is a prime
ideal that contains I(A≤x). It must contain a minimal prime P ′ of I(A≤x).
Now P ∩K[X≤x] admits T(A)∩X≤x = T(A≤x) as a transcendence basis; It has
codimension the cardinal of L(A)∩X≤x = L(A≤x). Theorem 4.4 applies to A≤x
in K[X≤x]. Thus P and P ′ have the same dimension. They must be equal.

This property admits generally no converse implication. Some minimal prime
of I(A≤x) are not obtained as the intersection with K[X≤x] of a minimal prime
of I(A). Lemma 5.8 gives a sufficient condition for this to happen.

Example 4.6. In Q[x, y] with x < y, consider the triangular set A = x2 −
1 � (x+1) y−1. We have I(A) = (x−1, 2 y−1) while I(A≤x) = (x−1)∩(x+1).

4.4 Product of Fields Associated to a Triangular Set

The association of a product of fields to a normalized triangular set was intro-
duced and used in [Laz91, MM97, Aub99]. This association allows us to define
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a pseudo-gcd modulo a triangular set. Here, to introduce a product of fields we
shall use the easy correspondence between positive dimension and dimension
zero when dealing with ideals defined by triangular sets.

Let A be a triangular set of K[X]. A can be considered as a triangular set
in K(T(A))[L(A)]. The ideals will be subscripted by K or by KA = K(T(A)) to
indicate where they are taken when confusion can arise

By Theorem 4.4 T(A) is a transcendence basis of each associated prime of
I(A) so that I(A)KA

is a zero dimensional ideal of KA[L(A)] and I(A)KA
∩

K[X] = I(A)K. Similarly,R(A)KA
is a zero dimensional radical ideal ofKA[L(A)]

and R(A)KA
∩K[X] = R(A)K. The construction of the product of fields associ-

ated to A is then an immediate consequence of the Chinese remainder theorem.

Proposition 4.7. Let A be a consistent triangular set. The ring R(A) =
KA[L(A)] / R(A)KA

is isomorphic to a product of fields.

Proof. R(A)KA
is a zero dimensional radical ideal of KA[L(A)]. Let P1, . . . , Pr

be the associated primes of R(A)KA
. They are maximal ideals and therefore the

KA[L(A)] /Pi are fields. By application of Theorem 2.4, KA[L(A)] / R(A)KA
∼=

KA[L(A)] /P1 × . . .×KA[L(A)] /Pr.

We shall see that when the triangular set is a regular chain, the product of
fields defined is computable in the sense that an element can be tested to be a
zero divisor and we can write a splitting algorithm. As we have seen in Section 3.2
we can thus write a pseudo-gcd algorithm over R(A) = KA[L(A)] / R(A).

Note that K(T(A))[L(A)] / R(A) is equal to its total field of fraction (Propo-
sition 2.5). Therefore K(T(A))[L(A)] / R(A) = Q (K[X] / R(A)). For ideals de-
fined by triangular sets, we thus obtain the same product of field as [Aub99].
The benefit of the present presentation is that we control the elements we invert,
namely only the elements in K[T(A)].

5 Regular Chains and Characterizable Ideals

Chains are special kinds of triangular set that allow the definition of characteris-
tic set of an ideal. That notion of characteristic set was introduced by J.F. Ritt
[Rit30, Rit50]. He defined them as chains that are minimal w.r.t. to a certain
pre-order. The chains of Ritt are the autoreduced sets of Kolchin. The chains we
define are less restrictive but only slightly.

Characterizable ideals were introduced in [Hub00]. They are ideals that are
well defined by their characteristic sets. Ritt and Kolchin made use of the fact
that dimension of prime ideals could be read on their characteristic set and
that membership to prime ideals could be tested by reduction w.r.t. any of their
characteristic set. Characterizable ideals is a wider class of ideals that have those
two properties.

Regular chains were introduced by Kalkbrener [Kal93]. It is close to the
definition of regular set of [MM97] These definitions were shown to be equivalent
in [ALMM99]. The definition we give is equivalent, we only avoid the use of tower
of simple extensions.
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We show that characterizable ideals are in fact ideals defined by regular
chains. Say it otherwise: regular chains are characteristic sets of characterizable
ideals. That result appeared in [ALMM99]. Thus, the approach through charac-
teristic sets allows to define characterizable ideals intrinsically while the regular
chain approach allow us to construct characterizable ideals.

5.1 Characteristic Sets

The ranking on X induces a pre-order2 on the set of triangular sets of K[X].
Let A = a1 � . . . � ar and B = b1 � . . . � bs be triangular sets. A is said to have
lower rank than B when there exists k, 0 ≤ k ≤ r, s, such that rank(ai) = rank(bi)
for all 1 ≤ i ≤ k and either k = r < s or rank(ak) < rank(bk). If this is the case,
we write rank(A) < rank(B).

If A = B�C then rank(A) < rank(B) reflecting the inclusion of ideals (B) ⊂
(A). In particular, if B is the empty set and A is not then rank(A) < rank(B).

Recall that a relation on a set M is well founded if every non empty subset
of M has a minimal element for this relation. This is equivalent to the fact that
there is no infinite decreasing sequence in M . See for instance [BW93, Chapter
4].

Theorem 5.1. The pre-order on triangular sets is well founded.

Proof. Assume that the variables are indexed by increasing rank from 1 to n.
The rank of a triangular set A = a1 � . . . � ar can be modeled by an element
(i1, d1, . . . , in, dn) of N2n where, for j ≤ r ij and dj are respectively index of the
leader of aj and the degree of aj in its leader while for j > r ij = n + 1 and
dj = 0. The pre-order on the triangular set is given by the lexicographic order
in N2n and that latter is well founded.

This property allows us to show termination of algorithms and to show that
every ideal admits a characteristic set. But for this purpose we need to consider
chains and not simply triangular sets. Indeed one can extend a triangular set
included in an ideal to a lower rank one still included in the ideal.

Example 5.2. Consider the ideal I = (x, y) in Q[x, y, z]. x� y is a triangular
set in I as is x� y�xz which has lower rank. This latter is nonetheless useless
in discriminating I.

Definition 5.3. A subset of K[X] is an autoreduced set if any of its element is
reduced w.r.t. the others.

A triangular set A in K[X] is a chain if for all x ∈ L(A), the rank of
red(Ax, A<x) is equal to the rank of Ax.

2 A pre-order is a relation that is reflexive, transitive and connex. The difference with
an order is that a ≤ b and b ≤ a does not imply a = b.
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An autoreduced set must be a triangular set. The important fact behind
the definition of a chain is that to any chain we can associate an autoreduced
set B with the same rank. We just take B = {red(Ax, A<x) | x ∈ L(A)}. Un-
fortunately the definition of chain above depends on the choice of the pseudo-
division algorithm used, as illustrated in the example below. It is nonetheless
practical to be able to define characteristic sets of ideals that are not nec-
essarily autoreduced. Autoreduced sets have been replaced by weak ascend-
ing chains [CG90] or fine triangular sets [Wan93], i.e. triangular sets such
that ∀x ∈ L(A) red(init(Ax), A<x) �= 0, in Wu-Ritt type of triangulation-
decomposition algorithm. Nonetheless, it is not always possible to associate an
autoreduced set to a fine triangular set while keeping the same rank. It is indeed
possible that red(init(Ax), A<x) �= 0 but that red(Ax, A<x) does not have the
same rank as Ax. We give an example.

Example 5.4. In Q[x, y, z] with ranking x < y < z consider

– A = x2 �xy−1 �xz+y . Then red(init(Az), A<z) = x �= 0 but red(Az, A<z) =
1.

– A = x2 − x�xy − 1 � (x − 1)z + xy. If sparse pseudo-division is used then
A is a chain as red(Az, A<z) = (x− 1)z + 1. If pseudo-division is used then
A is not a chain as red(Az, A<z) = x.

Definition 5.5. Let I be a proper ideal in K[X]. A chain A contained in I is
a characteristic set of I if one of the following equivalent conditions holds:

1. A is of minimal rank among the chains contained in I.
2. there is no non zero element of I reduced w.r.t. A.
3. ∀q ∈ I, red(q, A) = 0.

We shall make explicit the equivalences in the definition.

1. ⇒ 2. Assume that there is a nonzero element p in I reduced w.r.t. A. Let
x = lead(p) and consider B = A<x� p. B is a chain in I of lower rank than
A. This contradicts the hypothesis on A.

2. ⇒ 1. Assume there exists a chain B in I of rank lower than A. We can
assume that B is an autoreduced set. Let A = a1 � . . . � as and B =
b1 � . . . � br and k, 0 ≤ k ≤ r, s, such that rank(bi) = rank(ai) for all i ≤ k
and rank(bk+1) < rank(ak+1) or k = s. As bk is reduced w.r.t. b1 � . . . � bk−1
it is reduced w.r.t. A. That cannot be the case.

2. ⇔ 3. is immediate to write down.

From Point 3. in this definition we deduce that if A is a characteristic set of
an ideal I of K[X] then (A) ⊂ I ⊂ (A) :I∞

A . From Point 1. and Theorem 5.1 we
deduce that every ideal in K[X] admits a characteristic set and all the charac-
teristic sets of a given ideal (for a given ranking) have the same rank.

The example below illustrate the fact that a chain A is not obviously a
characteristic set of (A) :I∞

A .

Example 5.6. In Q[x, y] endowed with a ranking x < y consider, the chain
A = (x − 1) y − 1 �x2 − 1. Note that (x + 1) ∈ (A) : I∞

A though it is reduced
w.r.t. A.



Triangulation-Decomposition Algorithms I: Polynomial Systems 15

5.2 Regular Chains

The idea behind the definition of regular chains is that a generic zero of R(A<x)
can be extended to a generic zero of R(A≤x). This is expressed in Proposi-
tion 5.8 by the fact that any associated prime of R(A<x) does not disapear as
in Example 4.6 but is always the cutback of an associated prime of R(A).

Definition 5.7. Let A be a triangular set in K[X]. A is a regular chain if for
all x ∈ L(A), init(Ax) is not a zero divisor modulo I(A<x).

A regular chain is a chain according to Definition 5.3. Indeed, if
rank(red(Ax, A<x)) were different from rank(Ax) that would imply that init(Ax) ∈
R(A<x). If A is a regular chain, the ideal I(A) is not trivial and the properties
of triangular sets apply. Namely

– I(A) is unmixed dimensional; it has no embedded prime; its set of primary
components is unique.

– T(A) is a transcendence basis of each associated prime of I(A).
– Zd(I(A)) = Zd(R(A)) and we write Zd(A).

Furthermore, by Lemma 4.3, if A� a is a regular chain in K[X] then (I(A)+(a)) :
h∞ = I(A� a).

Proposition 5.8. Let C be a regular chain in K[X] and x ∈ X. C≤x is a regular
chain in K[X≤x] and

– I(C) ∩ K[X≤x] = I(C≤x)
– the associated primes of I(C≤x) are the intersections with K[X≤x] of the

associated primes of I(C).

Proof. The first point is an immediate consequence of Proposition 4.3 since
init(Cx) /∈ Zd(I(C≤x)). Together with Theorem 4.5, we can thus say that the set
of the minimal primes of I(C≤x) in K[X≤x] is equal to the set of the intersections
with K[X≤x] of the minimal primes of I(C).

That implies that an element p ∈ K[X≤x] belongs to Zd(C) if and only if
p ∈ Zd(C≤x). We can choose q ∈ K[X≤x] s.t. p q ∈ I(C). With this property we
can write without confusion, for any regular chain C, Zd(C≤x) to mean Zd(C≤x)
or Zd(C)∩K[X≤x] since these two sets are equal in K[X≤x] and can be extended
to K[X]. Note nonetheless that two different minimal primes of I(C) can have
the same intersection with K[X≤x].

Example 5.9. In Q[x, y] where x < y consider the triangular set A = x� y2−1.
We have R(A) = 〈x, y − 1〉∩〈x, y + 1〉. Both the minimal primes contract to 〈x〉
on K[x].
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5.3 Characterizable Ideals

Ritt and Kolchin made high use of the fact that if A is a characteristic set of
a prime ideal P then P = (A) : I∞

A and therefore p ∈ P ⇔ red(p,A) = 0. We
introduce the very useful wider class of ideals having this property. We give an
intrinsic definition and an explicit construction of those ideals.

Definition 5.10. An ideal I of K[X] is characterizable if for a characteristic
set A of I we have I = (A) :I∞

A . A is said to characterize I.

Note that if I is a characterizable ideal characterized by A then p ∈ I ⇔
red(p,A) = 0. Prime ideals are characterizable for any ranking but not all pri-
mary ideals are characterizable as illustrated in Example 5.11. Characterizable
ideals that are not prime do exist but that depends then on the ranking (see
Example 5.12). From Theorem 4.4 we see that characterizable ideals have spe-
cific dimension properties. A natural question would be to determine if an ideal
given by its generators is characterisable. An answer in terms of Gröbner basis
is given in [Hub00] for zero dimensional ideals and extended in [CH03] to ideals
of positive dimension.

Example 5.11. In Q[x, y] consider the primary ideal I = (x2, x y, y2). The gen-
erators given here form a reduced Gröbner basis for the lexicographical term
ordering x < y. Thus a chain of minimal rank in I according to a ranking
x < y is given by A = x2 �x y. A is thus a characteristic set of I but note that
(A) :I∞

A = (1) �= I. I is not characterizable.

Example 5.12. Consider I = (y3− y, 2x− y2 + 2) in Q[x, y]. The generators of
I given above form a reduced Gröbner basis G for the lexicographical term order
where y < x. G is also an autoreduced set and therefore it is a characteristic
set of I for the ranking y < x. We have I = (G) = (G) : I∞

G and thus I is
characterizable for the ranking y < x.

The Gröbner basis of I for the lexicographical order x < y is G′ = {2x2 +
3x + 1, 2x y + y, y2 − 2x − 2}. Therefore A = 2x2 + 3x + 1 � 2x y + y is a
characteristic set of I for the ranking x < y. We can check that I �= (A) :I∞

A so
that I is not characterizable for the ranking x < y.

The following equivalence was proved in [ALMM99, Theorem 6.1] but a re-
lated result appears in [Kol73, Lemma 13, Section 0.14]. It shows that charac-
terizable ideals are in fact ideals defined by regular chains.

Theorem 5.13. Let A be a chain in K[X]. A is consistent and A is a charac-
teristic set of (A) :I∞

A if and only if A is a regular chain.

Proof. We first show by induction that if A is a regular chain then I(A) contains
no nonzero element reduced w.r.t. A. This is true for the empty chain which is
the only chain of K. Assume this hypothesis is true for all the regular chains of
K[X]. Let A be a regular chain of K[X][x]. A<x is a regular chain of K[X] and
I(A) ∩ K[X] = I(A<x) (Lemma 5.8).
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Let p ∈ K[X][x] belong to I(A) and be reduced w.r.t A. We can assume
further that deg(p, x) > 0, since otherwise p ∈ I(A) ⇔ p ∈ I(A<x). If
x /∈ L(A), the coefficients of p being considered as a polynomial in x must
belong to I(A<x); they are also reduced w.r.t. A<x and therefore must be zero
by induction hypothesis; p is equal to zero. Assume now x ∈ L(A). Since I(A) =
(I(A<x), Ax) : init(Ax) there exists h ∈ init(Ax)∞ and q ∈ K[X] such that
h p ≡ q Ax mod I(A<x). If q were non zero, the degree in x of p would be greater
or equal to the one of Ax, contradicting thus the hypothesis that p is reduced
w.r.t. A. It must be that q = 0; therefore p belongs to I(A<x) : h∞ = I(A<x)
and therefore its coefficients when considered as a polynomials in x belong to
I(A<x). The coefficients being reduced w.r.t A<x, they must be zero by induction
hypothesis. We have thus proved that if A is a regular chain, 1 /∈ (A) : I∞

A and
A is a characteristic set of I(A).

Assume now A is not a regular chain. We shall prove that it is not a char-
acteristic set of I(A). There exists x ∈ X such that init(Ax) ∈ Zd(A<x). Select
the smallest such x. A<x is a regular chain so that it is a characteristic set of
I(A<x) by the first part of the proof. There exists q ∈ K[X<x], q /∈ I(A<x) such
that q init(Ax) ∈ I(A<x). Let r = red(q, A<x); r is nonzero since q /∈ I(A<x)
and A<x is a characteristic set of this ideal. We have r init(Ax) ∈ I(A<x) and
therefore r ∈ I(A), while r is reduced w.r.t. A. Thus either 1 ∈ (A) :I∞

A or A is
not a characteristic set of I(A).

Assume A is a regular chain in K[X]. Playing with definitions and Theo-
rem 5.13, we have:

– I(A) is a characterizable ideal characterized by A
– p ∈ I(A) ⇔ red(p,A) = 0.

We shall show now that the definition of characterizable differential ideals is
independent of the characteristic set chosen in Definition 5.10.

Proposition 5.14. Let I be a characterizable ideal. Any characteristic set of
I characterizes I.

Proof. Note first that if A is a characteristic set of an ideal I in K[X] then A<x
is a characteristic set of I ∩K[X<x] for any x ∈ X. We prove the proposition by
induction on X.

In K, (0) is the only characterizable ideal and the only chain is the empty
set. Assume the proposition is true in K[X]. Let I be a characterizable ideal
in K[X][x]: there exists a regular chain C such that I = I(C). Then C<x is
a regular chain and a characteristic set of I(C<x) in K[X]. Let A be another
characteristic set of I; A and C have the same rank. A<x is a characteristic
set of I ∩ K[X] = I(C<x). By induction hypothesis, A<x is a regular chain
characterizing I ∩ K[X]. Thus I ∩ K[X] = I(A<x) = I(C<x).

We shall show that A is a regular chain. If x /∈ L(A) then I = I(C<x)
and the result comes from the induction hypothesis. Assume now x ∈ L(A).
Since Ax ∈ I = (I(C<x), Cx) : init(Cx)∞, there exists h ∈ init(Cx)∞ such that
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hAx ≡ q Cx mod I(C<x), where q ∈ K since the degrees in x of Ax and Cx are
equal. If q = 0 then Ax ∈ I(C<x) : h∞ = I(C<x) = I ∩ K[X]: the coefficients
of Ax all belong to I ∩ K[X] and therefore are reduced to zero by A<x which
is a characteristic set of I ∩ K[X]. This contradicts the fact that A is a chain.
Thus q ∈ K \ {0}. Equating the leading coefficients on both side of the pseudo-
division relationship, we have that h init(Ax) ≡ q init(Cx) mod I(C<x). Thus
init(Ax) cannot divide zero modulo I(C<x). Since I(A<x) = I(C<x), A is a
regular chain.

Furthermore, A being a characteristic set of I we have A ⊂ I(C) ⊂ I(A)
and thus I(A) = I(C) :I∞

A = I(C) since IA<x and init(Ax) are not zero divisor
of I(C).

5.4 Canonical Representatives of Characterizable Ideals

We shall exhibit canonical representatives of characterizable ideals. These canon-
ical representatives are taken in what we call Gröbner chains. They appear as
p-chain in [GC92] for their relevance in deciding for which parameters there
is a (regular) zero. In [BL00], where they are called strongly normalized trian-
gular sets, they serve the purpose of computing normal forms of (differential)
polynomials modulo a (differential) characterizable ideal. The name owes to
Proposition 5.16 that makes the link between the characteristic set approach to
represent ideals and the Gröbner bases approach.

Definition 5.15. A triangular set A such that ∀x ∈ L(A), init(Ax) ∈ K[T(A)]
is a Gröbner chain. A Gröbner chain is reduced if it is an autoreduced set such
that none of its element has factors in K[T(A)].

Theorem 4.4 shows that, for a triangular set A in K[X], K[T(A)] contains no
zero divisor modulo I(A) . Therefore a Gröbner chain is a regular chain.

Proposition 5.16. A (reduced) Gröbner chain A in K[X] is a (reduced) Gröb-
ner basis in K(T(A))[L(A)] according to the lexicographical term order on L(A)
induced by the ranking on X.

Proof. The leading terms have no common divisors. According to the first Buch-
berger criterion the S-polynomials are reduced to zero.

Proposition 5.17. Every characterizable ideal in K[X] admits a (unique) char-
acteristic set that is a (reduced) Gröbner chain.

Proof. Let I be a characterizable ideal. There exists A, a regular chain, such that
I = I(A). For all y ∈ L(A) we define qy and ry as follow. If init(Ay) ∈ K[T(A)]
then qy = 1 and ry = 0. Otherwise since I(A<y)KA<y

is a zero dimensional
ideal in K(A<y)[L(A<y)] and init(Ay) /∈ Zd(A<y) there exists qy ∈ K[X<y] and
uy ∈ K[T(A<y)] such that qy init(Ay) = uy + ry where ry ∈ I(A<y). Let C =�
y∈L(A)(qy Ay − ry init(Ay) rank(Ay)). C is a Groebner chain. It characterizes I

as C ⊂ I and rank(C) = rank(A).
The uniqueness of the second point owes to the canonical properties of re-

duced and minimal Gröbner bases.
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Given a regular chain A it is possible to compute the canonical Gröbner chain
of the characterizable ideal defined. First, one can think of making the proof
constructive by a generalization of the extended Euclidean algorithm [GC92,
MM97, BL00]. The algorithm of [MM97, BL00] might require nonetheless to
split the ideal3. Alternatively, we can use Buchberger algorithm. Indeed the
desired Gröbner chain is the Gröbner basis of (A) in K(T(A))[L(A)] w.r.t. the
lexicographical term order induced by the ranking on L(A). This works thanks
to the following proposition derived from [Aub99].

Proposition 5.18. If A is a regular chain then the ideal (A) : I∞
A is equal to

the ideal (A) in K(T(A))[L(A)].

Proof. Assume A = a1 � . . . � ar and note y1, . . . , yr the leaders of a1, . . . , ar.
The proof works by induction. init(a1) ∈ KA so that (a1) : init(a1)∞ = (a1).
Assume that I(a1 � . . . � ak) = (a1, . . . , ak).

Since init(ak) /∈ Zd(a1 � . . . � ak) and I(a1 � . . . � ak) is a zero dimensional
ideal in KA[y1, . . . , yk] there exists q ∈ KA[y1, . . . , yk] such that q init(ak+1) ≡ 1
mod I(a1 � . . . � ak). If p belongs to I(a1 � . . . � ak+1) that is equal to
(I(a1 � . . . � ak)+(ak+1)) : init(ak+1)∞ then there exists e ∈ N s.t. init(ak+1)ep ∈
(I(a1 � . . . � ak) + (ak+1)). Premultiplying by qe we obtain that p ∈
(I(a1 � . . . � ak) + (ak+1)) so that by induction hypothesis p ∈ (a1, . . . , ak+1).

The latter proposition entails that if a polynomial p does not belong to Zd(A),
where A is a regular chain, then p is a unit modulo (A) in K(T(A))[L(A)] and
therefore (A, p) contains an element in K[T(A)]. Those properties are in fact
definitions for a polynomial to be invertible w.r.t. A in [MKRS98, BKRM01].

6 Decomposition into Characterizable Ideals

In Section 9 we shall see that we can compute for any finite set of polynomials
a decomposition of the radical of the ideal generated by these polynomials into
characterizable ideals. This provides a membership test to this radical ideal. It
also provides a strongly unmixed dimensional decomposition. We define here
characteristic decomposition and make the link to decomposition of product of
fields.

Let J , J1, . . . , Jr be radical ideals such that the equality J = J1∩. . .∩Jr holds.
This equality defines a decomposition of J and the Ji are called the component
of J (in this decomposition). The decomposition is irredundant if the sets of
prime components of the Ji gives a partition of the set of prime components of
J . In other words, if P is a minimal prime of J , there exists a unique i such that
Ji ⊂ P .

The following proposition is then trivial but useful.

Proposition 6.1. Let J be a radical ideal in K[X]. If J = J1 ∩ . . . ∩ Jr is an
irredundant decomposition then Zd(J) = Zd(J1) ∪ . . . ∪ Zd(Jr).
3 Personal communication of F. Lemaire
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Definition 6.2. Let J be a non trivial radical ideal in K[X]. A set of regular
chains C = {C1, . . . , Cr} defines a characteristic decomposition of J if

√
I = R(C1) ∩ . . . ∩R(Cr) i.e.

√
I = 〈C1〉 :I∞

C1
∩ . . . ∩ 〈Cr〉 :I∞

Cr
.

We take as convention that the empty set is a characteristic decomposition of
J = K[X].

Proposition 6.3. Let A be a consistent triangular set of K[X]. If R(A) =
R(C1)∩ . . .∩R(Cr) is an irredundant characteristic decomposition then L(A) =
L(C1) = . . . = L(Cr).

Proof. By Theorem 4.4, T(A) is a basis of transcendence of all the associated
prime of R(A) and thus of all the associated primes of (Ci) : I∞

Ci
while, for

1 ≤ i ≤ r, T(Ci) is a basis of transcendence of the associated primes of (Ci) :I∞
Ci

.
Thus T(A) and T(Ci) have the same cardinal and it is sufficient to prove that
L(A) ⊂ L(C). For 1 ≤ i ≤ r, no element of IA is a zero divisor of (C1) :
I∞
C1

. Assume there exists x ∈ L(A) such that x /∈ L(Ci). Then {Ax} ∪ Ci is a
regular chain lower then Ci in (Ci) : I∞

Ci
. This contradicts the fact that Ci is a

characteristic set of (Ci) :I∞
Ci

. The conclusion follows: L(A) ⊂ L(C).

The same way we can consider A as a triangular set in KA[L(A)] we can also
consider the Ci as regular chains in KA[L(A)]. An irredundant decomposition of
R(A) provides in fact a decomposition of the product of fields associated to A.
Recall we defined R(A) = KA[L(A)]/R(A) which is equal to Q (K[X]/R(A)).

Proposition 6.4. Let A be a consistent triangular set of K[X]. AssumeR(A) =
R(C1) ∩ . . . ∩ R(Cr) is an irredundant characteristic decomposition in K[X].
Then R(A)KA

= R(C1)KA
∩ . . . ∩ R(Cr)KA

is an irredundant characteristic
decomposition in KA[L(A)] and R(A) ∼= R(C1)× . . .×R(Cr).

Proof. We have L(A) = L(C1) = . . . = L(Cr). Thus A,C1, . . . , Cr can be consid-
ered as triangular sets in K(T(A))[L(A)] and we overline them when we consider
them as such. Let P̄ be an associated prime of R(Ā)KA

. If P̄ contained R(C̄i)
and R(C̄j) for i �= j then P̄ ∩ K[X] would contain R(C̄i) ∩ K[X] = R(Ci) and
R(C̄j) ∩K[X] = R(Cj). Since P̄ ∩K[X] is a prime component of R(A) and the
decomposition R(A) = R(C1) ∩ . . . ∩ R(Cr) is irredundant this is not possible.
Therefore R(Ā) = R(C̄1) ∩ . . . ∩R(C̄r) is irredundant.

The radical idealsR(C̄i)KA
are zero dimensional and have no prime divisor in

common. They are thus comaximal: R(C̄i)+R(C̄j) = KA[L(A)]. By the Chinese
remainder theorem (Theorem 2.4) we have that

KA[L(A)]/R(Ā) ∼= KA[L(A)]/R(C̄1)× . . .×KA[L(A)]/R(C̄r)

The converse property is in fact also true. If R(Ā) = R(C̄1) ∩ . . . ∩ R(C̄r)
is an irredundant characteristic decomposition in KA[L(A)] then it can be lifted
to the irredundant characteristic decomposition R(A) = R(C1) ∩ . . . ∩ R(Cr)
in K[X] where a Ci is obtained from C̄i by cleaning the denominators and the
factors in K[T(A)] (see [Hub00]).
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7 Radical Ideals Defined by Triangular Sets

In this section, we generalize to triangular sets the following properties for p ∈
K[x]:

– q = p

gcd(p, ∂p
∂x )

is squarefree and
√

(p) = (q) (Theorem 7.1).

– p is squarefree iff gcd(p, ∂p∂x ) = 1 (Corollary 7.3).
– (p) : ( ∂p∂x )∞ is radical (Theorem 7.5).

Some of these results can be found in [Laz91, BLOP95, BLOP97, SL98,
Mor99, Del99, Aub99, Hub00]. They can be proved by applying the Jacobian
criterion for regularity (see [Eis94, Chapter 16] and [Vas98, Chapter 5]).

Let p be an element of K[X]. The separant of p is the derivative of p w.r.t.
its leader: sep(p) = ∂p

∂lead(p) . Thus if x = lead(p) and we can write p = adx
d +

. . .+ a1x+ a0 then sep(p) = dadx
d−1 + . . .+ a1. For a triangular set A in K[X]

we denote SA the set formed up by the separants of the elements of A and HA
the set of the initials and separants of the elements of A.

Theorem 7.1. Let A be a triangular set in K[X]. Let s be the product of the
separants of the elements of A. R(A) = I(A) : s. In other words

√
(A) :I∞

A =
{p ∈ K[X] | s p ∈ (A) :I∞

A }.
Proof. As seen in Theorem 4.4, I(A) and R(A) have no zero divisor in K[T(A)].
It follows that I(A)K = I(A)KA

∩ K[X] and R(A)K = R(A)KA
∩ K[X].

Consider A as a triangular set of KA[L(A)]. The Jacobian ideal of (A) is
generated by s. By [Vas98, Theorem 5.4.2.], (A)KA

:s =
√

(A)KA
. Thus I(A)KA

:
s = R(A)KA

. Taking the intersection with K[X] we have the equality announced.

This gives us a way to construct R(A) that will be used in Section 9. It also
gives a criterion for I(A) to be radical: I(A) is radical if and only if no separant
of the elements of A is a zero divisor modulo I(A). This criterion motivates the
following definition and gives the corollary after it.

Definition 7.2. A regular chain C in K[X] is squarefree if SC ∩Zd(C) = ∅ i.e.
no separant of C is a zero divisor modulo I(C).

Corollary 7.3. If C is a regular chain of K[X] then (C) :I∞
C is radical if and

only if C is squarefree.

Note nonetheless that the radical of a characterizable ideal is not always
characterizable. The example below is taken from [Aub99, Section 4.5].

Example 7.4. In K[x, y] consider A = x2 − x� y2 − x. A is a regular chain of
K[x, y]. We have I(A) = (A). A Gröbner basis of R(A) =

√
(A) for a lexico-

graphical term oder satisfying x < y is given by G = {x2 − x, (x− 1) y, y2 − x}.
We can extract from it the characteristic set B = x2 − x� (x− 1) y of R(A). It
is not a regular chain. Thus R(A) is not characterizable.
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The following theorem is central in constructive differential algebra. It was
first enunciated in [BLOP95] and named there after one of the coauthors, D. La-
zard. The second part of the statement appeared already in [Kol73]. It shows
that we have similar dimension properties whether we saturate by the initials or
by the separants.

Theorem 7.5. Let A be a triangular set of K[X]. (A) :S∞
A is a radical ideal. If

it is non trivial, (A) :S∞
A is unmixed dimensional and L(A) is the set of leaders

of the characteristic set of any associated prime of (A) :S∞
A .

Proof. The principal ideal theorem [Eis94, Theorem 10.2] implies that no as-
sociated prime of (A) has codimension bigger than card(A). The product s of
the separants of A is a maximal minor of the Jacobian matrix ∂A

∂X . Let P be a
prime ideal that does not contain s. The rank of the Jacobian matrix modulo P
is maximal and equal to card(A). By [Eis94, Theorem 16.9] the localization of
K[X]/(A) at P is an integral ring and the codimension of (A)P is card(A). Thus
P contains a single primary component of (A) and that component is prime and
of codimension card(A).

(A) : S∞
A is the intersection of the primary components of (A) the radical

of which does not contain s. From what precedes, these components have to
be prime and of codimension card(A). Therefore (A) :S∞

A is the intersection of
prime ideals and so is radical.

We are left to show that L(A) ⊂ L(C) for any characteristic set C of P . For
any x ∈ L(A), sep(Ax) /∈ P . Thus one of the coefficients of a positive power of
x in Ax does not belong to P . As any characteristic set of P must reduce Ax to
zero, it must contain an element with leader x.

The theorem and its corollary is obviously true if we replace SA by any set H
that contains SA. The case H = HA is of special use in differential algebra (see
[Hub03]). The relationship between (A) : I∞

A , (A) :S∞
A and (A) :H∞

A for regular
chains is made explicit below.

Proposition 7.6. If A is a regular chain in K[X] then (A) :H∞
A = (A) :S∞

A . If
A is a squarefree regular chain then (A) :I∞

A = (A) :S∞
A .

Proof. Assume A is a regular chain and a ∈ A. In K(T(A))[L(A)], (A) = (A) :I∞
A

(Proposition 5.18). Any prime ideal of K[X] that contains A and init(a), for some
a ∈ A, must contain an element in K[T(A)]. This is the case of no associated
prime of (A) :S∞

A . Thus init(a) is not a zero divisor of (A) :S∞
A and the equality

of ideals (A) : H∞
A = (A) : S∞

A follows. If A is a squarefree regular chain we
furthermore have that (A) :I∞

A = (A) :H∞
A .

8 Kalkbrener’s Pseudo-gcd and Splitting Algorithm

In Section 3.2 we saw that computing a pgcd over K[λ]/ 〈c〉 relied on a splitting
algorithm for K[λ]/ 〈c〉. In Section 2.4 we saw how to write the splitting algorithm
for K[λ]/ 〈c〉 in terms of a gcd over K. We shall show how to generalize this
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process to compute a pgcd over the product of fields R(C) = Q (K[X]/R(C)) =
KC [L(C)]/R(C) associated to a regular chain C.

The algorithms are presented in [Kal93, Kal98] in a very synthetic and highly
recursive way. Improvements in view of an efficient implementation are presented
in [Aub99]. The present presentation owes to the presentation of Aubry: the
recursive calls are limited so that one sees better where the work is done. We
shall give complete proofs that lead to a sharper description of the outputs.

The two procedures we shall describe, pgcd and split, work in interaction and
recursively. Basically, pgcd(K[X][x], ∗, ∗) calls split(K[X], ∗, ∗) which in turn calls
pgcd(K[X], ∗, ∗).

The input of split consist of a regular chain C and a polynomial f . It then
returns a pair of set (Z,U) s.t. R(C) =

⋂
A∈Z∪U R(A) is an irredundant char-

acteristic decomposition and f ∈ I(A), ∀A ∈ Z while f /∈ Zd(A), ∀A ∈ U .
We thus have a splitting R(C) ∼= RZ × RU where RZ =

∏
A∈Z R(A) and

RU =
∏
A∈U R(A) so that the projection of f on RZ is zero while the projection

of f on RU is a unit.
As for pgcd, it computes a pseudo-gcd over some product of field R(C) defined

by a regular chain. The pgcd computed has additional properties. In fact the
output description of these algorithms are sharper in this paper than in [Kal93].
This nicely avoids extraneous complications in the proofs and the application to
characteristic decomposition. We shall also make explicit that no redundancy nor
multiplicities are introduced in the computations. If we start with a squarefree
regular chain, the output regular chains will all be squarefree. Also, it may
happen that the output consists of squarefree regular chains even if the input
regular chain is not squarefree.

Termination and Correctness: One will easily check that if X = ∅, split(K, ∅,
f) decides if f = 0 or not and pgcd(K[x], ∅, F ) computes the gcd of (F ) over K.
The proof of pgcd and split is inductive. Assuming that pgcd(K[X≤y], ∗, ∗) is cor-
rect and terminates, for all y ∈ X, we shall prove that split(K[X], ∗, ∗) is correct.
Assuming that split(K[X], ∗, ∗) is correct, we shall prove that pgcd(K[X][x], ∗, ∗)
is correct.

An intermediate algorithm relatively-prime, that is a direct application of
pgcd, generalizes the recursion presented at the end of Section 2.4 in the case c
is not squarefree. It is used in the splitting algorithm split.

Conventions: We shall describe accurately the output of the algorithms and
their properties. Correctness of the algorithms and their outputs will be proved
by exhibiting invariants for the loops of the algorithms. These invariants are
also useful to understand what goes on in the algorithm. We shall need to name
precisely one property of the output of an algorithm. For that purpose we number
the output properties. We will refer to the ith property of the output of an
algorithm, say pgcd, by pgcd.i.

The algorithms are described in Maple style but we use parentheses to denote
ordered tuples. We make use of sets S to stack the data awaiting more compu-
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tations. The command pop chooses one of those, removes it from the set and
returns it. The set C, U , Z contains the data for which computation is completed.

8.1 Pseudo-gcd Algorithm

This algorithm is no different than the one given in Section 3.2 only more specific.
The product of fields are replaced by regular chains defining them and we use a
more specific output of the splitting algorithm.

Algorithm 8.1. pgcd
Input:

– K[X][x] a ring of polynomials.
– C a regular chain in K[X]
– F a subset of K[X][x] s.t. F �⊂ {0}.

Output: A set of pairs {(A1, g1), . . . , (Ar, gr)} such that

1. R(C) = R(A1)∩ . . .∩R(Ar) is an irredundant characteristic decomposition.
2. I(C) ⊂ I(Ai), 1 ≤ i ≤ r.
3. (F ) = (gi) in Q(K[X]/I(Ai))[x].
4. gi ∈ (F ) + I(Ai).
5. gi = 0 or lcoeff(gi, x) does not belong to Zd(Ai).

C := ∅;
S := { (C, F ) } ;
while S �= ∅ do

(B, G) := pop( S );
g := an element of G of lowest degree in x;
G := G \ {g};
(Z,U) := split(K[X], B, lcoeff(g, x));
if Z �= ∅ then
G′ := G ∪ {tail(g, x)};
if G′ ⊂ {0} then
C := C ∪ {(A, 0) | A ∈ Z} ;

else
S := S ∪ {(A,G′ \ {0}) | A ∈ Z} ;

fi;
fi
if U �= ∅ then
G′ := {srem(f, g, x) | f ∈ G};
if G′ ⊂ {0} then
C := C ∪ {(A, g) | A ∈ U};

else
S := S ∪ {(A, G′ ∪ {g}) | A ∈ U};

fi;
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fi;
od;
return ( C ) ;
It is also possible (recommended) to reduce the sets G′ by A, or only some

element of A, before inserting the pairs [A,G′] in S.

Termination: The algorithm can be seen as constructing a tree with root
(C,F ). Each node has a finite number of sons. The sons of a node (B,G) are
some (A,G′) where either G′ ⊂ {0}, in which case it is a leaf, or the sum of the
degrees in x of the elements of G′ is lower than for G. A path in the tree thus
gives a sequence of strictly decreasing positive integers. Any path must be finite
and therefore the tree is finite. If split (K[X], ∗, ∗) terminates, pgcd (K[X][x], ∗, ∗)
terminates.

Correctness. Assuming the correctness of split (K[X], ∗, ∗) we shall show that
the while loop has the following invariants.

I1 R(C) =
⋂

(A,g)∈C
R(A) ∩

⋂
(A,G)∈S

R(A) is an irredundant characteristic decom-

position.
I2 I(C) ⊂ I(B) for all (B,G) ∈ S,
I2’ I(C) ⊂ I(A) for all (A, g) ∈ C,
I3 (F ) = (G) in Q(K[X]/I(A))[x] for all (A,G) ∈ S
I3’ (F ) = (g) in Q(K[X]/I(A))[x] for all (A, g) ∈ C
I4 G ⊂ (F ) + I(A), for all (A,G) ∈ S
I4’ g ∈ (F ) + I(A), for all (A, g) ∈ C

The invariants are easily checked to be true before the loop. That I1 and I2
are preserved comes from Output 1 and 2 of split. I2’ is a direct consequence of
I2.

I3 is preserved because, if the selected g ∈ G is such that

– lcoeff(g, x) = 0 in K[X]/I(B) then g = tail(g, x) in K[X]/I(B).
– init(g) /∈ Zd(B) so that (f, g) = (srem(f, g), g) in Q(K[X]/I(B))[x], by

Proposition 3.4.

I3’ is a direct consequence of I3.
The set G in the algorithm starts from F and evolves by pseudo-division by

an element in G or by setting to zero an element that belongs to I(A). I4 is thus
preserved and I4’ is a consequence of it.

8.2 Useful Properties for Splitting

This section contains the ingredients for the proof of the splitting algorithm.
We first give the simple splits that can always be done on radical ideals and
two properties to play with characteristic decompositions. We then give two
additional properties of the outputs of the pgcd algorithm.
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Proposition 8.2. Let F be a non empty subset of K[X]. Then

– 〈(F ) + (a b)〉 = 〈(F ) + (a)〉 ∩ 〈(F ) + (b)〉 for any a, b ∈ K[X].
– 〈F 〉 = 〈F 〉 :H∞ ∩⋂h∈H 〈(F ) + (h)〉 for any finite subset H of K[X].

Proposition 8.3. Let C � c be a regular chain in K[X][x] s.t. lead(c) = x.
Consider b ∈ K[X][x] s.t. deg(b, x) = deg(c, x) and h ∈ K[X], h /∈ Zd(C) s.t.
h c ≡ b mod I(C). Then I(C � c) = I(C � b).

Proof. Let us note hc = init(c) and hb = init(b). Note that hb ≡ hhc mod I(C).
Therefore hb /∈ Zd(C) and C � b is a regular chain. I(C � b) = (I(C)+(b)) :h∞

b =
(I(C) + (h c)) : (hhc)∞. We have c ∈ (I(C) + (h c)) : (hhc)∞ and (I(C) + (h c)) :
(hhc)∞ ⊂ I(C � c) since h /∈ Zd(C � c). The equality follows.

Proposition 8.4. Let C � c be a regular chain. Assume R(C) = R(C1) ∩
. . . ∩ R(Cr) is an irredundant characteristic decomposition. Then R(C � c) =
R(C1 � c) ∩ . . . ∩R(Cr � c) is an irredundant characteristic decomposition.

Proof. Since the decomposition is irredundant, Zd(C) = Zd(C1) ∪ . . . ∪ Zd(Cr).
Thus init(c) /∈ Zd(Ci), 1 ≤ i ≤ r, so that C1 � c, . . . , Cr � c are regular chains.

Obviously R(C � c) ⊂ R(Ci � c), for 1 ≤ i ≤ r. Let P be a minimal prime
of R(C � c). P ∩ K[X] is a minimal prime of R(C) (Proposition 4.5). By the
irredundancy of the decomposition of R(C), there exists a unique i, 1 ≤ i ≤ r,
such that P ∩ K[X] contains R(Ci). P contains thus a unique R(Ci � c) =
(R(Ci), c) : init(c)∞. Given the dimension of the minimal primes of R(Ci � c)
and R(C � c) (Proposition 4.4), P is a minimal prime of R(Ci � c). We have

R(C � c) ⊂ R(C1 � c) ∩ . . . ∩R(Cr � c) ⊂
⋂

P a minimal prime of R(C � c)
P

We thus have proved that R(C � c) = R(C1 � c)∩ . . .∩R(Cr � c) is an irredun-
dant characteristic decomposition.

Iterating the process we obtain the following result.

Corollary 8.5. Let A�B be a regular chain and assume R(A) = R(A1) ∩
. . . ∩ R(Ar) is an irredundant characteristic decomposition. Then R(A�B) =
R(A1 �B) ∩ . . . ∩ R(Ar �B) is an irredundant characteristic decomposition.

Proposition 8.6. Assume the pair (B, g) belongs to the output of
pgcd (K[X][x], C, F ). If deg(g, x) > 0 then B� g is a regular chain and ((F ) +
I(B)) :h∞ = I(B� g), where h = init(g).

Proof. By pgcd.5, init(g) = lcoeff(g, x) /∈ Zd(B). Therefore B� g is a regular
chain. From pgcd.3, (F ) = (g) in Q(K[X]/I(B))[x]. From Proposition 3.2 we
have that for all f ∈ F there exists k ∈ h∞ and q ∈ K[X][x] such that k f = q g
mod I(B). Therefore F ⊂ (I(B) + (g)) :h∞. From pgcd.4, (g) ⊂ (F ) + I(B). As
I(B� g) = (I(B) + (g)) :h∞, the equality follows.
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Proposition 8.7. Let C � c be a regular chain in K[X][x] such that lead(c) = x
and f ∈ K[X][x] such that deg(f, x) > 0. Assume the pair (B, g) belongs to the
output of pgcd(K[X][x], C, {f, c}). Then B� c is a regular chain, g �= 0 and

– if deg(g, x) = 0 then f /∈ Zd(B� c) so that I(B� c) :f∞ = I(B� c).
– if deg(g, x) > 0 then

1. R(B� c) :f∞ = 〈R(B) + (q)〉 : (f hq)∞

2. I(B� c) ⊂ (I(B) + (q)) :h∞
q

where q = squo(c, g, x) and hq = lcoeff(q, x) /∈ Zd(B).

Proof. B� c is a regular chain by kpgcd.1 and Proposition 8.4. By pgcd.3, g �= 0
since c can not be zero modulo I(B).

From pgcd.4, there exists a ∈ K[X][x] such that g = a f mod I(B� c). If f
belongs to Zd(B� c) so does g. If deg(g, x) = 0 then g = lcoeff(g, x) /∈ Zd(B� c)
by pgcd.5. This proves the first point.

If deg(g, x) > 0, B� g is a regular chain and c ∈ I(B� g), as seen in Propo-
sition 8.6. Let us write hg = init(g). There exists h ∈ h∞

g such that h c ≡ q g
mod I(B) where q = squo(c, g, x). We have h init(c) ≡ hq hg mod I(B) and
therefore hq /∈ Zd(B).

By Proposition 8.3 and Lemma 4.3, I(B� c) = I(B� q g) = (I(B) + (q g)) :
(hq hg)∞. We first have the inclusion property I(B� c) ⊂ (I(B) + (q)) : h∞

q ,
since the latter ideal is equal to K[X][x] when deg(q, x) = 0 and equal to I(B� q)
when deg(q, x) > 0. Then, by Proposition 8.2 〈I(B) + (q g)〉 = 〈I(B) + (q)〉 ∩
〈I(B) + (g)〉 so that R(B� c) = 〈I(B) + (q)〉 : (hq hg)∞ ∩ R(B� g) and conse-
quently R(B� c) :f∞ = 〈I(B) + (q)〉 : (f hq hg)∞. Reasoning on the degree of q
again we conclude 〈I(B) + (q)〉 : (f hq hg)∞ = 〈I(B) + (q)〉 : (f hq)∞.

8.3 A Sub-algorithm of the Split

The relatively-prime algorithm presented is a sub-algorithm of split. It general-
izes the recursion at the end of Section 2.2 when dealing with non squarefree
polynomials. Its role is to compute an irredundant decomposition of the satu-
ration of a characterisable ideal by a polynomial. The call of split to relatively-
prime requires in fact to compute saturations of ideals of K[X][x] of the type
〈I(C) + (c)〉 : lcoeff(c, x)∞ as it is possible that deg(c, x) = 0.

Algorithm 8.8. Krelatively-prime
Input:

– K[X][x] a ring of polynomials.
– C a regular chain of K[X]
– c ∈ K[X][x] such that lcoeff(c, x) /∈ Zd(C)
– f ∈ K[X][x], deg(f, x) > 0

Output: A set C̄ of regular chains inK[X][x] such that C̄ is empty if (I(C)+(c)) :
lcoeff(c, x)∞ :f∞ = K[X][x] and otherwise

1. R(C � c) :f∞ =
⋂
A∈C̄ R(A) is an irredundant characteristic decomposition
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2. I(C � c) ⊂ I(A), ∀A ∈ C̄

C := ∅;
S := {(C, c)};
while S �= ∅ do

(A, a) := pop(S);
if deg(a, x) �= 0 then
G := pgcd (K[X][x], A, {a, f});
C := C ∪ {(B, a) | (B, b) ∈ G and deg(b, x) = 0};
S := S ∪ {(B, squo(a, b, x)) | (B, b) ∈ G and deg(b, x) > 0};

fi;
od;
return ( {A� a | (A, a) ∈ C );

Note that if deg(c, x) = 0 then (R(C) + (c)) : lcoeff(c, x)∞ = K[X][x] and
Krelatively-prime returns an empty set.

Termination: The degree in x is lower in squo(a, b, x) than in a, ∀(B, b) ∈ G0.
Termination is proved thanks to the same analogy to a tree as for pgcd.

Correctness. We shall check that the following properties are invariants of the
while loop. The correctness then follows.

I0
⋂

(A,a)∈C∪SR(A) is an irredundant characteristic decomposition.
I1 (I(C) + (c)) : lcoeff(c, x)∞ ⊂ (I(A) + (a)) : lcoeff(a, x)∞, for all (A, a) ∈ S
I1’ I(C � c) ⊂ I(A� a), for all (A, a) ∈ C
I2 lcoeff(a, x) /∈ Zd(A), for all (A, a) ∈ S
I2’ A� a is a regular chain for all (A, a) ∈ C
I3 f /∈ Zd(A� a), for all (A, a) ∈ C.
I4 〈I(C) + (c)〉 : (f lcoeff(c, x))∞ =⋂

(A,a)∈S
〈I(A) + (a)〉 : (f lcoeff(a, x))∞ ∩

⋂
(A,a)∈C

R(A� a)

The invariants are satisfied before the while loop. Assume they are now true
at the beginning of an iteration. If deg(a, x) = 0 then a = lcoeff(a, x) and thus
1 ∈ 〈I(A) + (a)〉 : lcoeff(a, x)∞. Dropping this component does not affect I4. Nor
does it affect I0, I1, I2, I2’ and I3.

Let us consider the case deg(a, x) > 0. This case can only happen when the
input is such that deg(c, x) > 0. By induction hypothesis on I2, A� a is a regular
chain.

By pgcd.1 and Proposition 8.4, R(A) =
⋂

(B,b)∈GR(B) and R(A� a) =⋂
(B,b)∈GR(B� a) are irredundant characteristic decompositions. I0 will be pre-

served. From pgcd.2, I(A) ⊂ I(B).
Let (B, b) be an element of G. Note first that b �= 0 since a /∈ Zd(A). If

deg(b, x) = 0, then f /∈ Zd(B� a) by Proposition 8.7. The pair (B, a) is put
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in C so that I2’ and I3 are preserved. From pgcd.2 we can say that I(A� a) ⊂
I(B� a) and thus I1’ is preserved by induction hypothesis on I1.

If deg(b, x) > 0, by Proposition 8.7, I(B� a) ⊂ (I(B) + (q)) : h∞
ab and

R(B� a) : f∞ = 〈R(B) + (qab)〉 : (f hab)∞, where qab = squo(a, b, x) and hab =
lcoeff(qab, x) /∈ Zd(B). On the one hand I1 and I2 are preserved and on the other
hand we can write

R(A� a) :f∞ =
⋂

(B,b)∈GR(B� a) :f∞

=
⋂

(B, b) ∈ G
deg(b, x) = 0

R(B� a) ∩
⋂

(B, b) ∈ G
deg(b, x) > 0

(R(B) + (qab)) : (f hab)∞ .

That insures that I4 is preserved.

8.4 Splitting Algorithm

In Section 2.4 we saw a way of splitting a product of field K[x]/ 〈c〉 according to
a polynomial in K[x]. The process relied on gcd computations over K. The split
algorithm we describe here is an extension to the product of field K(T(C))[L(C)]
where C is a regular chain in K[X]. It relies essentially on a pgcd algorithm and
Gauss lemma Theorem 2.3 .

The algorithm split has the side effect of decreasing multiplicities. Take the
simple case where we examine the splitting of K[x]/ 〈c〉, where c = x(x + 1)r

according to the polynomial f = (x+1)e where e < r. We will obtain K[x]/ 〈c〉 =
K[x]/ 〈g0〉 × K[x]/ 〈x〉 where g0 = (x+ 1)e if e < r and g1 = x.

Algorithm 8.9. split
Input:

– K[X] a polynomial ring
– C a regular chain of K[X]
– f a polynomial in K[X]

Output: A pair (Z,U) of sets of regular chains in K[X] such that

1. R(C) =
⋂

A∈Z∪U
R(A) is an irredundant characteristic decomposition.

2. I(C) ⊂ I(A), ∀A ∈ Z ∪ U ,
3. f ∈ I(A), ∀A ∈ Z.
4. f /∈ Zd(A), ∀A ∈ U .

if f = 0 then
return( ({C}, ∅) );

elif f ∈ K then
return((∅, {C}) );

fi;
x := lead(f);
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if x /∈ L(C) then
F := the set of coefficients of f , seen as a polynomial in x;
U := ∅; Z = ∅;
S := { (C<x, F ) };
while S �= ∅ do

(B,E) := pop (S);
g := pop(E);
(Z, U) := split (K[X<x], B, g);
U := U ∪ U ;
if E = ∅ then
Z := Z ∪Z;

else
S := S ∪{(A,E) | A ∈ Z};

fi;
od;

else
c := the element of C with leader x;
G := pgcd(K[X<x][x], C<x, {f, c});
Z := {A� a | (A, a) ∈ G,deg(a, x) > 0};
U := {A� c | ∃a, (A, a) ∈ G,deg(a, x) = 0};
U := U ∪

⋃
(A, a) ∈ G

deg(a, x) > 0

relatively-prime(K[X][x], A, squo(c, a, x), f);

fi;
Z := {A�C>x | A ∈ Z};
U := {A�C>x | A ∈ U};
return( (Z, U) );
In the case Cx = 0, we use Gauss lemma. Consider for instance C =

x (x + 1) (x + 2) as a regular chain in K[x, y] and f = x y2 + (x + 1) y + 1.
To decide if f is not a zero divisor one needs to decide if one its coefficients is
not a zero divisor. A simple inspection leads us to the fact f /∈ Zd(C) since one
of its coefficient belongs to K. Therefore (∅, C) is a valid output. [Kal93] and
[Aub99] use a weakened version of Gauss lemma. The successive initials of f are
inspected. For the example presented here, split would be recursively called for
x and then for x+ 1. The output would therefore be (∅, {C1, C2, C3}) leading to
more components and therefore redundancies in the computations.

Termination. Termination follows simply from termination of split(K[X<y], ∗,
∗) and of pgcd(K[X<y][y], ∗, ∗) for any y ∈ X.

Correctness. We shall assume that split(K[X<y], ∗, ∗]) and pgcd(K[X<y][y], ∗,
∗]) is correct for any y ∈ X and prove correctness for split(K[X], ∗, ∗]). For that
we need to prove that after the conditional branching if x /∈ L(C) then [. . .] else
[. . .] we have:
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– R(C≤x) =
⋂
A∈U∪Z R(A) is an irredundant characteristic decomposition.

– f ≡ 0 mod I(A), ∀A ∈ Z
– f /∈ Zd(A), ∀A ∈ U .

Indeed Proposition 5.8 and 8.4 allow then to conclude. There are two different
cases according to whether or not x = lead(f) appears as a leader of an element
of C.

The case x /∈ L(C)
Then K[X][x]/I(C≤x) = (K[X]/I(C<x))[x]. Thus, according to Gauss lem-

ma (Theorem 2.3), f ∈ Zd(C≤x) if and only if F , the set of coefficients of f
considered as a polynomial in x, is included in Zd(C<x). The while loop inspects
each coefficient in turn (in any order). It has the following invariants:

I0 R(C<x) =
⋂

(A,E)∈S R(A) ∩ ⋂A∈U∪Z R(A) is an irredundant characteristic
decomposition

I1 I(C<x) ⊂ I(A) for all A ∈ Z ∪ U and all (A,E) ∈ S
I2 F \ E ⊂ I(A), for all (A,E) ∈ S
I2’ F �⊂ Zd(A), for all A ∈ U
I2” F ⊂ I(A), for A ∈ Z

These invariants are obviously satisfied before the while loop. At each itera-
tion I0 and I1 are kept true because of split.1 and split.2 on K[X<x]. I2 is easily
seen to be kept true since S is augmented with the components modulo which
the element of F treated is 0. I2’ and I2” are consequences of I2 given how are
augmented Z and U .

The case x ∈ L(C)
Thanks to pgcd.1, pgcd.2 and Proposition 8.4 we have that R(C≤x) =⋂

(A,a)∈GR(A� c) is an irredundant characteristic decomposition and I(C≤x) ⊂
I(A� c), ∀(A, a) ∈ G. For any pair (A, a) ∈ G, a �= 0 because c �= 0 mod I(A).

For (A, a) ∈ G such that deg(a, x) = 0, f /∈ Zd(A� c) by Proposition 8.7.
That justifies the initialization of U .

For (A, a) with deg(a, x) > 0, ha = init(a) = lcoeff(a, x) does not belong
to Zd(A), by pgcd.5. By pgcd.3, f ∈ I(A� a) which justifies the value given
to Z. Let hc = init(c). We have R(A� c) = R(A� c) : h∞

a = 〈I(A) + (c, f)〉 :
(hcha)∞∩R(A� c) :f∞ by Lemma 4.3 and Proposition 8.2. This decomposition
is irredundant if 1 /∈ R(A� c) : f∞. Now 〈I(A) + (c, f)〉 : (ha)∞ = R(A� a) by
Proposition 8.6. Since hc /∈ Zd(A� a) the previous decomposition can be written
R(A� c) = R(A� a) ∩ R(A� c) : f∞. By Proposition 8.7, R(A� c) : f∞ =
〈I(A) + (q)〉 : (f hq)∞ and I(A� c) ⊂ (I(A) + (q)) : h∞

q where q = squo(c, a, x)
and hq = lcoeff(q, x). The output properties of relatively-prime allow to conclude.

9 Characteristic Decomposition Algorithm

A pseudo-gcd algorithm with respect to a characterizable ideal given by a regular
chain can be applied to compute a characteristic decomposition of the radical
ideal generated by a finite family of polynomials. After describing and proving
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the algorithm, we shall discuss the membership test it gives to the radical ideal
as well as how to refine the characteristic decomposition obtained.

In the description of this algorithm again, S is a set containing the data
awaiting more computations, while C is a set of data for which the computation
is completed. An element (F̂ , F̌ , C) of S, where F̂ , F̌ are subsets of K[X] and C
is a regular chain, represents the radical ideal

〈
(F̂ ) + I(C)

〉
. F̌ correspond to

the already considered polynomials of F , in the sense that F̌ ⊂ I(C).

Algorithm 9.1. decompose
Input:

– K[X] a polynomial ring
– F a nonempty set of polynomials in K[X]

Output: A set C of regular chains such that

– C is empty if 〈F 〉 = K[X].
– 〈F 〉 =

⋂
C∈C

R(C) otherwise.

C := ∅;
S := {(F, ∅, ∅)};
while S �= ∅ do

(F̂ , F̌ , C) := pop (S);
if F̂ ⊂ {0} then
C := C ∪ {C}

elif F̂ ∩ K �= ∅
x := min{y ∈ X | F̂ ∩ K[X≤y] �= ∅};
Fx := F̂ ∩ K[X≤x];
G := pgcd (K[X<x][x], C, Fx);
S0 := {(F̂ \ Fx, F̌ ∪ Fx, B) | (B, 0) ∈ G};
S1 := {(F̂ ∪ F̌ ∪B ∪ {g}, ∅, ∅) | (B, g) ∈ G, deg(g, x) = 0, g �= 0};
S2 := {(F̂ \ Fx, F̌ ∪ Fx, B� g) | (B, g) ∈ G, deg(g, x) > 0};
S′
2 := {(F̂ ∪ F̌ ∪B ∪ {init(g)}, ∅, ∅) | (B, g) ∈ G, deg(g, x) > 0};
S := S ∪S0 ∪ S1 ∪ S2 ∪ S′

2
fi;

od;
return( C );

Note the following difference with the versions of [Kal93, Aub99]: the regular
chains computed up to a point are reintroduced in the components of S1 and
S′
2 where the computation basically starts over. Computations are then easier if

there is already a triangular set to start with.

Termination. We can visualize the algorithm as constructing a tree with root
(F, ∅, ∅). A node is given by a 3-tuple (F̂ , F̌ , C). A son of a node (F̂ , F̌ , C) is an
element of the constructed sets S0, S1, S2 or S′

2. A leaf is an element (∅, ∗, ∗).
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For convenience, we shall introduce a dummy variable x0 that we assume to
be lower than all the variables of X. We write X̄ = X ∪ {x0}. We extend each
3-tuple (F̂ , F̌ , C) to a 4-tuple (F̂ , F̌ , C, y) where y is such that C ⊂ K[X̄≤y] and
Ê ∩ K[X̄≤y] = ∅. The root is now (F, ∅, ∅, x0).

A son (F̂ , F̌ , C, y) of a node (Ê, Ě, B, x) falls into one of the two following
categories

Type 1: It is such that F̂ ∪ F̌ = Ê ∪ Ě and y > x. This is the case of the
4-tuples in S0 and S2.

Type 2: F̌ = ∅, C = ∅ and y = x0. This is the case of the 4-tuples in S1 and
S′
2. Their main property is that the ideal generated by the set (Ê ∪ Ě) ∩
K[X̄<y] = Ě ∩ K[X̄<y] is strictly included in the ideal generated by the set
(F̂ ∪ F̌ ) ∩ K[X̄<y] = F̂ ∩ K[X̄<y]. Indeed we introduce in F̂ g or init(g) and
we shall see in the correctness part of the proof that they do not belong to
(Ě) ⊂ I(B). We also have Ê ∪ Ě ⊂ F̂ ∪ F̌ .

Assume that there is an infinite path in the tree. Since the set X̄ is finite,
there will be on this path an infinite sequence of nodes (F̂i, ∅, ∅, x0) of type 2 with
a father having the same y as 4th component. This sequence defines a strictly
increasing sequence of ideals in K[X̄<y], namely the ideals (F̂i ∩ K[X̄<y]). This
contradicts the fact that K[X̄<y] is Noetherian.

Correctness. We shall show that the while loop has the following invariants.

I0 F ⊂ F̂ ∪ F̌ and F̌ ⊂ I(C), for all (F̂ , F̌ , C) ∈ S
I1 〈F 〉 =

⋂
(F̂ ,F̌ ,C)∈S

〈
(F̂ ) + I(C)

〉
∩
⋂
C∈C

R(C)

We first give a couple of easy properties that are used implicitly in the proof.

Proposition 9.2. Let I and J be ideals in a ring K[X].
√
I + J =

√
I +

√
J .

Proposition 9.3. Let I0, I1, . . . , Ir be ideals in a ring K[X]. Then√
I0 +

⋂r
j=1 Ij =

⋂r
k=1

√
I0 + Ik.

I0 and I1 are obviously true before the while loop. Assume that they are true
at the beginning of a new iteration treating the tuple (F̂ , F̌ , C). If F̂ ⊂ {0}
then

〈
(F̂ ) + I(C)

〉
= R(C). If F̂ ∩K \ {0} then

〈
(F̂ ) + I(C)

〉
= K[X] and the

component can be dropped. We assume from now on that F̂ ∩ K = ∅.
By pgcd.1 and pgcd.2, F̌ ⊂ I(C) ⊂ I(B) and〈

(F̂ ) + I(C)
〉

=
⋂

(B,g)∈G

〈
(F̂ ) + I(B)

〉
. (1)

Take (B, g) ∈G. There are three cases according to whether g = 0, deg(g, x) =
0 or deg(g, x) > 0. We examine these three cases separately.
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If g = 0, we know that Fx ⊂ I(B) by pgcd.3. Thus〈
(F̂ ) + I(B)

〉
=
〈

(F̂ \ Fx) + I(B)
〉

(2)

If deg(g, x) = 0 but g �= 0, from pgcd.4, g ∈ (Fx) + I(B). By induction
hypothesis on I0 we thus obtain

〈F 〉 ⊂
〈

(F̂ ∪ F̌ ) + (g) + (B)
〉
⊂
〈

(F̂ ) + I(B)
〉

(3)

If deg(g, x) > 0, let hg = init(g) = lcoeff(g, x). Thanks to Proposition 8.2〈
(F̂ ) + I(B)

〉
=
〈

(F̂ \ Fx) + (Fx) + I(B)
〉

=
〈

(F̂ \ Fx) + 〈(Fx) + I(B)〉 :h∞
g

〉
∩
〈

(F̂ \ Fx) + 〈(Fx) + I(B) + (hg)〉
〉
.

(4)
By Proposition 8.6, B� g is a regular chain and ((Fx) + I(B)) : h∞

g =
I(B� g). Equation (4) becomes〈

(F̂ ) + I(B)
〉

=
〈

(F̂ \ Fx) + I(B� g)
〉
∩
〈

(F̂ ) + I(B) + (hg)
〉

(5)

By induction hypothesis on I0, F ⊂ F̂ ∪ F̌ and with pgcd.2, F̌ ⊂ I(C) ⊂ I(B).
Thus

〈F 〉 ⊂
〈

(F̂ ∪ F̌ ) + (B) + (hg)
〉
⊂
〈

(F̂ ) + I(B) + (hg)
〉
. (6)

S is the set deprived from the tuple {(F̂ , F̌ , C)}. With the induction hypoth-
esis on I1 we can write

〈F 〉 =
⋂

(Ê,Ě,D)∈S

〈
(Ê) + I(D)

〉
∩
〈

(F̂ ) + I(C)
〉

With (1), (2) and (5) we can rewrite this equation as

〈F 〉 =
⋂

(Ê,Ě,D)∈S

〈
(Ê) + I(D)

〉
∩
⋂

(B,0)∈G

〈
(F̂ \ Fx) + I(B)

〉
∩

⋂
(B, g) ∈ G

deg(g, x) = 0

〈
(F̂ ) + I(B)

〉

∩
⋂

(B, g) ∈ G
deg(g, x) > 0

(〈
(F̂ \ Fx) + (B� g) :I∞

B � g
〉
∩
〈

(F̂ ) + I(B) + (hg)
〉)

Intersecting both sides of this latter equation by
〈
(F̂ ∪ F̌ ) + (g) + (B)

〉
, for all

(B, g) ∈ G with deg(g, x) = 0, g �= 0, and
〈
(F̂ ∪F̌ )+(B)+(hg)

〉
for all (B, g) ∈ G

with deg(g, x) > 0, we obtain, thanks to (3) and (6),

〈F 〉 =
⋂

(Ê,Ě,D)∈S

〈
(Ê) + I(D)

〉
∩
⋂

(B,0)∈G

〈
(F̂ \ Fx) + I(B)

〉

∩
⋂

(B, g) ∈ G
deg(g, x) = 0

〈
(F̂ ∪ F̌ ) + (g) + (B)

〉

∩
⋂

(B, g) ∈ G
deg(g, x) > 0

(〈
(F̂ \ Fx) + I(B� g)

〉
∩
〈

(F̂ ∪ F̌ ) + (B) + (hg)
〉)
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This justifies that the elements pushed on the stack preserve the invariants I0
and I1.

Membership Test. With a characteristic decomposition, as computed by de-
compose, it is possible to test membership to the radical ideal generated by a
finite set of polynomials. This is explained below. Nonetheless, since the decom-
position is not always irredundant, it is not possible to give sufficient or necessary
conditions for f to be invertible or a zero divisor modulo 〈F 〉.

Consider a finite set of polynomials F in K[X] and compute its characteristic
decomposition

〈F 〉 = R(C1) ∩ . . . ∩ R(Cr).

For an element f of K[X], let (Zi,Ui) be the output of split(K[X], Ci, f). For f
to belong to 〈F 〉 it is necessary and sufficient that all Ui be empty.

If in the characteristic decomposition all the regular chains Ci are squarefree,
the test is simpler. In this case a necessary and sufficient condition for f to belong
to 〈F 〉 is that srem(f, Ci) = 0 for all 1 ≤ i ≤ r. In the next paragraph we show
how to obtain a squarefree decomposition.

Refinement to Squarefree Regular Chains. It is possible to refine the
output of decompose so that all the components are squarefree regular chains.
In which case we have a decomposition that can be written

〈F 〉 = I(C1) ∩ . . . ∩ I(Cr).

One way to proceed is to apply the following algorithm to each component of
the output of decompose.

Algorithm 9.4. sqrfree-decomposition
Input:

– K[X] a ring of polynomials.
– C a regular chain of K[X]

Output: A non empty set C of squarefree regular chains in K[X][x] such that
R(C) =

⋂
A∈C I(A) is an irredundant characteristic decomposition

C := ∅;
S := {(C, ∅)};
while S �= ∅ do

(B̂, B̌) := pop(S);
if B̂ = ∅ then
C := C ∪ {C};

else
x := the lowest variable of L(B̂);
b := the element of B̂ with leader x;
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G := pgcd (K[X][x], B̌, {b, sep(b)});
S := S ∪ {(B̂>x, A� squo(c, a, x)) | (A, a) ∈ G};

fi;
od;
return ( C);
The main ingredient to prove that the following properties are invariants of

the while loop is Theorem 7.1.

I1 B̌ is a squarefree regular chain, for all (B̂, B̌) ∈ S
I1’ B is a squarefree regular chain, for all B ∈ C
I2 R(C) =

⋂
(B̂,B̌)∈S

R(B̌� B̂) ∩
⋂
B∈C

I(B) is an irredundant characteristic decom-

position.

References

[AK93] S. A. Abramov and K. Y. Kvashenko. The greatest common divisor of
polynomials that depend on a parameter. Vestnik Moskovskogo Univer-
siteta. Seriya XV. Vychislitel′ naya Matematika i Kibernetika, 2:65–71,
1993. translation in Moscow Univ. Comput. Math. Cybernet. 1993, no. 2,
59–64.

[ALMM99] P. Aubry, D. Lazard, and M. Moreno-Maza. On the theories of triangular
sets. Journal of Symbolic Computation, 28(1-2), 1999.

[AMM99] P. Aubry and M. Moreno-Maza. Triangular sets for solving polynomial sys-
tems: a comparative implementation of four methods. Journal of Symbolic
Computation, 28(1-2):125–154, 1999.

[ARSED03] P. Aubry, F. Rouillier, and M. Safey El Din. Real solving for positive
dimensional systems. Journal of Symbolic Computation, 33(6):543–560,
2003.

[Aub99] P. Aubry. Ensembles triangulaires de polynomes et résolution de systèmes
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thesis, Université de Limoges, 1994.
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Abstract. This is the second in a series of two tutorial articles devoted
to triangulation-decomposition algorithms. The value of these notes re-
sides in the uniform presentation of triangulation-decomposition of poly-
nomial and differential radical ideals with detailed proofs of all the pre-
sented results.We emphasize the study of the mathematical objects ma-
nipulated by the algorithms and show their properties independently of
those. We also detail a selection of algorithms, one for each task. The
present article deals with differential systems. It uses results presented
in the first article on polynomial systems but can be read independently.

1 Introduction

Given a system of partial differential equations we wish to compute a represen-
tation that is equivalent but for which we can analyze the solution set. The first
essential problem arising is whether the system admits any solution, analytic or
in terms of formal power series. The second central problem is to describe the
arbitrariness coming into the solution set i.e. how many initial conditions can
be chosen to ensure the existence and uniqueness of a solution. Those problems
were addressed in the late nineteenth century by Cartan and Riquier with dif-
ferent viewpoints [18, 57]. We will not attempt here any historical review but
wish to report on recent algorithmic development in differential algebra in the
line of the work of Ritt and Kolchin [60, 40], that is partly based on the work
of Riquier. Few bridges have been established between the different algebraic
approaches and their algorithmic developments. W. Seiler gives a review of the
different algebraic and algorithmic approaches in [67] and B. Malgrange advo-
cates some mutual interaction in [45]. The article by A. Buium and P. J. Cassidy
[15] gives an excellent account of the emergence and development of differential
algebra and the collections of surveys and tutorials [39, 30] show the implications
of differential algebra and the work of J. F. Ritt and E. Kolchin with diverse
branches of mathematics. In particular the reader shall find the tutorial [68],
that was communicated to the author late in the preparation of these notes,
complementary to the present one.
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Differential algebra is an extension of polynomial algebra aimed at the anal-
ysis of systems of ordinary or partial differential equations that are polynomially
nonlinear. To a differential equation we associate a differential polynomial and
to a differential system we associate a radical differential ideal. Questions about
the solution set of the differential system are best expressed in terms of that
radical differential ideal. There are differential analogues to the Nullstellensatz,
the Hilbert basis theorem and the decomposition into prime ideals. The latter
point gives light to the old problem of singular solution of a single differential
equation: the radical differential ideal of a single differential polynomial may
split into several prime differential ideals. One of those describes the general
solution and the others the singular solutions.

Loosely speaking, a triangulation-decomposition algorithm takes as input a
system of differential equations and outputs a finite set of differential systems
with specific shape and properties. The set of solutions of the original system
is equal to the union of the nonsingular solutions of the output systems. The
output systems are given by coherent differential triangular sets of differential
polynomials. The notion of differential triangular sets relies on the definition of
a ranking that is a total order on the derivatives compatible with derivation.
For any ranking, existence and uniqueness of formal power series solutions are
secured for coherent differential triangular systems [63] but convergence of these
power series depends on the ranking in use [42]. Also, for so called orderly rank-
ing, we can compute the differential dimension polynomial [40] of a coherent
differential triangular set. It has some resemblance with the Hilbert polyno-
mial and measures the arbitrariness coming into the nonsingular solutions i.e.
the number of arbitrary functions. Triangulation-decomposition algorithms also
belong to the class of differential elimination algorithm. For a system of differ-
ential equations Σ = 0 and an appropriate choice of ranking we can answer the
following typical questions:

– is a differential equation (not apparent in Σ = 0) satisfied by all the solutions
of the system Σ = 0?

– what are the differential equations satisfied by the solutions of Σ = 0 in a
subset of the dependent variables? If Σ is a differential system in the un-
known functions y1, . . . , yn, one might be interested in knowing the equations
governing the behavior of the component y1 independently of the others.

– what are the lower order differential equations satisfied by the solutions of
Σ = 0? In particular, one might inquire if the solutions of the system are
constrained by purely algebraic equations i.e. differential equations of order
zero.

– what are the ordinary differential equations in one of the independent vari-
ables satisfied by the solution set of Σ = 0? If Σ = 0 is a differential system
where t1, . . . , tm are the independent variables, finding the ordinary differen-
tial equations in t1 satisfied by the solutions might be used to solve explicitly
the system.

In Section 8 we give examples on how those questions arise in some applications.
The reader might want to look at that section for motivation.
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All those questions require in fact, a way or another, a membership test to
the radical differential ideal generated by the set of differential polynomials Σ.
We consider thus that we have a good representation for the radical differential
ideal generated by a finite set of differential polynomials if it provides a mem-
bership test. We shall seek a representation of that radical differential ideal as
an intersection of characterizable differential ideals. In practice, characterizable
differential ideals are defined by regular differential chains, i.e. a special kind
of coherent differential triangular sets, that allow testing membership through
differential reduction. That final decomposition is called a characteristic decom-
position. To compute the characteristic decomposition of the radical differential
ideal generated by a finite set of differential polynomials we shall proceed as fol-
low in this paper: First compute a decomposition into differential ideals defined
by a regular differential systems, i.e. a system consisting of a coherent differ-
ential triangular set of equations and some inequations. Then, a characteristic
decomposition of each of the found regular differential ideals can be computed by
purely algebraic means, i.e. without performing any differentiation [33]. For the
decomposition into regular differential ideals we expose the Rosenfeld-Gröbner
algorithm by Boulier et al. taken from [10]. Other alternatives are the factoriza-
tion free versions of the algorithm of Ritt and Kolchin [40, IV.9] proposed in [33]
and [13]. Rosenfeld-Gröbner is essentially different from those as the splitting
scheme owes to the elimination theory of Seidenberg [66]. For the decomposition
of regular differential ideals into characterizable differential ideals we apply the
pseudo-gcd algorithm of Kalkbrener [37, 34]. There are also known alternatives
[33, 11].

Ritt’s approach was essentially constructive and already in [58] he gave a
triangulation-decomposition algorithm for finitely generated radical differential
ideals in the case of ordinary differential equations. The components of the out-
put there were prime differential ideals instead of the wider class of characteriz-
able ideals. Later Ritt gave a triangulation-decomposition algorithm for partial
differential equations based on Riquier’s notion of passivity [57, 36, 60] and
Kolchin gave a triangulation-decomposition algorithm based on Rosenfeld’s no-
tion of coherence [61, 40]. Algorithmic aspects of differential algebra have drawn
attention again around 1990 in view of applications to theorem proving, control
theory, analysis of over determined differential systems and computation of Lie
symmetries [74, 46, 27, 55, 56]. For want of effectiveness, the primality of the de-
composition that requires factorization in towers of extension was to be removed.
A key point for factorization free triangulation-decomposition algorithms was re-
vealed in [9]. It is a new application of a lemma by Rosenfeld [61]. Rosenfeld’s
lemma establishes a bridge between differential algebra and polynomial algebra
through coherent autoreduced sets and by generalization through regular differ-
ential systems, defined in [9]. Gröbner basis approaches to the problem of repre-
sentation of differential ideals have been studied in [16, 52, 46]. Those approaches
have practical interests and theoretical difficulties as differential Gröbner bases
can be infinite.

This paper is organized as follows.
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In Section 2 the fundamental definitions and results in differential algebra
are reviewed. We introduce radical differential ideals and their decomposition
into prime differential ideals. We state the differential basis theorem and discuss
the differential Nullstellensatz. This section is all based on the reference books
[60, 40].

In Section 3 we define differential rankings and show that they are well or-
ders. We then define the central objects that are the differential triangular sets
and give the algorithm of reduction by them. We also introduce differential char-
acteristic sets.

Section 4 introduces coherence for differential triangular sets and proves
Rosenfeld’s lemma. Rosenfeld’s lemma allows us to lift results about ideals de-
fined by triangular sets in polynomial algebra to results about differential ideals
defined by regular differential systems. These are the structure theorems on
which effective algorithms rely. They first appeared in [9, 10].

Section 5 introduces characterizable differential ideals and differential reg-
ular chains as a way of constructing all such differential ideals. We show the
fundamental principle that allows to compute a characteristic decomposition of
a regular differential ideals by purely algebraic means. This result appeared in
[33].

Section 6 presents the Rosenfeld-Gröbner algorithm of [10] to compute a
decomposition into differential ideals defined by regular differential systems. The
presentation is basically the original one. We nonetheless left out the delicate
implementation of the analogue of the second Buchberger criterion.

Section 7 then gives an algorithm based on Kalkbrener’s pseudo-gcd to refine
the decomposition into a characteristic decomposition.

We give in Section 8 a couple of by now classical examples of applications
of differential elimination algorithms. These include solving ordinary differential
systems, index reduction of differential-algebraic equations, observability in con-
trol theory and symmetry analysis. Small examples computed with the maple
diffalg package [8] are presented. Many of these applications appeared and were
given successful achievements with other algorithms and related software that
are cited in the text.

For this paper we take the risk of introducing a new notation for the radical
differential ideal generated by a set Σ. The classical notation {Σ} can indeed
induce confusion between sets and radical differential ideals. We suggest the
notation �Σ�, given that the differential ideal generated by Σ is [Σ].

The algorithms presented are described by pseudo-code in the maple style.

2 Differential Algebra

Consider the differential system

y2ss − 2 ytyst = y2t − 1, y2s + y2t = 1

where y is a function of s and t and subscripts indicate derivation w.r.t. these
variables. The differential system is defined by the differential polynomials
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p = y2ss − 2 ytyst − y2t + 1 and q = y2s + y2t − 1. An analytic solution of the
system is a common zero1 A common zero of p and q must be a zero of any
derivative of p or q and of any linear combination of those. For instance it is a
zero of r = p + q + δs(q) = y2ss + 2 ysyss + y2s , where δs indicates the derivation
according to s. Note that r = (yss + ys)2. Therefore a common zero of p and q is
a zero of yss + ys. The set of all the differential and algebraic consequences of p
and q is the radical differential ideal generated by p and q. It has the same zero
set as p and q and is in fact the biggest set having this property.

We start by giving the formal definitions and properties of differential rings
and differential ideals. We then introduce the ring of differential polynomials
together with the fundamental results.

2.1 Differential Rings and Ideals

All rings R that we consider are commutative and contain the field Q of rational
numbers. A derivation δ on R is a map from R to R such that for all a, b ∈ R

δ(a + b) = δ(a) + δ(b) δ(a b) = a δ(b) + δ(a) b

Example 2.1. On the polynomial ringQ[s, t] we can define the usual derivations
δs = ∂

∂s and δt = ∂
∂t so that δs(s) = 1 and δs(t) = 0 and similarly for δt.

These two derivations commute: δs δt = δt δs. We could also consider the Euler
derivations δ̄s = s ∂

∂s and δ̄t = t ∂
∂t so that δ̄s(s) = s, δ̄s(t) = 0 and similarly for

δ̄t. For all examples in this paper we consider the usual derivations δs and δt.
They extend uniquely to Q(s, t).

Let ∆ = {δ1, . . . , δm} be a set of pairwise commuting derivations on a ring R
that are linearly independent over R. We note Θ the free commutative monoid
with a unit generated by ∆. An element θ of Θ is a derivation operator. It
can be written θ = δe11 . . . δem

m for some (e1, . . . , em) ∈ Nm. Its order is then
ord(θ) = e1 + . . .+em. The only derivation operator of order zero is the identity.
We note Θr, r ∈ N, the set of derivation operators of order r or lower and Θ+

the set of derivation operators of positive order.
Endowed with a set ∆ of commuting derivations, a ring (or a field) R becomes

a differential ring (or a differential field). An element c of R is a constant if
δc = 0 for all δ ∈ ∆. When ∆ consists of a single derivation δ we speak of
an ordinary differential ring. If ∆ has more than one element we have a partial
differential ring. From now on we shall speak of differential ring assuming that
the set ∆ = {δ1, . . . , δm} of derivations has been fixed.

In a differential ring R, an ideal I of R is a differential ideal if it is stable
under derivation, that is δ(a) ∈ I, for all a ∈ I and δ ∈ ∆. A differential ideal
I is radical if ae ∈ I, for e ∈ N \ {0}, implies a ∈ I. It is prime if whenever a
product ab belongs to I at least one of the factor, a or b, belongs to I.
1 A precise definition of zero will appear later. It is nonetheless appropriate to think
analytic or meromorphic solution of the associated system when one reads zero of a
set of polynomial.
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Given a set of elements Σ in a differential ring R, we note [Σ] the differential
ideal generated by Σ i.e. the intersection of all the differential ideals containing
Σ. [Σ] is in fact the ideal generated by the elements of Σ together with all their
derivatives: [Σ] = (ΘΣ). �Σ� denotes the radical differential ideal generated by
Σ, i.e. the intersection of all radical differential ideals containing Σ. Because we
assumed that Q ⊂ R, �Σ� is the radical of [Σ] i.e. the set {q ∈ R | ∃e ∈ N, qe ∈
[Σ]}.

Let H be a subset of R. We denote by H∞ the minimal subset of R that
contains 1 and H and is stable by multiplication and division i.e. a, b ∈ H∞ ⇔
ab ∈ H∞. When H consists of a unique element h we write h∞ instead of {h}∞.
For a differential ideal I we define the saturation of I by a subset H of R as
I :H∞ = {q ∈ R | ∃h ∈ H∞ s.t. h q ∈ I}. I ⊂ I :H∞ and I :H∞ is easily seen
to be a differential ideal with Proposition 2.2 below. If I is a prime differential
ideal I :H∞ is either equal to I or F �Y � according to whether H ∩ I is empty
or not.

Proposition 2.2. Let a, b be elements of the differential ringR. For any θ ∈ Θe,
ae+1 θb belongs to the ideal generated by the set {ψ(a b)|ψ ∈ Θ,ψ divides θ}.

Thus ae+1 θ(b) ∈ [a b], for all θ ∈ Θe and φ(a)ψ(b) ∈ �ab�, for all φ, ψ ∈ Θ.

Proof. This is trivially true if ord(θ) = 0. Assume the property is true for all θ of
order e or less. Let θ be a derivation operator of order e+1. We can write θ = δθ̄
for some δ ∈ ∆ and θ̄ ∈ Θe. By induction hypothesis ae+1θ̄(b) =

∑
ψ|θ̄ αψψ(a b)

for some αψ ∈ R. Thus

ae+2δθ̄(b) = a
(
δ
(
ae+1θ̄(b)

)− (e + 1)aeδ(a)θ̄(b)
)

= a
∑
ψ|θ̄

(δ(αψ)ψ(a b) + αψδψ(ab))− (e + 1)δ(a)
∑
ψ|θ̄

αψψ(a b).

The conclusion follows.

2.2 Differential Polynomial Rings

Let F be a differential field for the derivations ∆ = {δ1, . . . , δm}. It is assumed
that F contains Q. Given a set of differential indeterminates Y = {y1, . . . , yn},
we construct the ring of differential polynomials, F �Y � that is a ring in the
infinitely many variables ΘY = {θy, y ∈ Y, θ ∈ Θ} called the derivatives. This
is naturally a differential ring for ∆. A differential polynomial p corresponds to
a differential equation p = 0.

Example 2.3. The ordinary differential equation y′2 − t y′ + y = 0 is modeled
by the differential polynomial q = (δty)2 − t δty + y in the ordinary differential
polynomial ring Q(t) �y� where the derivation on Q(t) is the usual one, i.e. δt =
d
dt .

Let us now look at a partial differential ring. Consider F = Q(s, t) endowed
with the derivations δs and δt of the previous example and Y = {y}. The differ-
ential polynomial p = δsy δty+s δsy+t δty−y represent the differential equation
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ys yt + s ys + t ys− y = 0 where we took the standard notation ys = ∂y
∂s , yt = ∂y

∂t .
In the examples we shall in fact use this notation for differential polynomials so
that p shall be written ys yt + s ys + t ys − y.

The analogue of the Hilbert basis theorem for polynomial rings is given by
the basis or Ritt-Raudenbush theorem. The most general proof is given in [40].
The proof for ordinary differential ring is given in [60, 38].

Theorem 2.4. If J is any radical differential ideal in F �Y � there exists a finite
subset Σ of F �Y � s.t. J = �Σ�.

This is equivalent to the fact that any increasing sequence of radical differ-
ential ideals is stationary. The result does not hold for differential ideals.

Theorem 2.5. Any radical differential ideal J in F �Y � is the intersection of a
finite number of prime differential ideals. When minimal, this decomposition is
unique.

The decomposition is minimal if none of the components contains another
one. The prime differential ideals coming into the minimal decomposition are
called the essential prime components of J .

A n-tuple ξ = (ξ1, . . . , ξn) with components in a differential field extension
F ′ of F is a zero of a differential polynomial p ∈ F �y1, . . . , yn� if p vanishes
when we replace the yi by the ξi.

Example 2.6. We considered in Example 2.3 the differential polynomial p =
yt

2 − t yt + y in Q(t) �y�. The elements 1
4 t

2 and a(t − a) of Q(a, t), where a is
any constant (it could be transcendental), are zeros of p. In a matching way, the
minimal prime decomposition of �p� is given by

�p� = �p, ytt� ∩
�
4 y − t2

�
.

The zero of the second component has to be 1
4 t

2. The other zero, a (t− a), is a
zero of the first component.

A zero of a differential polynomial is also a zero of any of its derivatives. If
ξ is a common zero to a set of differential polynomials Σ, it is a zero of any
linear combination over F �Y � of the elements of Σ and their derivatives. This
amounts to say that ξ is a zero of [Σ]. One can see it is also a zero of �Σ� since
any element q of �Σ� is such that qe ∈ [Σ] for some e ∈ N \ {0}. One can inquire
if there is a bigger set in F �Y � that admits the same zeros as Σ. The answer is
given by the differential Nullstellensatz.

To any prime differential ideal P we can associate the differential field that is
the quotient field of the integral differential ring F �Y � /P . The canonical image
of (y1, . . . , yn) on that field is a zero of P . It is in fact a generic zero, i.e. every
differential polynomial that vanishes on that zero belongs to P . If P contains
�Σ�, that image is also a zero of �Σ�. That abstract construction of zeros allows
us to state the differential Nullstellensatz, known also as the theorem of zeros.
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Theorem 2.7. Let Σ be a subset of F �Y �.

– Σ admits a zero iff 1 /∈ �Σ�
– a differential polynomial of F �Y � vanishes on all the zeros of Σ iff it belongs
to �Σ�.

Indeed, if g ∈ F �Y � vanishes on all zeros of Σ it must vanish in particular
on the generic zeros of the essential prime components of �Σ� and therefore it
belongs to �Σ�. In addition to this abstract setting, Ritt details the analytic
case, i.e. the case where F is a field of meromorphic functions in a region. If
g does not belong to a prime differential ideal P , an analytic zero of P can be
constructed so that it does not make g vanish. In the partial differential case,
this relies on the Riquier’s existence theorem [57].

Instead of trying to study directly the solutions of the differential system
Σ = 0 we shall inspect �Σ�. Our goal is to give an adequate representation of
�Σ�. This representation shall allow us to test membership to �Σ� and to answer
question about the zero set of Σ.

We shall discuss now systems of equations and inequations like Σ = 0, H 
= 0
where Σ and H are two finite but non empty set of differential polynomials. Its
best differential ideal representation is �Σ� :H∞. Let us note Z(Σ/H) the subset
of the zeros of Σ that are not zeros of any element of H. A differential polynomial
p vanishes on Z(Σ/H) iff p ∈ �Σ� :H∞. Indeed, if h is the product the element
of H then h p vanishes on all the zeros of Σ so that h p ∈ �Σ�. Note that if J
is a radical differential ideal of F �Y �, J :H∞ is the intersection of the essential
prime components of J that have an empty intersection with H. The generic
zeros of the essential components of �Σ� : H∞ are elements of Z(Σ/H). Note
nonetheless that a zero of �Σ� :H∞ can make a zero of an element of H. In the
ordinary and analytic case, Ritt proves that those zeros are adherent to Z(Σ/H)
[60].

Example 2.8. In the ordinary differential polynomial ring Q(t) �y�, consider
the differential polynomial p = y2t − 4 y3. The common zero to p and h = yt
is ξ = 0. You can nonetheless show [59] that �p� : h∞ = �p� so that ξ = 0 is a
zero of �p� :h∞. A general zero of p is given by c2

(c t−1)2 so that 0 is analytically
embedded in a family of zeros of p for which h does not vanish.

3 The Tools for Algorithms

This section defines the objects we manipulate for algorithms. We introduce
differential rankings that are orders on the derivatives that are compatible with
derivations. They provide well orders. Then it is possible to define consistently
leaders and differential triangular sets in an analogous way to what is done in
the polynomial case [34]. We give a reduction algorithm by differential triangular
sets. A differential ranking induces a pre-order on differential triangular set and
this allows to define differential characteristic set and prove their existence. We
introduce all these concepts to set up algorithms. These tools are nonetheless
fundamental in showing the Ritt-Raudenbush theorem of previous section.
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In polynomial algebra, ideals defined by triangular sets have good structural
properties. In differential algebra this happens if we add a condition, namely
coherence. This is studied in next section.

In this section, and the following, we have a fixed differential polynomial ring
F �Y � = F �y1, . . . , yn� with derivations ∆ = {δ1, . . . , δm}. The set of derivation
operators is denoted Θ.

3.1 Differential Ranking

Definition 3.1. A differential ranking, or d-ranking, on a set of differential
indeterminates Y is a total order on the set of derivatives ΘY that satisfies for
all u, v ∈ ΘY and all δ ∈ ∆ the two conditions

u ≤ δu, u ≤ v ⇒ δu ≤ δv

This of course implies that for any θ ∈ Θ we have u ≤ θu and u ≤ v ⇒ θu ≤
θv. If Y = {y1, . . . , yn} and the derivations are ∆ = {δ1, . . . , δm}, any derivative
of ΘY can be written as δe11 . . . δem

m yi and is thus determined by a (m+ 1)-tuple
(i, e1, . . . , em) in Nn × Nm, where Nn = {1, . . . , n}. Consequently, a d-ranking
is a total order on Nn × Nm that satisfies for any i, j ∈ Nn and e, f, g ∈ Nm

(i, e) ≤ (i, e + g) and (i, e) ≤ (j, f) ⇒ (i, e + g) ≤ (j, f + g). The restriction of
this order to {i} × Nm, for some i ∈ Nn, is an extension of the direct product
order on Nm. Conversely, if there is a single differential indeterminate y, any
order on Nm that is an extension of the direct product order of Nm, noted �Nm ,
provides a d-ranking in a natural way. Recall that a relation on a set M is well
founded if every non empty subset of M has a minimal element for this relation.
This is equivalent to the fact that there is no infinite decreasing sequence in M .
See for instance [5, Chapter 4]. A well founded order is a well-order.

Proposition 3.2. A d-ranking is a well order.

The essential ingredients for that is the first defining property of a d-ranking
and Dickson’s lemma.

Proof. Assume we have an infinite decreasing sequence of derivatives in ΘY.
Since Y is finite, we can extract from it an infinite subsequence of derivatives
{θky}k∈N of a single differential indeterminate y ∈ Y that is strictly decreasing.
The infinite sequence {θky}k∈N can be viewed as an infinite sequence of Nm. By
Dickson’s lemma [5, Corollary 4.48], there exists a subsequence {θki

y}i∈N such
that θkiy �Nm θkjy for all i < j. This implies that θkiy ≤ θkjy for all i < j. This
contradicts our assumption that the original sequence is strictly decreasing.

Study and classification of d-rankings are examined in [17, 62]. We introduce
here only the most commonly used d-rankings. In Section 8 we shall see that
a d-ranking is chosen according to the kind of properties on the solution set of
a differential system we want to exhibit. A d-ranking is orderly if it satisfies
ψy < φx, for x, y ∈ Y and φ, ψ ∈ Θ, as soon as the order of φ is greater that the
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order of ψ. Let Z be a subset of Y . A d-ranking on Y eliminates Z if φy < ψz
for any y ∈ Y \ Z, z ∈ Z, ψ, φ ∈ Θ. We write Y \ Z � Z. A pure elimination
d-ranking is such that yσ(1) � yσ(2) � . . . � yσ(n) for some permutation σ of
Nn.

Example 3.3. Consider an ordinary differential polynomial ring Q(t) �Y �, with
derivation δt. If there is a single differential indeterminate, Y = {y}, there is only
one possible d-ranking: y < yt < ytt < . . .. If Y = {y, z}, an orderly d-ranking
is given by y < z < yt < zt < ytt < . . .. An elimination d-ranking is given by
y < yt < ytt < . . . < z < zt < ztt < . . ..

Example 3.4. Assume we have two derivations, δs and δt, and a single differen-
tial indeterminate Y = {y}. The lexicographic order on N2 induces the d-ranking
y < ys < yss < . . . < yt < yst < ysst < . . .. An example of orderly d-ranking is:
y < ys < yt < yss < yst < ytt < . . ..

From now on, when we speak of the differential polynomial ring F �Y � we
assume that we are given a differential ranking on Y . For u ∈ ΘY, we note ΘY<u
the set of derivatives that rank lower than u. Similarly ΘY≤u denotes the set of
derivatives that are equal to or lower than u. These sets are finite when we have
an orderly ranking but this needs not be the case for other d-rankings.

Let p be a differential polynomial of F �Y � that is not in F . The leader and
the initial of p are respectively the highest ranking derivative appearing in p
and the coefficient of its highest power in p. We shall denote them as lead(p)
and init(p) respectively. The separant of p is the formal derivative of p w.r.t. its
leader, i.e. ∂p

∂lead(p) . It is denoted by sep(p).

If we take here u = lead(p) we can write

p = ad u
d + ad−1 u

d−1 + · · ·+ a0,

where ai ∈ F [ΘY<u], ad 
= 0. Then init(p) = ad and sep(p) = d ad u
d−1 + (d −

1) ad−1u
d−2 + · · · + a1. We define furthermore the rank of p, rank(p), to be the

term ud and tail(p) = p− init(p)rank(p) that is ad−1 u
d−1 + · · ·+ a0 in the above

write up.
For δ ∈ ∆, the derivatives appearing in δ(p) consists of derivatives v appear-

ing in p and of their derivatives δv. The second defining property of d-ranking
allows us thus to state that δ lead(p) = lead(δp) for any δ ∈ ∆. Furthermore,
from the definition of the separant, we can write

δ(p) = sep(p) δ(lead(p)) +
∑
v∈ΘY

∂p

∂v
δv.

Thus δ(p) has degree one in its leader, δ(lead(p)) and sep(p) is the initial of δ(p).
By induction, for any θ ∈ Θ+, θlead(p) and sep(p) are respectively the leader
and the initial of θp and θp has degree one in θlead(p).

For two elements p, q ∈ F �Y �, we say that p has higher rank (or ranks higher)
than q, and write rank(q) < rank(p), if either
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– q ∈ F and p /∈ F
– lead(q) ranks lower than lead(p)
– lead(q) = lead(p) = u and deg(q, u) < deg(p, u).

The d-ranking on the differential indeterminates thus induces a pre-order2

on F �Y �.
A differential polynomial q is partially reduced w.r.t. p if no proper derivative

of lead(p) appears in q; q is reduced w.r.t. p if q is partially reduced w.r.t. to p
and the degree of q in lead(p) is strictly less than the degree of p in lead(p).

Example 3.5. In Q(s, t){y} endowed with a d-ranking such that y < ys < yt <
yss < yst < ytt,

– q = yss − yt is partially reduced with respect to p = ytt + ys but not w.r.t.
p2 = ys + y

– q = (yt)3 + ys is partially reduced w.r.t. p = y2t + y2s but not reduced.

Let F be a finite subset of F �Y � and u a derivative of ΘY. We note ΘF
the set of differential polynomials consisting of the element of F together with
all their derivatives. ΘF<u (respectively ΘF≤u) denotes the set consisting of all
elements of F together with all their derivatives the leaders of which are of lower
(respectively lower or equal) rank than u. In other words ΘF<u = ΘF∩F [ΘY<u]
and ΘF≤u = ΘF ∩F [ΘY≤u]. ΘF<u and ΘF≤u need not be finite. The following
property follows directly from Proposition 2.2.

Proposition 3.6. Let F and H be finite subsets of F �Y � and u ∈ ΘY. If
p ∈ (ΘF<u) :H∞ then θp ∈ (ΘF<θu) :H∞ for any θ ∈ Θ.

3.2 Differential Triangular Sets and Differential Reduction

In the ordinary differential case and w.r.t to an elimination ranking, the chains
of [60] coincide with the autoreduced set of [40]. The differential chains defined
here are slightly less restrictive but still allow to give the Ritt-Kolchin definition
and properties of characteristic set of differential ideals. An intermediate step
in defining differential chains is the notion of differential triangular sets from [9]
and reduction by these. In the algorithm of Section 6 the additional notion of
weak differential triangular set arises.

Definition 3.7. A subset A of F �Y � is a weak differential triangular set, if

– no element of A belongs to F
– for any two distinct elements a, b of A lead(a) is not a derivative of lead(b).

It is a differential triangular set, or d-triangular set for short, if furthermore
any element of A is partially reduced w.r.t. the other ones.

It is an autoreduced set if no element of A belongs to F and each element of
A is reduced w.r.t. all the others.
2 We take the convention that a pre-order is a relation that is reflexive, transitive and
connex. Therefore the difference with an order is that a ≤ b and b ≤ a does not
imply a = b.



Triangulation-Decomposition Algorithms II: Differential Systems 51

An autoreduced set is a (weak) d-triangular set.

Example 3.8. With the d-ranking y < ys < yt < yss < yst < ytt < . . . the
subset {ytt−y2ss, ys−y} is a weak d-triangular, {ytt−y2s , ys−y} is a d-triangular
set and {ytt, ys} is an autoreduced set.

Proposition 3.9. A weak d-triangular set is finite.

Proof. This is of course another application of Dickson’s lemma. Assume for
contradiction that a weak d-triangular set is infinite. Take {ul}l∈N the sequence
of the leaders of this infinite weak d-triangular set. Since Y is finite, there must
be an infinite subsequence {ulk}k∈N such that ulk = θky for a y ∈ Y . {θky}k∈N

can be viewed as an infinite sequence of Nm. By Dickson’s lemma, there exists
a subsequence {θki

y}i∈N such that θki
y �Nm θkj

y for all i < j. This means that
θkj

y is a derivative of θki
y. This contradicts the definition.

Let a1, a2, . . . , ar be the elements of a weak d-triangular set A indexed such
that lead(a1) < lead(a2) < . . . < lead(ar). We write A = a1 � a2 � . . . � ar.
We can also use the � notation to construct weak d-triangular sets by mixing
differential polynomials a and weak d-triangular sets A,B in the following ways:
a�A (respectively A� a) denotes the weak d-triangular set A∪{a} if the leader
of a ranks lower (respectively higher) than the leader of any element of A; A�B
denotes the weak d-triangular set A ∪B if the leader of any element of A ranks
lower than the leader of any element of B and A ∪B forms a weak d-triangular
set.

We denote L(A) = lead(A), IA = init(A) and SA = sep(A) the sets of leaders,
initials and separants of the elements of A. Also HA = IA ∪ SA is the set of the
initials and the separants of A.

For u ∈ L(A), Au denotes the element of A having u as leader. For u ∈ ΘY,
A<u (respectively A≤u) denotes the elements of A with leader ranking lower
than u (respectively lower or equal to u). A>u denotes the elements of A with
leader ranking higher than u. A<u and A≤u do not include any derivative of the
elements of A contrary to ΘA<u = ΘA∩F [ΘY<u] and ΘA≤u = ΘA∩F [ΘY≤u].
Note that ΘA<u and ΘA≤u need not be finite nor triangular.

Example 3.10. In Q(s, t) �y� endowed with the d-ranking s.t. y < ys < yt <
yss < ytt < . . . consider the d-triangular set A = ys−sy� yt+y. Then ΘA≤ytt

=
{ys − sy, yt + y, yss − sys − y, yst − syt, yst + ys, ytt + yt}.

When A is the empty set we take the convention that [A] = �A� = [0].
A differential polynomial is said to be (partially) reduced w.r.t. a weak d-

triangular set A when it is (partially) reduced w.r.t. each element of A. Given
an element q ∈ F �Y � we can compute s ∈ S∞

A and pd-red(q, A) that is partially
reduced w.r.t. A such that s q ≡ pd-red(q, A) mod [A]. Similarly, we can com-
pute h ∈ H∞

A and d-red(q, A) that is reduced w.r.t. A such that h q ≡ d-red(q, A)
mod [A]. We give examples of algorithms for differential reduction and partial
differential reduction. In the partial differential case, it is neither enough to re-
duce successively by the elements of A starting with the highest ranking one nor
starting with the lowest ranking one. This is illustrated in the next example.
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Example 3.11. In Q(s, t){y} endowed with the ranking y < ys < yt < yss <
yst < ytt < . . . consider the differential polynomials a1 = yss − yt, a2 = y2t − ys,
p = yst and q = ysss. A = a1 � a2 is an autoreduced set. On the one hand
d-red(p, a2) = p and d-red(p, a1) = yss that is not reduced w.r.t. A. On the other
hand d-red(q, a1) = q and d-red(q, a2) = yst that is not reduced w.r.t. A.

Algorithm 3.12. pd-red.
Input: q ∈ F �Y �, A a weak d-triangular set of F �Y �.
Output: q̄ ∈ F �Y � s.t.
– q̄ is partially reduced w.r.t. A
– ∃s ∈ S∞

A s.t. s q ≡ q̄ mod (ΘA≤u) where u = lead(q)
– rank(q̄) ≤ rank(q)

q̄ := q;
while q̄ is not partially reduced w.r.t. A do

v := the highest ranking element of Θ+L(A) that appears in q̄.
a := any element of {b ∈ A | v is a derivative of lead(b)};
θ := the element of Θ s.t. θlead(a) = v;
q̃ := srem(q̄, θa, v);
q̄ := q̃;

od;
return(q̄);

Contrary to the algorithm proposed in [40, I.9], this algorithm taken from
[10] is not completely deterministic in the sense that at each step there may
be a choice among the elements of A by which one can reduce. This freedom is
an advantage in the sense we can make criteria to choose elements with lower
degree or smaller coefficients in order to limit expression swell.

By definition of weak d-triangular sets, Θ+L(A) ∩ L(A) = ∅. Therefore θ
needs to be in Θ+. Consequently θa is of degree one in v with initial sep(a).
The pseudo-division relationship obtained is s̃q̄ ≡ q̃ mod (θa) for some s̃ ∈
sep(a)∞. Furthermore q̃ is free of v, and the derivatives appearing in q̃ consist
of derivatives that were in q̄ or derivatives lower than v. The highest ranking
element of Θ+lead(A) that appears in q̃ is of lower rank than v. The sequence
of the v’s appearing in the while loop is thus strictly decreasing. In virtue of
Proposition 3.2, the algorithm terminates. Note that the first v to be selected
has to rank lower than u = lead(p). Thus the differential polynomials used for
pseudo-division belong to ΘA≤u. The final relationship s q ≡ q̄ mod (ΘA≤u),
for some s ∈ S∞

A , follows from the intermediate pseudo-division relationships.
The algorithm to compute a full reduction is no different. For a derivative

u ∈ ΘY occurring in q̄, we shall say that the differential polynomial q̄ ∈ F �Y �
is reduced w.r.t. A at u if u is not a proper derivative of an element of L(A) or,
if u belongs to L(A), the degree of q in u is lower than the degree of Au in u.

Algorithm 3.13. d-red.
Input: q ∈ F �Y �, A a weak d-triangular set of F �Y �.
Output: q̄ ∈ F �Y � s.t.
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– q̄ reduced w.r.t. A
– ∃h ∈ H∞

A s.t. h q ≡ q̄ mod (ΘA≤u) where u = lead(q)
– rank(q̄) ≤ rank(q)

q̄ := q;
while q̄ is not reduced w.r.t. A do

v := the highest ranking derivative u ∈ ΘL(A) in q̄ s.t. q̄ is not reduced
w.r.t. A at u;
a := any element of {b ∈ A | v is a derivative of lead(b)};
θ := the element of Θ s.t. θlead(a) = v;
q̃ := srem(q̄, θa, v);
q̄ := q̃;

od;
return(q̄);

The full reduction algorithm of [40, I.9] by an autoreduced set first proceed
by a partial reduction then an algebraic reduction. That strategy is not possible
when we reduce by a weak d-triangular set.

Note that q̃ is reduced w.r.t. to A at v and that the other derivatives ap-
pearing in q̃ consist of derivatives that were in q̄ or derivatives lower than v.
The sequence of the v’s appearing in the while loop is therefore strictly decreas-
ing and thus the algorithm terminates (Proposition 3.2). According to whether
v ∈ lead(A) or v ∈ Θ+lead(A), we have a pseudo-division relationship h̃q̄ ≡ q̃
mod (θa), where h ∈ sep(a)∞ or h ∈ init(a)∞. The final relationship h q ≡ q̄
mod [A], for some h ∈ H∞

A follows from these intermediate pseudo-division re-
lationships.

3.3 Differential Characteristic Sets

In order to introduce and show the existence of differential characteristic sets we
define a pre-order on d-triangular sets. This pre-order is also of use in proving
the termination of algorithms.

Definition 3.14. Let A = a0 � . . . � ar and B = b0 � . . . � bs be two weak
d-triangular sets. We say that A has lower rank than B and write rank(A) <
rank(B) if there exists k, 0 ≤ k ≤ r, s, such that rank(ai) = rank(bi) for all
1 ≤ i ≤ k and either k = s < r or rank(ak) < rank(bk).

If A = B �C then rank(A) < rank(B) reflecting the inclusion of differential
ideals [B] ⊂ [A]. In particular, if B is the empty set and A is not then rank(A) <
rank(B).

Proposition 3.15. The pre-order on weak d-triangular set is well-founded.

Proof. Assume we have an infinite sequence of weak d-triangular sets {Aj}j∈N

that is strictly decreasing. We shall construct from it an infinite autoreduced set
of derivatives. Since this is not possible by Proposition 3.9, the result is proved
by contradiction.



54 Evelyne Hubert

Let a
(1)
j be the element of lowest rank in Aj . The sequence {rank(a(1)j )}j∈N

is decreasing and thus must be stationary after a certain j1 ∈ N. Let u1 =
lead(a(1)j ) = u1 for j ≥ j1. For j > j1, Aj must have at least two elements.

Let a
(2)
j be the second lowest ranked element in Aj , for j > j1. The sequence

{rank(a(2)j )}j>j1 is decreasing and therefore must become stationary after a j2 >

j1. Let u2 = lead(a(2)j ) for j ≥ j2. Because u1 and u2 are the leaders of the two
lowest elements of Aj2 they form an autoreduced set. Continuing this way, we
construct an infinite autoreduced set of derivatives {un}n∈N.

For the same reason as in the polynomial case we need to introduce specific
d-triangular sets in order to define differential characteristic sets.

Definition 3.16. A differential triangular set A is a differential chain if for all
x ∈ L(A) red(Ax, A<x) has the same rank as Ax.

Note that owing to the definition of d-triangular sets, Ax is partially reduced
w.r.t. A and therefore only algebraic reduction is needed to reduce Ax by A<x.
Basically this definition says that we can associate an autoreduced set to a
differential chain and the same discussion than in the polynomial case applies.

The definition of a differential characteristic set of a differential ideal is no
different than the definition of a characteristic set of an ideal in the polynomial
case and the equivalence between the different definitions is shown similarly.

Definition 3.17. Let I be a differential ideal in F �Y �. A differential chain
A contained in I is a differential characteristic set of I if one of the following
equivalent conditions holds:
1. A is of minimal rank among the differential chains contained in I.
2. there is no non zero element of I reduced w.r.t. A.
3. ∀q ∈ I, d-red(q, A) = 0.

The existence of a differential characteristic set for any differential ideal is
secured by the first definition and by Proposition 3.15. The first definition also
secures that any two characteristic sets of a differential ideal have the same rank.

Note that if d-red(p,A) = 0, for p ∈ F �Y � and A a weak d-triangular set,
then p ∈ [A] :H∞

A . If A is a differential characteristic set of a differential ideal I
we thus have A ⊂ I ⊂ [A] :H∞

A .

Proposition 3.18. If C is a differential characteristic set of a prime differential
ideal P then P = [C] :H∞

C = [C] :S∞
C .

To prove that P = [C] : H∞
C it is sufficient to note that no initial and no

separant of C can belong to P and therefore if d-red(p, C) = 0 then p ∈ P . The
fact that P = [C] :S∞

C will be proved more generally in Section 5. Indeed, recent
algorithmic improvement in differential algebra owes to the idea of using a wider
class of differential ideals than prime differential ideals. We define in Section 5
a less restrictive class of differential ideals that have those properties of prime
differential ideals exhibited in the proposition above.
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4 Regular Differential Systems

A necessary and sufficient condition for the existence of a solution to a system
of differential equations such as

∂y

∂s
= f(s, t),

∂y

∂t
= g(s, t)

is that
∂f

∂t
=

∂g

∂s
. Coherence is a property that generalizes this condition for

systems given by d-triangular sets. Coherence implies formal integrability and
is a cousin concept of Riquier’s passivity [57, 36]. Riquier-Janet approach is
discussed in [2]. Informally speaking, the approach through coherence is to the
approach through passivity what Gröbner bases are to involutive or Riquier
bases.

The theorem that F. Boulier named Rosenfeld’s lemma [6], appeared in [61].
A generalization of use for specialization in positive characteristic appears in
[40, III.8]. As for algorithms, in characteristic zero, Kolchin applied this theorem
only in the special case of prime differential ideals [40, IV-9] to compute prime
characteristic decompositions.

F. Boulier and coauthors [9] showed the fundamental relevance of this the-
orem for effective algorithms to compute representation of radical differential
ideals that allow a membership test. Since then, several generalization were
shown. The original theorem applies to ideals [A] : H∞

A defined by a coherent
autoreduced set A. We give the version of [10] that applies to differential ideals
[A] :H∞ defined by a regular differential system (A,H). The proof is nonetheless
no different than the original one. The approach of E. Mansfield [46] does not
go through d-triangular sets explicitly. [51] gives a generalization of Rosenfeld’s
lemma that applies in this context.

As a general principle Rosenfeld’s lemma makes the bridge between differen-
tial algebras and polynomial algebras through ideals that are defined by coherent
sets of differential polynomials. In virtue of this principle, many a property of
ideals defined by d-triangular sets can be lifted to differential ideals defined by
coherent d-triangular sets.

In this section we first define the coherence of a d-triangular set and give a
finite test for it. We then prove Rosenfeld lemma and give the structure theorem
for differential ideals defined by regular differential systems.

4.1 Coherence

We define coherence of a d-triangular set A away from a set H. Classically
coherence of A is away from HA. In Section 6, H will be the set of differen-
tial polynomials by which it has been allowed to premultiply for reduction and
therefore are intrinsically assumed not to vanish identically. H can thus involve
separants or initials of elements that are no longer in A.

Testing coherence from its definition is an impossible task since it imposes
infinitely many conditions. We give the usual finite test that is analogous to the
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construction of S-polynomials in the Gröbner bases theory. These analogues to
the S-polynomial we call the ∆-polynomials3. Inspired by the Gröbner bases
theory, an analogue to the second Buchberger criterion was given in [10]. We
present this criterion but the real difficulty of it is in its implementation.

The ideals (A) :H∞, where A is a weak d-triangular set and H is a finite set,
we shall encounter can be understood as living in the polynomial ring F [ΘY]
but also as living in F [X] where X is a subset of derivatives that include all
the ones present in the differential polynomials of A and H. If V is a finite set
of derivatives such that A,H ⊂ F [V ] and I is the ideal (A) :H∞ considered in
F [V ] then, since F [V ] is Noehterian,

– I is finitely generated: there exists a finite set G ⊂ F [V ] such that I = (G)
– I admits a primary decomposition in F [V ] say I = Q1 ∩ . . . ∩Qr.

If X is any set of derivatives such that V ⊂ X and Ie, Qe
1, . . . , Q

e
2 are the

extension of I,Q1, . . . Qr to F [X], then Ie ∩ F [V ] = I and Qe
1 ∩ F [V ] =

Q1, . . . , Q
e
r∩F [V ] = Qr. The point is that the polynomial ring in which (A) :H∞

is considered is not very relevant. Since A and H are finite sets, (A) : H∞ is
finitely generated, admits a primary decomposition and any computations on
(A) :H∞ can be made in a polynomial ring with finitely many variables.

Two derivatives u and v have a common derivative if there exist ψ, φ ∈ Θ
such that ψu = φv. This happens when u and v are the derivative of the same
differential indeterminate. Assume u = δe11 . . . δem

m y and v = δf11 . . . δfm
m y. Then

any δg11 . . . δgm
m y with gi ≥ max(ei, fi) is a common derivative of u and v. If we

take gi = max(ei, fi) we obtain the lowest common derivative of u and v and
that is noted lcd(u, v).

Definition 4.1. Let A be a weak d-triangular set in F �Y � and H a subset of
F �Y �. A is said to be coherent away from H (or H-coherent for short) if:

– SA ⊂ H∞

– whenever a, b ∈ A are such that lead(a) and lead(b) have a common deriva-
tive, say v = ψ (lead(a)) = φ (lead(b)), φ, ψ ∈ Θ, then

sep(b)ψ(a)− sep(a)φ(b) ∈ (ΘA<v) :H∞.

Note that the leader of sep(b)ψ(a)−sep(a)φ(b) is lower than v and obviously
sep(b)ψ(a)− sep(a)φ(b) ∈ [A] :H∞. What is required here is that sep(b)ψ(a)−
sep(a)φ(b) can be obtained algebraically over the derivatives of the element of
A with leader lower than v.

Testing coherence can be done in fact with finitely many tests. For each pair of
differential polynomial a and b in the weak d-triangular set it is sufficient to look
at the differential polynomial corresponding to the lowest common derivative
between lead(a) and lead(b).

3 Though the analogy goes this way today, it is worth recalling that this construction
of ∆-polynomial dates from 1959’s paper of Rosenfeld.
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Definition 4.2. Let a and b be differential polynomials in F �Y �. We note
∆(a, b) the ∆-polynomial of a and b that is defined as follow. If lead(a) and
lead(b) have no common derivative, then ∆(a, b) = 0. Otherwise let ψ, φ ∈ Θ be
s.t. lcd(lead(a), lead(b)) = ψ (lead(a)) = φ (lead(b)) . Then

∆(a, b) = sep(b)ψ(a)− sep(a)φ(b)

We could in fact replace sep(a) and sep(b) by their respective quotients with
gcd(sep(a), sep(b)) to limit expression swell when we compute the ∆-polynomials.

Proposition 4.3. Let A be a weak d-triangular set and H a subset of F �Y �,
SA ⊂ H. If for all a, b ∈ A we have ∆(a, b) ∈ (ΘA<v) : H∞, where v =
lcd(lead(a), lead(b)), then A is H-coherent.

Proof. Note first that for any h, p ∈ F �Y � and θ ∈ Θ, θ(hp) ≡ hθ(p) mod (γ(p) |
γ divides θ, γ 
= θ). Assume that v = lcd(lead(a), lead(b)) = ψ(lead(a)) =
φ(lead(b)) for some ψ, φ ∈ Θ. Then ∆(a, b) = sep(b)ψ(a)−sep(a)φ(b). Any other
common derivative of lead(a) and lead(b) can be written θv for some θ ∈ Θ. By
the first remark θ (∆(a, b)) ≡ sep(b) θψ(a) − sep(a) θφ(b) mod (γψ(a), γφ(b) | γ
divides θ, γ 
= θ). According to the hypotheses and Proposition 3.6, θ (∆(a, b)) ∈
(ΘA<θv) :H∞. It follows that sep(b) θψ(a)− sep(a) θφ(b) ∈ (ΘA<θv) :H∞.

The simplest test for coherence is thus the following. It gives only a sufficient
condition as shows the example.

Proposition 4.4. A weak d-triangular set A in F �Y � is HA-coherent if
d-red(∆(a, b), A) = 0, for all a, b ∈ A.

Example 4.5. With the orderly d-ranking y < yt < ys < . . . consider the
d-triangular set A = a� b where a = y2t − t2 and b = (yt − t) ys − 2 t + t s.
Then ∆(b, a) = 2 ytδt(b) − (yt − t)δs(a) = 2 yt (ys ytt − ys + s − 2) is such that
d-red(∆(a, b), A) = (2 − s)(yt + t). Nonetheless, ∆(a, b) ∈ (ΘA<yst

)
: H∞

A =
(δtb, a, b) : (yt(yt − t))∞ since yt + t ∈ (A) :H∞

A .

Note that a differential characteristic set C of a differential ideal I must be
HC-coherent. Indeed ∆(a, b) ∈ [C] ⊂ I for all a, b ∈ C. Thus ∆(a, b) is reduced
to zero by C as prescribed by Definition 3.17.

We proceed to give the analogue of the second Buchberger criterion intro-
duced in [10]. This allows to check coherence by forming less ∆-polynomials. To
that end, let us introduce a notation for lowest common derivation operators.
Assume φ, ψ ∈ Θ can be written φ = δe11 . . . δem

m and ψ = δf11 . . . δfm
m . We define

the lowest common derivation operator of φ and ψ to be φ�ψ = δg11 . . . δgm
m where

gi = max(ei, fi). In order to get familiar with that notation in use for the rest
of the section, note that if lead(a) = φy and lead(b) = ψy for some y ∈ Y and
φ, ψ ∈ Θ then

∆(a, b) = sep(b)
φ�ψ
φ

(a)− sep(a)
φ�ψ
ψ

(b)
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and the coherence condition is that

∆(a, b) ∈ (ΘA<φ�ψy
)

:H∞.

Theorem 4.6. Let A be a weak d-triangular set and H a subset of F �Y � that
contains the separants of A. Let p, q, r ∈ A be s.t. lead(p) = φy, lead(q) = ψy and
lead(r) = θy for some y ∈ Y and φ, ψ, θ ∈ Θ. If the three following conditions
are satisfied
1. θ divides φ�ψ
2. ∆(r, p) ∈ (ΘA<θ�φy) :H∞

3. ∆(r, q) ∈ (ΘA<θ�ψy) :H∞

then ∆(p, q) ∈ (ΘA<φ�ψy) :H∞

Proof. Note first the easy equivalence φ�θ divides φ�ψ ⇔ θ divides φ�ψ ⇔
ψ�θ divides φ�ψ. By application of Proposition 3.6 to the hypotheses we obtain:

φ�ψ
φ�θ (∆(r, p)) ∈ (ΘA<φ�ψ y) :H∞,

φ�ψ
ψ�θ (∆(r, p)) ∈ (ΘA<φ�ψ y) :H∞.

Since for all γ ∈ Θ we have γ(hp) ≡ hγ(p) mod (β(p) | β divides γ, β 
= γ) we
can write from the above memberships

sp
φ�ψ
θ

(r)− sr
φ�ψ
φ

(p) ∈ (ΘA<φ�ψ y) :H∞,

sp
φ�ψ
θ

(r)− sr
φ�ψ
ψ

(q) ∈ (ΘA<φ�ψ y) :H∞.

Multiplying the differential polynomials by sq and sp respectively and subtract-
ing one to the other, we get sr∆(p, q) ∈ (ΘA<φ�ψ y) : H∞. As sr ∈ H, the
conclusion follows.

4.2 Rosenfeld’s Lemma

To apply Rosenfeld lemma to H-coherent d-triangular sets we need some addi-
tional reduction hypothesis on the pair (A,H). These properties were encapsu-
lated in the name regular differential systems in [9, 10].

Definition 4.7. A pair (A,H) is a regular differential system if

– A is a d-triangular set
– H is a set of nonzero differential polynomials partially reduced w.r.t. A
– SA ⊂ H∞

– for all a, b ∈ A, ∆(a, b) ∈ (ΘA<v) :H∞ where v = lcd(lead(a), lead(b)).

Note that the fact that A is a d-triangular set implies that the separants of
A are partially reduced w.r.t. A.

It is practical to define regular differential ideals as differential ideals of the
type [A] :H∞ where (A,H) is a regular differential system.
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Theorem 4.8. Let (A,H) be a regular differential system in F �Y �. A differen-
tial polynomial that is partially reduced w.r.t. A belongs to [A] :H∞ if and only
if it belongs to (A) :H∞.

Proof. For a ∈ A we note ua and sa respectively the leader and the separant of
a. Let us consider p ∈ [A] :H∞. There thus exists a finite subset D of Θ+ × A
s.t. for some h ∈ H∞ we can write

h p =
∑

(θ,a)∈D⊂Θ+×A

αθ,a θ(a) +
∑
a∈A

αa a (1)

for some αa, αθ,a ∈ F �Y �. For each equation of type (1) we consider v to be the
highest ranking derivative of Θ+L(A) that appears effectively in the right hand
side.

Assume that p is partially reduced w.r.t. A. If the set D is empty then
p ∈ (A) : H∞. Assume, for contradiction, that there is no relation of type (1)
with an empty D for p. Among all the possible relationships (1) that can be
written, we consider one for which v is minimal.

Consider E = {(θ, a) ∈ D | θ(ua) = v} and single out any (θ̄, ā) of E. As A
is H-coherent, for all (θ, a) of E we have sā θ(a) ≡ sa θ̄(ā) mod (ΘA<v) :H∞.
Thus

sā h p ≡

 ∑

(θ,a)∈E
sa αθ,a


 θ̄(ā)+

∑
(θ,a)∈D\E

sāαθ,a θa+
∑
a∈A

sāαa a mod (ΘA<v) :H∞

(2)
so that we can find k ∈ H∞ s.t.

sāk p = βθ̄,ā θ̄(ā) +
∑

(θ, a) ∈ Θ × A,
θ(ua) < v

βθ,a θa +
∑
a∈A

βa a (3)

for some βa, βθ,a ∈ F �Y �.
We proceed now to eliminate v from the coefficients βθ̄,ā. We make use of the

fact that sā v = θ̄(ā)− tail(θ(ā)). Recall that tail(θ(ā)) contains only derivatives
lower than v. Multiplying both sides of (3) by sdā, where d is the degree of v in
the right hand side, and replacing sā v by θ̄(ā) − tail(θ(ā)) we can rewrite the
relationship obtained as

sā
d+1k p = γd θ̄(ā)d + . . . + γ1 θ̄(ā) + γ0 (4)

where γ0, γ1, . . . , γd no longer contain v and γ0 ∈ (ΘA<v). The only occurrences
of v in that right hand side is through θ̄(ā). Because p and the elements of H are
partially reduced w.r.t. A, v does not appear in the left hand side. The coefficients
γi, for 1 ≤ i ≤ d must be zero. We have thus exhibited a relationship like (1)
with a v lower than what we started from. This contradicts our hypotheses.

In Section 6.4 we will see that for a weak d-triangular set B that is K-
coherent, we can compute a regular differential system (A,H) such that L(A) =
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L(B) and [B] :K∞ = [A] :H∞. Some of the consequences of Rosenfeld lemma
we shall see can therefore be applied to coherent weak d-triangular sets. But
Rosenfeld lemma does not, as shows this example.

Example 4.9. In Q(s, t) �y� endowed with the d-ranking y < ys < yt < yss <
yst < ytt < . . . consider the weak d-triangular set A = ys � ytt − yss that is
1-coherent. ytt is partially reduced w.r.t. A and belongs to [A]. Nonetheless ytt
does not belong to (A).

There is a number of corollaries that immediately derives from Rosenfeld’s
lemma. The first one provides a membership test to regular differential ideals.
The second one conveys the fact that a regular differential system is formally
integrable (outside the union of the zeros of the elements of H). These corollaries
are in fact simple consequences of the property: A differential polynomial that is
partially reduced w.r.t. A belongs to [A] :H∞ if and only if it belongs to (A) :H∞.
We saw that coherence, i.e. the fact that (A,H) is a regular differential system,
is a sufficient condition to get that property. It is not a necessary condition as
discussed in [68].

Corollary 4.10. Let (A,H) be a regular differential system. Then p ∈ [A] :
H∞ iff pd-red(p,A) ∈ (A) :H∞.

Corollary 4.11. Let (A,H) be a regular differential system and u ∈ ΘY rank-
ing higher than all the leaders of the elements of A. Then [A] :H∞ ∩F [ΘY≤u] =
(ΘA≤u) :H∞.

This trivially implies that if v > u, (ΘA≤v) :H∞∩F [ΘY≤u] = (ΘA≤u) :H∞.
If we have an orderly d-ranking and v(n) is the highest derivative of order n,
then ΘA≤v(n) is the prolongation of A at order n. The property implies that
projection of the prolongation does not introduce new conditions: (ΘA≤v(n+r)) :
H∞∩F [ΘnY ] = (ΘA<v(n)) :H∞. A procedure to compute a power series solution
according to any d-ranking is described in [63, 42].

4.3 Regular Differential Ideals

Rosenfeld lemma allows us to lift the properties of the polynomial ideal (A) :H∞

to the differential ideal [A] : H∞ when (A,H) is a regular differential system.
The first result in this line, Theorem 4.12, states that [A] :H∞ is radical. This
is the key to effective algorithm. Theorem 4.13 shows that we can inspect on
the d-triangular set some properties of the essential prime components of the
regular differential ideal defined. Theorem 4.12 is the direct lift of Lazard lemma
and was first given in [9]. Theorem 4.13 appeared in [10] and we give the proof
of [33].

Theorem 4.12. Let (A,H) be a regular differential system of F �Y �. Then
[A] :H∞ is a radical differential ideal.
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Proof. Assume pe belongs to [A] : H∞ and let p̄ = pd-red(p,A). p̄e belongs to
[A] : H∞ and is partially reduced w.r.t. A so that it belongs to (A) : H∞. By
[34, Theorem 7.5] (A) : S∞

A is radical. So is (A) : H∞ since SA ⊂ H∞. Thus p̄
belongs to (A) :H∞ and therefore p belongs to [A] :H∞. It follows that [A] :H∞

is radical.

Theorem 4.13. Let (A,H) be a regular differential system of F �Y � such that
1 /∈ (A) :H∞. C is a characteristic set of an associated prime of (A) :H∞ iff C
is a differential characteristic set of an essential prime component of [A] : H∞.
Then L(C) = L(A).

There is therefore a one-to-one correspondence between the minimal primes
of (A) :H∞ and the essential prime components of [A] :H∞.

Proof. Since we assume 1 /∈ (A) :H∞, 1 /∈ [A] :H∞ by Theorem 4.8 and [A] :H∞

is radical by Theorem 4.12.
Let X to be the set of the derivatives that are partially reduced w.r.t. A.

Then A,H ⊂ F [X]. Assume the minimal prime decomposition of [A] : H∞ is
[A] : H∞ =

⋂r
i=1 Pi. By Theorem 4.8, [A] : H∞ ∩ F [X] =

⋂r
i=1 (Pi ∩ F [X]) =

(A) : H∞. All the P̃i = Pi ∩ F [X] are prime ideals in F [X] and therefore the
minimal primes of (A) :H∞ are to be taken among these P̃i. We shall show first
that all the P̃i are minimal primes of (A) :H∞.

P̃i must contain at least one minimal prime P̄i of (A) : H∞. Let p̄ be an
element of F [X] that belongs to P̃i but does not belong to (A) :H∞ and therefore
does not belong to [A] : H∞ by Theorem 4.8. There exists q ∈ F �Y � , q /∈ Pi
such that q p̄ ∈ [A] : H∞. Let q̄ = pd-red(q, A) so that there exists s ∈ S∞

A

such that s q ≡ q̄ mod [A]. We have that q̄ /∈ (A) : H∞ otherwise q would
belong to [A] :H∞ and therefore to Pi. Nonetheless, q̄ p̄ belongs to [A] :H∞ and
thus to (A) :H∞ since it is partially reduced w.r.t. A. This says that p̄ belongs
to a minimal prime of (A) :H∞. Thus P̃i is contained in the union of minimal
primes of (A) :H∞. By the prime avoidance theorem [28, Lemma 3.3] P̃i must be
contained in one of the minimal primes, say P̄ ′

i , of (A) :H∞. Thus P̄i ⊂ P̃i ⊂ P̄ ′
i .

We must have P̄ ′
i = P̄i and therefore P̃i is a minimal prime of (A) :H∞.

If C̃i is the characteristic set of a minimal prime P̃i = Pi ∩F [X] of (A) :H∞,
we saw in [34, Theorem 7.5] that L(Ci) = L(A). Thus C̃i is a d-triangular set.
Let p be an element of Pi and p̄ = d-red(p, C̃i). Then p̄ ∈ Pi ∩ F [X] = P̃i. Ci

being a characteristic set of P̃i, p̄ must be zero. Therefore C̃i is a differential
characteristic set of Pi.

As all differential characteristic sets of Pi have the same rank, if Ci is another
differential characteristic set of Pi, it is included in F [X]. Pi does not contain
any non-zero element reduced w.r.t. Ci and so neither does P̃i = Pi ∩ F [X]. Ci

is a characteristic set of P̃i.

5 Characterizable Differential Ideals

If A is a d-triangular set and p is a differential polynomial s.t. d-red(p,A) = 0 then
p ∈ [A] :H∞

A . What Ritt and Kolchin used in their developments is the fact that if



62 Evelyne Hubert

A is the characteristic of a prime differential ideal P then P = [A] :H∞
A = [A] :S∞

A

and d-red(p,A) = 0 ⇔ p ∈ [A] : H∞
A . Recent algorithmic improvement in

differential algebra owes to the idea of using a wider class of differential ideals
and d-triangular set. We shall introduce differential regular chains [42] and show
that they are the d-triangular sets A for which p ∈ [A] :H∞

A ⇔ d-red(p,A) = 0
and then [A] :H∞

A = [A] :S∞
A . They define characterizable differential ideals that

are particular cases of regular differential ideals. Contrary to regular differential
ideals though, characterizable differential ideals can be defined intrinsically. They
are the best thing after prime differential ideals.

We proceed to define the characteristic decomposition of a radical differential
ideal as the representation of this ideal into an intersection of characterizable
differential ideals.

We finally show that the characteristic decomposition of a regular differential
ideal can be trivially lifted from a characteristic decomposition in polynomial
algebra [33]. The remarkable thing is that it is independent of the algorithm used
to compute the algebraic characteristic decomposition. That is the last main
theorem on which is based the complete algorithm to compute characteristic
decompositions for finitely generated radical differential ideals.

5.1 Differential Regular Chains

Definition 5.1. A differential ideal I is characterizable if for a differential char-
acteristic set C of I we have I = [C] :H∞

C . C is said to characterize I.

Membership to a characterizable differential ideal can thus be tested by a sim-
ple differential reduction: if I is characterized by C then p ∈ I ⇔ d-red(p, C) =
0. Prime differential ideals are characterizable for any d-ranking. Characterizable
differential ideals that are not prime do exist, but that depends on the d-ranking.

We need nonetheless to determine when a d-triangular set A characterizes
[A] :H∞

A . The criterion was provided in [33].

Theorem 5.2. Let A be a d-triangular set of F �Y �. A is a differential charac-
teristic set of [A] :H∞

A if and only if A is HA-coherent and A is a characteristic
set of (A) :H∞

A .

Proof. We claim that if A is a differential characteristic set of [A] :H∞
A then A

must be HA-coherent. For any a, b ∈ A, ∆(a, b) ∈ [A] ⊂ [A] : H∞
A . Therefore

d-red(∆(a, b), A) = 0 so that ∆(a, b) ∈ (ΘA<v) : H∞
A , where v = lcd(lead(a),

lead(b)). Now if A is a differential characteristic set of [A] :H∞
A , [A] :H∞

A has no
non-zero element reduced w.r.t. A. It is then obviously also the case for (A) :H∞

A .
Conversely, assume A is HA-coherent and a characteristic set of (A) :H∞

A . If
there would exist a non-zero differential polynomial p in [A] :H∞

A reduced w.r.t.
A then, by Rosenfeld’s lemma (Theorem 4.8) it would belong to (A) : H∞

A . It
cannot be so since A is a characteristic set of (A) :H∞

A . Thus A is a differential
characteristic set of [A] :H∞

A .
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By application of Theorem 4.12 and Theorem 4.13, a characterizable differ-
ential ideal [C] :H∞

C is radical and the characteristic sets of its essential prime
components have the same set of leaders as C.

Together with the results seen in [34, Section 5 and 7], we can give now a
characterization of practical use in terms of regular chains.

Corollary 5.3. Let A be a d-triangular set of F �Y �. A is a differential char-
acteristic set of [A] :H∞

A iff the two following conditions are satisfied:

– A is HA-coherent
– A is a squarefree regular chain.

Proof. If A is a squarefree regular chain then A is a characteristic set of (A) :I∞
A

and (A) :H∞
A = (A) : I∞

A [34, Theorem 5.13 and Theorem 7.1]. Conversely, if A
is a characteristic set of (A) :H∞

A then any element of p ∈ (A) :H∞
A is such that

red(p,A) = 0 and therefore p ∈ (A) :I∞
A . Thus (A) :H∞

A = (A) :I∞
A so that A is

a squarefree regular chain.We can conclude thanks to Theorem 5.2.

It is reasonable to call a d-triangular set satisfying the two conditions of the
preceding corollary a differential regular chain so that we can state the previous
corollary in an analogous way to the polynomial counterpart seen in [34, Theorem
5.13]: A differential triangular set A is a differential characteristic set of [A] :H∞

A

iff it is a differential regular chain.
We saw in [34] that when A is a squarefree regular chain then (A) : I∞

A =
(A) :H∞

A = (A) :S∞
A . This has the following implication which is used in [13].

Corollary 5.4. If A is a differential regular chain then [A] :H∞
A = [A] :S∞

A .

Proof. Let p ∈ [A] : H∞
A . Then pd-red(p,A) belongs to (A) : H∞

A . Since (A) :
H∞
A = (A) :S∞

A , pd-red(p,A) belongs to (A) :S∞
A and therefore p ∈ [A] :S∞

A .

5.2 Characteristic Decomposition

Let J be a radical differential ideal of F �Y �. We call a characteristic decompo-
sition of J a representation of J as an intersection of characterizable differential
ideals, called components of J . Such a characteristic decomposition of J exists:
J is the intersection of prime differential ideals and prime differential ideals are
characterizable.

Given a finite set Σ of differential polynomials of F �Y �, computing a char-
acteristic decomposition of �Σ� means finding the characteristic sets of its com-
ponents. In other words, given Σ, we want to compute differential regular chains
C1, . . . , Cr such that �Σ� = ∩ri=1[Ci] :S∞

Ci
. This provides naturally a membership

test to �Σ�:
p ∈ �Σ� ⇔ d-red(p, Ci) = 0 ∀i, 1 ≤ i ≤ r.

According to the d-ranking chosen this allows also to exhibit diverse properties
of �Σ� or equivalently of the zeros of Σ. As an example, assume we want to
know if the zeros of Σ are zeros of differential polynomials in only a subset
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Z of the differential indeterminates Y . Compute a characteristic decomposition
according to an elimination ranking Z � Y \Z. If there exists such a differential
polynomial in Z, it must reduce to zero by the differential regular chains in the
decomposition. That is possible only if there is a differential polynomial in all
the differential regular chains that has a leader in ΘZ. In view of the d-ranking,
all the derivatives of this differential polynomial must be in ΘZ. We can thus
read on the differential regular chains the answer.

A characteristic decomposition of a radical differential ideal J is irredun-
dant if associating each component in the decomposition with the set of its
essential prime components yields a partition of the set of the essential prime
components of J . In other words, consider a characteristic decomposition of J ,
J = ∩ri=1[Ci] : S∞

Ci
. This decomposition is irredundant if any prime differential

ideal that contains two distinct components [Ci] :S∞
Ci

is not an essential prime
component of J .

5.3 Characteristic Decomposition of Regular Differential Ideals

We present now the theorem on which is based the last step of the characteristic
decomposition algorithm. It shows that the characteristic decomposition of a
regular differential ideal can be achieved algebraically, i.e. without performing
any derivations. The result was presented in [33].

Theorem 5.5. If (A,H) is a regular differential system and (A) : H∞ =
∩ri=1 (Ci) : I∞

Ci
is an irredundant characteristic decomposition then each Ci is

a differential regular chain and [A] : H∞ = ∩ri=1 [Ci] : S∞
Ci

is an irredundant
characteristic decomposition.

Proof. From [34, Theorem 7.5], (A) :H∞ is radical as SA ⊂ H and therefore all
the components (Ci) :I∞

Ci
in the irredundant decomposition are radical ideals. It

follows that each Ci is a squarefree regular chains and (Ci) :I∞
Ci

= (Ci) :H∞
Ci

.
Let Bi,j , 1 ≤ j ≤ ri, be characteristic sets for the minimal primes of (Ci) :I∞

Ci

so that (Ci) :I∞
Ci

= ∩ri
j=1 (Bij) :I∞

Bij
is an irredundant prime characteristic decom-

position. Thus (A) :H∞ =
⋂
i,j(Bij) :I∞

Bij
is an irredundant prime characteristic

decomposition. By Theorem 4.13, [A] :H∞ =
⋂
i,j [Bij ] :H∞

Bij
is an irredundant

prime characteristic decomposition and L(Bij) = L(A) = L(Ci). In particular
Ci is a d-triangular set.

We prove now that Ci is HCi
-coherent. Let a, b ∈ Ci. Since a and b belong to

∩ri
j=1 [Bij ] :H∞

Bij
, so does ∆(a, b) and d-red(∆(a, b), Ci). Since d-red(∆(a, b), Ci)

is partially reduced w.r.t. all the Bij it must belong to ∩ri
j=1 (Bij) : H∞

Bij
=

(Ci) :H∞
Ci

in virtue of Theorem 4.8. Now, Ci is a characteristic set of (Ci) :H∞
Ci

so that d-red(∆(a, b), Ci) , that is reduced w.r.t. Ci, must be zero. Ci is thus
HCi

-coherent.
We thus have proved that Ci is a differential regular chain. By Theorem 4.13

and Corollary 5.4 [Ci] : S∞
Ci

= [Ci] : H∞
Ci

= ∩ri
j=1 [Bij ] : H∞

Bij
is an irredundant

prime decomposition. We can conclude that [A] : H∞ = ∩ri=1 [Ci] : S∞
Ci

is an
irredundant characteristic decomposition.
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6 The Rosenfeld Gröbner Algorithm

We saw that Rosenfeld’s lemma was a link between differential algebra and
polynomial algebra and is therefore the key to effective algorithms in differential
algebra. Boulier et al. gave a first algorithm called Rosenfeld-Gröbner in [9]. For
a finite set of differential polynomials, the algorithm computes in a factorization
free way a representation of the radical differential ideal generated that allows to
test membership. The radical differential ideal is represented as an intersection
of regular differential ideals. Each regular differential ideal was given by a regular
differential system (A,H) together with a Gröbner basis of the polynomial ideal
(A) :H∞, hence the Gröbner part of the name. The membership test was thus
into two parts: first a differential reduction by A and a membership test to
(A) :H∞ by mean of the computed Gröbner basis.

The algorithm for the decomposition into regular differential ideals was great-
ly improved in [10]. That is the algorithm we reproduce here less the application
of the differential analogue of Buchberger second criterion. The full algorithm
was implemented by F. Boulier in the diffalg package of maple [8].

The splitting strategy of the Rosenfeld-Gröbner algorithm owes to the dif-
ferential elimination scheme of Seidenberg [66]. Alternative effective algorithms
evolving from the Ritt and Kolchin algorithm [40, IV.9] were presented in [33]
and [13]. The algorithm of [33] was the first to implement the present strategy
that is, first compute a decomposition into regular differential ideals then refine
it into a characteristic decomposition by purely algebraic means. The algorithm
of [13] is closer to Ritt and Kolchin’s algorithm. It intertwines purely algebraic
and differential computations recursively to compute a characteristic decompo-
sition. Doing so one is able to compute a zero decomposition and that is finer
than the radical differential ideal decomposition under study here.

6.1 Philosophy and Data Representation

The input to the algorithm are two finite sets F and S of differential polynomials.
The output is a finite set of regular differential systems, {(A1, H1), . . . , (Ar, Hr)},
such that

�F � :S∞ = [A1] :H∞
1 ∩ . . . ∩ [Ar] :H∞

r

Before we obtain regular differential systems we work with RG-quadruples
that we process towards being regular differential systems.

Definition 6.1. A RG-quadruple T is defined by a sequence of four finite sub-
sets G,D,A,H of F �Y � such that

– A is a weak d-triangular set
– HA ⊂ H.
– D is a set of ∆-polynomials
– for all a, b ∈ A either ∆(a, b) = 0 or ∆(a, b) ∈ D or ∆(a, b) ∈ (Θ(A ∪G)<u

)
:

H∞
u , where u = lcd(lead(a), lead(b)) and Hu = HA<u

∪ (H \HA)∩F [ΘY<u].
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To a RG-quadruple noted T = (G,D,A,H) we associate the radical differential
ideal J (T ) = �G ∪D ∪A� :H∞.

The weak d-triangular set A consists of the processed differential polyno-
mials, while G is the set of differential polynomials to be processed. Rosenfeld-
Gröbner starts with only one RG-quadruple, namely (F, ∅, ∅, S). Each step of
the Rosenfeld-Gröbner algorithm consists in processing one step further a RG-
quadruple (G,D,A,H). An element of G∪D is taken out and reduced w.r.t. A.
If the element does not reduce to an element of F , we insert it into A. This is
the role of the algorithm update presented in Section 6.5. New ∆-polynomials
are added to D and the separant and the initial of the new element are added to
H. To keep the decomposition correct, we need to introduce new RG-quadruples
containing the separant and the initial of the new element.

A RG-quadruple is nearly processed when it is of the type (∅, ∅, A,H). It is the
role of auto-partial-reduce in Section 6.4. to make the final step of taking (A,H)
to a regular system (B,K) so that �A� :H∞ = [B] :K∞. A regular differential
system (A,H) can be considered as a RG-quadruple (∅, ∅, A,H). At all time the
intersection of the differential ideals defined by the present RG-quadruples is
equal to �F � :S∞.

The coherence condition in the definition of a RG-quadruple is seemingly
difficult and the reason for that precision is dictated by the proof of the last
part of the algorithm auto-partial-reduce. Basically, the ∆-polynomial between
two elements of A is either awaiting treatment, and it belongs to D, or it has
been reduced to zero by A. It could also have been discarded by some criterion.

First are presented the lemmas that allow to show the termination of the
algorithm, then the lemmas that allow the splittings. The algorithm is afterwards
divided in three parts.

6.2 Finiteness Lemmas

We shall introduce a partial order on RG-quadruples that is a refinement of the
pre-order on d-triangular sets. This order is used to prove the termination of the
algorithm.

Definition 6.2. Let E and F be two finite subsets of F �Y �. We say that F
precedes E w.r.t. ≺s if F is obtained from E by replacing only one of its element
by a finite number of elements of strictly lower rank. In other words

F ≺s E ⇔ ∃p ∈ E s.t. F =
{
E \ {p} ∪ {p1, . . . pk}, where rank(pi) < rank(p)
or E \ {p}

Proposition 6.3. The partial order ≺s on finite sets of F �Y � is well founded.

Proof. Let {Ei}i∈N be a strictly decreasing sequence of subsets of F �Y �. It can
be represented by a finite number of trees. The roots of these trees are the
elements of E1. At each i, we transform one leaf, i.e. one element p of Ei, into
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a node. The descendants of this node are the differential polynomials of lower
ranks p1, . . . , pk, k ∈ N, by which p is replaced. A final leaf correspond to the
sheer elimination of a polynomial. Therefore, the paths in the trees consist of
strictly decreasing sequences of differential polynomials. The trees must have
finite depth and thus the sequence {Ei}i∈N must be finite.

Definition 6.4. Let T = (G,D,A,H) and T̄ = (Ḡ, D̄, Ā, H̄) be quadruples.
We say that T ≺t T̄ if either

– rank(A) < rank(Ā)
– rank(A) = rank(Ā) and G ∪D ≺s Ḡ ∪ D̄

Proposition 6.5. The partial order ≺t on RG-quadruple is well founded.

Proof. It follows immediately from Proposition 3.15 and Proposition 6.3.

6.3 Splitting

At each step of the algorithm we want to replace a differential polynomial by
its reduction by a weak d-triangular set. This implies premultiplying by initials
and separants and intrinsically assuming that we are seeking zeros where those
do not vanish. We need to look for the zeros where the separants and the initials
vanish, by introducing a branch split.

Let Σ and H be finite subset of differential polynomials. The first type of
split expresses that the zero set of Σ can be decomposed into the union of the
set of zeros of Σ that make no element of H vanish with the set of zeros common
to Σ and an element of H. This split is used in Ritt-Kolchin style of algorithm
[40, 33, 13]. The second kind of split introduced in [66] and used in Rosenfeld-
Gröbner algorithm [9, 10] is somewhat finer.

Proposition 6.6. Let Σ be a non-empty subset of a differential ring R.
– �Σ ∪ {ab}� = �Σ ∪ {a}� ∩ �Σ ∪ {b}� for all a, b ∈ R.
– �Σ� = �Σ� :H∞ ∩ �

Σ ∪ {∏h∈H h
}�

for all finite subset H of R.

Proof. As �Σ ∪ {ab}� ⊂ �Σ ∪ {a}� , �Σ ∪ {b}�, the first inclusion is trivial. Let
p ∈ �Σ ∪ {a}� ∩ �Σ ∪ {b}�. There exist e, f ∈ N∗ s.t. pe = q + α and pf = r + β
where q, r ∈ [Σ] while α ∈ [a] and β ∈ [b]. Thus pe+f = (q + α)r + βq + αβ. By
Proposition 2.2, αβ ∈ �ab� so that p ∈ �Σ ∪ {ab}�.

Consider h̄ the product of the elements of H. We have �Σ� : H∞ = �Σ� :
h̄∞. Let p ∈ �Σ� : h̄∞ ∩ �

Σ ∪ {h̄}�. On the one hand there exists e ∈ N∗ s.t.
pe = q +

∑
θ∈Θ αθθ(h̄) where q ∈ [Σ] and {αθ}θ is a family of elements of F �Y �

with finite support. Then pe+1 = qp +
∑

θ∈Θ αθp θ(h̄) so that pe+1 − qp ∈ �
h̄p

�

by Proposition 2.2. On the other hand
�
h̄p

� ⊂ �Σ�. It follows that pe+1 and
therefore p belongs to �Σ�.
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If H = {h1, h2} we can thus write �Σ� = �Σ� :H∞∩�Σ ∪ {h1}�∩�Σ ∪ {h2}�.
Informally speaking, if we note Z(Σ) the set of zeros of Σ and Z(Σ/H) the sub-
set of zeros of Σ that do not make any element of H vanish, we can write Z(Σ) =
Z(Σ/{h1, h2})∪Z(Σ∪{h1})∪Z(Σ∪{h2}). We could also make the following de-
composition that introduces less redundancies: Z(Σ) = Z(Σ/{h1, h2})∪Z(Σ ∪
{h1}/{h2})∪Z(Σ∪{h2}). In terms of radical differential ideals it translates into
�Σ� = �Σ� : {h1, h2}∞ ∩ �Σ ∪ {h1}� : h2∞ ∩ �Σ ∪ {h2}�. We give and prove the
formal and general property that is used in Rosenfeld-Gröbner algorithm.

Proposition 6.7. Let Σ be a non-empty subset of R.
– �Σ ∪ {∏r

i=1 ai}� =
⋂r−1
i=1 �Σ ∪ {ai}� :{ai+1, . . . , ar}∞ ∩ �Σ ∪ {ar}� for any

a1, . . . , ar ∈ R.
– �Σ� = �Σ� :H∞ ∩

⋂
1≤i<r

�Σ ∪ {hi}� :{hi+1, . . . , hr}∞ ∩ �Σ ∪ {h1, . . . , hr}� for

any H = {h1, . . . , hr} ⊂ F �Y �.

Proof. The result is trivial for r = 1. Assume this is true up to r − 1, for r ≥ 2.
We have

�Σ ∪ {a1 . . . ar}� = �Σ ∪ {a1}� ∩ �Σ ∪ {a2 . . . ar}�
= �Σ ∪ {a1}� :{a2, . . . , ar}∞ ∩ �Σ ∪ {a1} ∪ {a2 . . . ar}� ∩ �Σ ∪ {a2 . . . ar}� .

by application of Proposition 6.6. Noting that the last component is included
in the middle component, we can remove this latter so that �Σ ∪ {a1 . . . ar}� =
�Σ ∪ {a1}� :{a2, . . . , ar}∞ ∩ �Σ ∪ {a2 . . . ar}� . We obtain the result by applying
the induction hypothesis on �Σ ∪ {a2 . . . ar}�. The second point follows immedi-
ately since �Σ� = �Σ� :H∞ ∩ �Σ ∪ {h1 . . . hr}� by Proposition 6.6.

6.4 Computing Regular Systems Equivalent
to Weak Coherent d-Triangular Sets

We are going to give the last bit of the algorithm. For a pair (A,H) s.t. (∅, ∅, A,H)
is a RG-quadruple we compute a pair (B,K) that is a regular differential system
with the property that [A] : H∞ = [B] : K∞. The algorithm consists simply in
making partial reductions of the elements of A and H, but the proof is quite
involved.

Algorithm 6.8. auto-partial-reduce
Input: Two finite subsets A and H s.t. (∅, ∅, A,H) is a RG-quadruple
Output:
– the empty set if it is detected that 1 ∈ [A] :H∞.
– a set with a single regular differential system (B,K) with L(A) = L(B),

HB ⊂ K and [A] :H∞ = [B] :K∞

B := ∅;
for u ∈ L(A) increasingly do

b := pd-red(Au, B);
if rank(b) = rank(Au) then
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B := B � b;
else
return(∅);

fi;
od;
K := HB ∪ {pd-red(h,B) |h ∈ H \HA};
if 0 ∈ K then
return(∅);

else
return({(B,K)});

fi;

Correctness

In the proof we use implicitly the following lemma that is immediate to establish.

Lemma 6.9. Let H and K be two subsets and I a (differential) ideal in a (dif-
ferential) ring R. If H∞ K ⊂ H∞ + I then I :H∞ = I : (H ∪K)∞

The condition H∞ K ⊂ H∞ + I means that for all k ∈ K there exists h and
h̄ in H∞ s.t. h k = h̄ + p for some p ∈ I.

We shall prove first that after the for loop, either 1 ∈ [A] : S∞
A or for any

u ∈ L(A) we have:

I0 rank(A≤u) = rank(B≤u) and Bu is partially reduced w.r.t. B<u.
I1 S∞

B<u
HA≤u

⊂ H∞
B≤u

+ (ΘB<u)
I2 HB≤u

⊂ H∞
A≤u

+ (ΘB<u)
I3 (ΘA≤u) :H∞

A≤u
= (ΘB≤u) :H∞

B≤u

The properties are true for the lowest u ∈ L(A) since then Au = Bu. Let us
assume that the properties I0, I1, I2, I3 hold for all v ∈ L(A) with v < u, that
is as we start a new iteration for u.

Note that induction hypothesis I3 implies that (ΘA<u) : H∞
A<u

= (ΘB<u) :
H∞
B<u

in virtue of Proposition 3.6 and induction hypothesis I1 and I2.
By induction hypothesis I0, L(B<u) = L(A<u) and thus u /∈ ΘL(B<u) as A

is a weak d-triangular set. The reduction of Au by B<u is in fact a reduction
on the coefficients of Au seen as a polynomial in u. If rank(b) 
= rank(Au) then
init(Au) belongs to (ΘB<u) : S∞

B<u
and thus to (ΘA≤u) : H∞

A≤u
by I3 so that

1 ∈ [A] :H∞
A . Otherwise rank(b) = rank(Au), so that I0 is preserved, and there

exists s ∈ S∞
B<u

such that

sAu ≡ Bu mod (ΘB<u)
s sep(Au) ≡ sep(Bu) mod (ΘB<u)
s init(Au) ≡ init(Bu) mod (ΘB<u)

From the latter equations, we see immediately that I1 and I2 are kept true.
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From the pseudo-division relationship sAu ≡ Bu mod (ΘB<u) and the in-
duction hypothesis I3 we see that (ΘA<u) : H∞

A<u
+ (Au) ⊂ (

(Bu) + (ΘB<u) :
H∞
B<u

)
:H∞

B<u
so that, by Lemma 6.9 and what we just have seen (property I1)

(ΘA≤u) : H∞
A≤u

⊂ (ΘB≤u) : H∞
B≤u

. Similarly the pseudo-division relationship,
induction hypothesis I3 and property I2 just shown give the converse inclusion.
Thus (ΘA≤u) :H∞

A≤u
= (ΘB≤u) :H∞

B≤u
so that I3 is preserved.

I0, I1, I2 and I3 are thus proved for all u ∈ L(A) unless we found that
1 ∈ [A] : H∞. They imply that B is a d-triangular set and (ΘA<v) : H∞

A<v
=

(ΘB<v) :H∞
B<v

for all v ∈ ΘY and [A] :H∞
A = [B] :H∞

B .
Consider H̄ = H \HA and for v ∈ ΘY, write H̄v = H̄ ∩ F [ΘY<v]. We shall

show now first that (ΘA<v) : (HA<v
∪ H̄v)∞ ⊂ (ΘB<v) :K∞ for all v ∈ ΘY and

[A] :H∞ = [B] :K∞. We shall prove then that (B,K) is a regular system.
By construction S∞

B<v
H̄v ⊂ K∞ + (ΘB<v) thus (ΘA<v) : (HA<v ∪ H̄v)∞ =

(ΘB<v) : (HB<v
∪ H̄v)∞ ⊂ (ΘB<v) :K∞.

The latter inclusion implies that [A] : H∞ ⊂ [B] : K∞. For the converse
inclusion, we saw that HB ⊂ H∞

A + [B] and thus K ⊂ H∞ + [A] :H∞
A so that

[B] :K∞ = [A] : (HA ∪K \HB)∞ ⊂ [A] :H∞. We thus have the desired equality
[A] :H∞ = [B] :K∞.

Let u, v ∈ L(B) have common derivatives. We want to show that ∆(Bu, Bv) ∈
(ΘB<w) :K∞, where w = lcd(u, v). By construction there exists su ∈ S∞

B<u
s.t.

Bu ≡ suAu mod (ΘB<u) and sep(Bu) ≡ su sep(Au) mod (ΘB<u). Thus Bu ≡
suAu mod (ΘA<u) : H∞

A<u
and sep(Bu) ≡ su sep(Au) mod (ΘA<u) : H∞

A<u
.

Similarly there exists sv ∈ S∞
B<v

s.t. Bv ≡ sv Av mod (ΘA<v) : H∞
A<v

and
sep(Bv) ≡ sv sep(Av) mod (ΘA<v) :H∞

A<v
.

Take ψ, φ ∈ Θ s.t. w = lcd(u, v) = φu = ψv. Since φ(suAu) ≡ suφ(Au)
mod (ΘA<φu) and similarly for ψ(svAv) we can write:

∆(Bu, Bv) = sep(Bv)φ(Bu)− sep(Bu)ψ(Bv)
≡ svsep(Av)φ(suAu)− susep(Au)ψ(svAv) mod (ΘA<w) :H∞

A<w

≡ susv∆(Au, Av) mod (ΘA<w) :H∞
A<w

From the hypothesis on (A,H), ∆(Au, Av) ∈ (ΘA<w) : (HA<w
∪ H̄w)∞. Thus

∆(Bu, Bv) ∈ (ΘB<w) :K∞ so that (B,K) is a regular differential system.
Let us note here the difficulty encountered with a lighter coherence condition

for RG-quadruples. Assume that the hypothesis on (A,H) had been ∆(Au, Av) ∈
(ΘA<w) :H∞ for all u, v ∈ L(A). We could then not conclude that ∆(Bu, Bv) ∈
(ΘB<w) :K∞ as the element of H could have required reduction by some element
of ΘB with leader bigger than w.

6.5 A Simple Updating of RG-Quadruple

At each step we need to augment the weak d-triangular set of a RG-quadruple
with a new differential polynomial. We need to do it so as to preserve a RG-
quadruple structure. The sub-algorithm update we present in this section is
meant for that. It is in this procedure that the analogue of second Buchberger
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criterion (Theorem 4.6) should be applied to prune the set of ∆-polynomials.
As in the polynomial case, this is a rather delicate matter [5, 10, 7] and only a
simple version of the update algorithm is given.

Algorithm 6.10. update
Input:
- a 4-tuple (G,D,A,H) of finite sets of F �Y �
- p ∈ F �Y � reduced w.r.t. A s.t. (G ∪ {p}, D,A,H) is a RG-quadruple

Output: T̄ = (Ḡ, D̄, Ā, H̄) a RG-quadruple such that
- Ā ≺ A
- J (Ḡ, D̄, Ā, H̄

)
= J (G ∪ {p}, D,A,H) :{sep(p), init(p)}∞

u := lead(p) ;
GA := {a ∈ A | lead(a) ∈ Θu};
Ā := A \GA;
Ḡ := G ∪GA ;
D̄ := D ∪ {∆(p, a) | a ∈ Ā} \ {0} ;
H̄ = H ∪ {sep(p), init(p)};
return( (Ḡ, D̄, Ā<u � p� Ā>u, H̄) );

(Ḡ, D̄, Ā<u � p� Ā>u, H̄) is a RG-quadruple since:
- p is reduced w.r.t. A and therefore w.r.t. Ā so that Ā<u � p� Ā>u is a weak

d-triangular set.
- H̄ contains all the initials and separants of Ā<u � p� Ā>u

- Ā ∪ Ḡ = A ∪ G. Thus if a, b are elements of Ā, they are elements of A
so that, by hypothesis on the input, either ∆(a, b) = 0 or ∆(a, b) ∈ D
or ∆(a, b) ∈ (Θ(A ∪G ∪ {p})<v

)
: H∞

v where v = lcd(lead(a), lead(b)) and
Hv = HA<v

∪ (H \ HA) ∩ F [ΘY<v]. Now D ⊂ D̄ and Hv ⊂ HĀ<v
∪ (H \

HĀ ∩ F [ΘY<v]).
- the ∆-polynomials of elements of Ā with p are added to D̄.

Because p is reduced w.r.t. A, rank(Ā<u � p) < rank(A≤u) so that
rank(A<u � p� Ā>u) < rank(A).

Furthermore the equality of differential ideals requested is immediate from
the facts that G∪A = Ḡ∪ Ā and all the ∆(p, a) introduced in D̄ belong to [Ā].

As it stands in this presentation, we could remove from D̄ the ∆-polynomials
involving elements of GA.

6.6 Core of the Algorithm

After giving the algorithm we shall write down the invariants of the while loop
that help understanding the algorithm. In the algorithm description, the set S
contains the RG-quadruples that are still to be processed while A contains the
regular differential systems already obtained.

Algorithm 6.11. Rosenfeld-Gröbner
Input: F,K finite subsets of F �Y �
Output: A set A of regular differential systems s.t.
– A is empty if it has been detected that 1 ∈ �F � :K∞
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– �F � :K∞ =
⋂

(A,H)∈A
[A] :H∞ otherwise

– HA ⊂ H for all (A,H) ∈ A
S := {(F, ∅, ∅,K)} ;
A := ∅ ;
while S 
= ∅ do

(G,D,A,H) := an element of S ;
S̄ := S \ {(G,D,A,K)}
if G ∪D = ∅ then
Ā := Ā ∪ auto-partial-reduce (A,H);

else
p := an element of G ∪D ;
Ḡ, D̄ := G \ {p}, D \ {p};
p̄ := d-red(p, A) ;
if p̄=0 then
S̄ := S̄ ∪ {(Ḡ, D̄, A,K)} ;

elif p̄ /∈ F then
p̄i := p̄− init(p̄) rank(p̄);
p̄s := deg(p̄, lead(p̄)) p̄− lead(p̄) sep(p̄);
S̄ := S̄ ∪ { update (Ḡ, D̄, A, H, p̄),

(G ∪ {p̄s, sep(p̄)}, D̄, A, H ∪ {init(p̄)}),
(Ḡ ∪ {p̄i, init(p̄)}, D̄, A, H)

}
;

fi;
fi;
S := S̄

od;
return( A );

Correctness

We shall prove that the following properties are invariants of the while loop.

I0 All elements of S are RG-quadruple
I1 All elements of A are regular differential systems
I2 �F � :K∞ =

⋂
T∈S

J (T ) ∩
⋂

(A,H)∈A
[A] :H∞

These properties are trivially satisfied before the while loop. Assume they are
true at the beginning of a new iteration. A RG-quadruple T = (G,D,A,H) is
selected.

When G ∪D = ∅
I0 is trivially preserved. The output of auto-partial-reduce is the empty set

only if 1 ∈ �A� : H∞. Otherwise, the output of auto-partial-reduce is the set
{(B,K)} where (B,K) is a regular differential system s.t. [A] :H∞ = [B] :K∞.
By Theorem 4.12, [B] :K∞ is radical and therefore J (T ) = �A� :H∞ = [B] :K∞.
I1 and I2 are thus preserved.
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If G ∪D is not empty
I1 is trivially preserved. There exists h ∈ H∞

A≤u
s.t. h p ≡ p̄ mod (ΘA≤u)

where u = lead(p). Consequently J (T ) =
�
Ḡ ∪ D̄ ∪ {p̄} ∪A

�
:H∞ since HA ⊂

H.
We check that for all a, b ∈ A we have that either ∆(a, b) = 0 or ∆(a, b) ∈

D̄ or ∆(a, b) ∈ (Θ(A ∪ Ḡ ∪ {p̄})<v
)

: H∞
v , where v = lcd(lead(a), lead(b)) and

Hv = HA<v
∪ (H \ HA) ∩ F [ΘY<v]. If p was taken in D and p = ∆(a, b)

then u = lead(p) is lower than v = lcd(lead(a), lead(b)) and thus ∆(a, b) ∈
(ΘA<v ∪ {p̄}) :H∞

A<v
. Nothing changes for other elements of D. If p was taken

in G, we have to note that θp ∈ (Θ(A ∪ {p̄})≤θu

)
:H∞

A≤u
so that

(
Θ(A ∪G)<v

)
:

H∞
v ⊂ (Θ(A ∪ Ḡ ∪ {p̄})<v

)
:H∞

v for all v ∈ ΘY.
If p̄ = 0, (Ḡ, D̄, A,H) is thus a RG-quadruple by induction hypothesis on

I0 and we have J (T ) = J (Ḡ, D̄, A,H
)
. Therefore I0 and I3 are preserved. If

p̄ ∈ F , p̄ 
= 0, then 1 ∈ J (T ) so that this component can be dropped. Otherwise,
let us write s̄ = sep(p̄) and ı̄ = init(p̄). By Proposition 6.7

J (T ) =
�
Ḡ ∪ D̄ ∪ {p̄} ∪A

�
:H∞

=
�
Ḡ ∪ D̄ ∪ {p̄} ∪A

�
: (H ∪ {̄ı, s̄})∞

∩ �
Ḡ ∪ D̄ ∪ {p̄, s̄} ∪A

�
: (H ∪ {̄ı})∞ ∩ �

Ḡ ∪ D̄ ∪ {p̄, ı̄} ∪A
�

:H∞

(Ḡ, D̄, A,H) and p̄ satisfy the input specifications of update (Algorithm 6.10).
Then, by the output properties of that latter,

�
Ḡ ∪ D̄ ∪ {p̄} ∪A

�
: (H∪{̄ı, s̄})∞ =

J (update(Ḡ, D̄, A,H, p̄)
)

and update(Ḡ, D̄, A,H, p̄) is a RG-quadruple. Since
[p̄, s̄] = [p̄s, s̄] and [p̄, ı̄] = [p̄i, ı̄] we can replace p̄ by respectively p̄s and p̄i in the
last two components of the above decomposition. We do that to ensure that the
corresponding RG-quadruples, (Ḡ ∪ {p̄i, ı̄}, D̄, A,H) and (G ∪ {p̄s, s̄}, D̄, A,H ∪
{init(p̄)}), are lower than (G,D,A,H) for the partial order of Definition 6.4. I0
is preserved and so is I3 since we proved that

J (G,D,A,H) = J (update(Ḡ, D̄, A,H, p̄)
)

∩J (Ḡ ∪ {p̄s, s̄}, D̄, A,H ∪ {̄ı}) ∩ J (Ḡ ∪ {p̄i, ı̄}, D̄, A,H
)

Termination

The algorithm proceeds by constructing a tree where the nodes are RG-quadrup-
les, the root being (F, ∅, ∅,K). The final leafs are RG-quadruples of the type
(∅, ∅, A,H) or RG-quadruples that define differential ideals containing 1. At
each iteration, we give to a RG-quadruple T = (G,D,A,H) in S that is not a
final leaf one or three descendants according to whether p̄ = 0 or not. These
descendant are RG-quadruples that precede T w.r.t. ≺q (Definition 6.4) so that
each path in the tree describes a decreasing sequence of RG-quadruples. By
Proposition 6.5 it must be finite.

Improvements

In order to detect earlier inconsistencies, it is recommended to partially reduce
the sets H in a RG-quadruple by the weak d-triangular set A. Also, it is worth
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noting that there is no theoretical need for the initials to appear in the output
regular differential systems. One can consider adding them to the sets H and
splitting according to them only when they are used for premultiplication in a
reduction.

If the differential polynomial p̄ has multiple factors, it has common factors
with its separant and then inconsistencies and redundancies will appear in the
computations. In the implementation it is worth making a partial factorization
of the differential polynomial p̄ and split according to its regular factors. A differ-
ential polynomial is said regular if it has no common factor with its separant. We
can simplify a squarefree factorization scheme to produce the regular differential
polynomials p1, p2 . . . , pr s.t. p̄ = pe11 pe22 . . . per

r for some ei ∈ N. Then
�
Ḡ ∪ D̄ ∪ {p̄}� :H∞ =

�
Ḡ ∪ D̄ ∪ {p1}

�
: (H ∪ {p2, . . . , pr})∞

∩ �
Ḡ ∪ D̄ ∪ {p2}

�
: (H ∪ {p3, . . . , pr})∞ ∩ . . . ∩ �

Ḡ ∪ D̄ ∪ {pr}
�

:H∞

in virtue of Proposition 6.7. The related RG-quadruples can then be added to
S.

7 Characteristic Decomposition Algorithm

In this section we give first an algorithm to compute the irredundant charac-
teristic decomposition of a regular differential ideal. We showed in Theorem 5.5
that an irredundant characteristic decomposition of a regular differential ideal
[A] :H∞ could be trivially lifted from an irredundant characteristic decomposi-
tion of (A) : H∞ taken in F [X] where X is the set of derivatives appearing in
A and H. Together with the Rosenfeld-Gröbner algorithm that provides a full
algorithm to compute a characteristic decomposition of any finitely generated
radical differential ideal. The whole decomposition might nonetheless be redun-
dant. If one furthermore wants a prime characteristic decomposition, it is just
a matter of computing prime characteristic decomposition of some zero dimen-
sional radical ideals in some polynomial algebra. It is an open problem to make
that prime characteristic decomposition minimal.

7.1 Characteristic Decomposition for Regular Differential Ideals

This part is purely algebraic. We describe an algorithm based on Kalkbrener’s
pseudo-gcd algorithm4 to compute the irredundant characteristic decomposition
of the an ideal defined by a triangular set saturated by at least its initial and
separants. Alternative algorithms are given in [33] and in [11]. The algorithm in
[33] is based on the computation of Gröbner bases. The algorithm in [11] evolves
on the ideas of [41, 50]. The outputs of both these algorithms consist of Gröbner
chains. They work by first reducing the problem to dimension 0 by extending
the coefficient field with the non leading variables and compute an irredundant
4 Late in the preparation of these notes the author was pointed out to [4] where the
same idea has been developed independently
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decomposition according to the ranking induced on the leading variables. In those
approaches it needs to be proved additionally that the decomposition obtained
in dimension zero can be lifted back to positive dimension. A crucial point is to
prove that the triangular sets obtained by considering the non leading variables
in the coefficient field are triangular sets for the original ranking on all the
variables. This was shown to be true independently of the algorithm used in [33,
Theorem 3.10]. The three algorithms have been implemented by their respective
authors.

Algorithm 7.1. Irredundant-Characteristic-Decomposition
Input:
– F [X] a ring of polynomials.
– A a triangular set of F [X]
– H a finite subset of F [X] such that SA, IA ⊂ H∞

Output: A set C of squarefree regular chains such that
– C is empty iff (A) :H∞ = (1).
– Otherwise (A) :H∞ =

⋂
C∈C

(C) :I∞
C is an irredundant decomposition.

C := {∅}
for x in X increasingly do

Hx := {h | h ∈ H, lead(h) = x};
if x /∈ L(A) then
for h in Hx do
C :=

⋃
C∈C

UC where (ZC ,UC) is the output of Ksplit(F [X≤x], C, h);

od;
else
for h in Hx do
C :=

⋃
C∈C

Krelatively-prime (F [X≤x][x], C,Ax, h)

od;
fi;

od;
return(C);

Termination is not an issue here since Ksplit and Krelatively-prime are called
a finite number of time.

Correctness

We show that the outer for loop has the following invariants.

I1 C is a squarefree regular chain, for all C ∈ C.
I2 (A≤x) :H∞

≤x =
⋂
C∈C

(C) :I∞
C is an irredundant characteristic decomposition.
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The invariants are satisfied before the outer for loop when C = {∅} and
A<x = ∅. Let x ∈ X and assume the invariants are satisfied for all y ∈ X<x.

If x /∈ L(A)
By induction hypothesis on I1, any C in C is a squarefree regular chain so

that the output of Ksplit(F [X≤x], C, ∗) consists of squarefree regular chains. I1
is preserved.

If (ZC ,UC) is the output of Ksplit(F [X≤x], C, h), where C is a squarefree
regular chain, then (C) : I∞

C : h∞ = ∩B∈UC
(B) : I∞

B . The inner for loop thus
computes an irredundant characteristic decomposition of (C) : I∞

C : H∞
x . I2 is

preserved.
If x ∈ L(A)
By induction hypothesis on I2 and because HA ⊂ H, init(Ax) ∈ H<x is not

a zero divisor modulo any (C) : I∞
C for any C ∈ C. Thus C �Ax is a regular

chain, for any C ∈ C. The inputs of Krelatively-prime are therefore correct. The
output of Krelatively-prime(F [X≤x][x], C,Ax, h) is an irredundant characteristic
decomposition 〈C �Ax〉 : I∞

C �Ax
: h∞ = 〈B1〉 : I∞

B1
∩ . . . ∩ 〈Br〉 : I∞

Br
so that

(C �Ax) :I∞
C �Ax

:h∞ ⊂ (Bi) :I∞
Bi

. The inner loop thus computes an irredundant
characteristic decompositions of 〈C �Ax〉 :I∞

C �Ax
:H∞

x = 〈C1〉 :I∞
C1
∩ . . . ∩ 〈Cr〉 :

I∞
Cr

so that (C �Ax) : I∞
C �Ax

: H∞
x ⊂ (Ci) : I∞

Ci
. If deg(Ax, x) = 1 then C �Ax

is a squarefree regular chain and so are the Ci. If deg(Ax, x) > 1 then sep(Ax)
belongs to Hx so that (C �Ax) : I∞

C �Ax
: H∞

x is radical. It follows that all the
(Ci) : I∞

Ci
are radical and therefore the Ci are squarefree regular chains. I1 and

I2 are preserved.

7.2 The Complete Algorithm

We now have all the material to present an algorithm to compute a characteristic
decomposition of the radical differential ideal �F � :K∞ given by two finite set F
and K of differential polynomials in F �Y �.

For a regular differential system (A,H) we define XA,H to be the finite set of
derivatives appearing in A or H. They are ordered according to the underlying
d-ranking on F �Y �.

Algorithm 7.2. Differential-Characteristic-Decomposition
Input: F,K finite subsets of F �Y �
Output: A set C of regular differential chains s.t.
– C is empty iff 1 ∈ �F � :K∞

– �F � :K∞ =
⋃
C∈C

[C] :S∞
C otherwise

A := Rosenfeld-Gröbner (F, K);
C :=

⋂
(A,H)∈A

Irredundant-Characteristic-Decomposition (F [XA,H ], A,H)

return( C );
If A is not the empty set, the output properties of Rosenfeld-Gröbner imply

that �F � : K∞ =
⋂

(A,H)∈A[A] : H∞ where all (A,H) ∈ A are regular differ-
ential systems. If CA,H is the output of Irredundant-Characteristic-Decomposition
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(F [XA,H ], A,H), (A) :H∞ =
⋂
C∈CA,H

(C) : I∞
C is an irredundant characteristic

decomposition. By Theorem 5.5 [A] :H∞ =
⋂
C∈CA,H

[C] :S∞
C is an irredundant

characteristic decomposition. Thus �F � :K∞ =
⋂
C∈C [C] :S∞

C is a characteristic
decomposition.

In virtue of Theorem 4.13 or Theorem 5.5, the decomposition could be re-
fined to a prime characteristic decomposition by purely algebraic means. By [34,
Proposition 5.18] it is in fact a matter of decomposing the radical zero dimen-
sional ideals (C) in F(T(C))[L(C)] into prime ideals. That can be achieved by
factorizations in towers of extensions as described in [60]. One can alternatively
use Gröbner bases techniques and factorization of univariate polynomials [5].

Note that in general the characteristic decomposition computed is not irre-
dundant. In the case we have computed a prime characteristic decomposition, it
is possible that one component contains another one.

The generalized Ritt problem is the following: given B and C differential char-
acteristic sets of prime differential ideals, can we algorithmically decide whether
[B] : S∞

B ⊂ [C] : S∞
C . This problem is equivalent to be able to compute a basis

for a prime differential ideal defined by its differential characteristic set. Already
in the case where B and C consist each of a single differential polynomial the
problem has remained unsolved.

If one can solve the Ritt problem one can for sure eliminate the redundancy
in the characteristic decomposition obtained by the presented algorithm. But
this might not be necessary. Indeed, in the case of the radical differential ideal
generated by a single polynomial p we can remove the redundancy in a char-
acteristic decomposition. The process is described in [40, Chapter IV] and a
factorization free algorithm starting from a decomposition into regular differ-
ential ideals is given in [32]. It is based on the component theorem and the low
power theorem, which are among Ritt’s deeper results in differential algebra [59].
The link between this algebraic theorem and the analysis of singular solution is
extremely interesting and still bears many open problems. For lack of space we
had to discard the discussion from the present paper.

8 Examples of Applications

In this section we give examples of typical problems where the questions men-
tioned in the introduction arise. They are answered by computing a characteristic
decomposition. We treat here small examples with diffalg, a maple package. The
diffalg package was developed by F. Boulier for the main library of maple V.5.
The author has contributed extensions and improvements to the package for
maple V.5.1, 6 and 7. We provide a maple worksheet online to demonstrate
how to use the package on the presented examples and more space demanding
examples [8].

The different questions in the introduction require different d-rankings. As-
sume we want to know if the solution of a differential system F = 0 satisfy some
algebraic constraints. That translates into determining if the radical differential
ideal �F � contains a differential polynomial of order 0. Take an orderly ranking
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and compute a characteristic decomposition of �F �. If there exists a differential
polynomial of order 0 in �F � it must reduce to zero by the differential regular
chains defining the decomposition. This is possible only if there are differential
polynomials of order 0 in all differential regular chains. We can thus read on the
output differential regular chains the answer.

Similarly, assume we want to know if there is an ordinary differential poly-
nomial in one of the independent variables in �F �. That translates into deter-
mining if there is a differential polynomials where all the derivatives are given
by a power of a single derivation, say δ1. We introduce a d-ranking s.t. e1 < f1
implies δe11 . . . δem

m y < δf11 . . . δem
m z for any y, z ∈ Y . If the radical differential

ideal �F � contains a differential polynomial with only δ1 in the derivatives, it
must reduce to zero by the regular differential chains defining the characteris-
tic decomposition. These regular differential chains must thus contain such a
differential polynomial.

Unfortunately, no example of application to mechanical theorem proving in
differential geometry is given. The reader can refer to [74, 23, 43, 4].

8.1 Solving Systems of Ordinary Differential Equations

The abilities of the non linear differential system solver, dsolve, were enhanced
in maple 6 by using the diffalg package. For a single differential equation, a
characteristic decomposition exhibits the differential equations for the singular
solution. If they are solved, the complete set of solutions is now returned by
dsolve.

The simple idea for solving ordinary differential systems is to take advantage
of the solver for single non linear differential equation [21, 22, 20]. The input sys-
tem is thus decomposed with respect to an elimination ranking. We attempt then
to solve the system in close form by solving iteratively single differential equa-
tions in a unique indeterminate. These applications were developed by E. Cheb
Terrab in collaboration with the author. We give an example for each problem.

Example 8.1. Consider the differential equation (y′′ + y3y′)2 = (yy′)2(4 y′ +
y4). That differential equation came up in Chazy’s work to extend the Painlevé
analysis to 3rd order differential equations [19, 35]. The particularity of this
equation is that the general solution has no movable singularity whereas one of
the singular solution has.

Let p be the differential polynomial (ytt+y3yt)2−(yyt)2(4 yt+y4) in Q(t) �y�.
The characteristic decomposition obtained for �p� is �p� = [p] :s∞

p ∩ [q] :s∞
q ∩ [y]

where q = yt(4 yt+y4) and sp and sq are the respective separants of p and q. The
complete set of solutions is now found by maple 6 or 7. Given semi-explicitely
they are

y(t) = 0, y(t) = a, y(t)3 =
4

3 (x + a)
, y(t) = a tan(a3 x + b).
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Example 8.2. Let us consider the differential system

x′ = y − x2, y′ = 4 yx − 4x3, z′ = z2 − 2x2 + y

to which we associate the set of differential polynomials F = {xt − y + x2, yt −
4 yx + 4x3, zt − z2 + 2x2 − y} in the differential ring Q(t) �x, y, z�. We use
the elimination ranking such that x� y � z. The characteristic decomposition
computed is �F � = [C] :H∞

C where C = xtt−2xxt � y−xt−x2 � zt−z2+x2−xt.
The solution of the original system is thus given by the solutions of the differential
system below that is amenable, by a chain resolution, for a solver of differential
equations.

x′′ = 2xx′, y = x′ + x2, z′ = z2 − x2 + x′.

The solutions are (x(t), y(t), z(t)) =
(
a tan(at + b), a2 + 2 a2 tan(at + b)2,

a tan(at + c)) where a, b, c are arbitrary constants.

Another way of solving regular differential systems is to use the results of
[26]. It is shown there that any regular differential system is equivalent to a single
differential equation. A method to compute that differential equation is given.

8.2 New Classes of Ordinary Differential Equations

Another application of characteristic decomposition algorithms in the line of
solving ODE was explored by E. Cheb Terrab. The idea is to create new classes
of ordinary differential equations, say of first order, that can be solved together
with a way of recognizing whether a given ordinary differential equation is in
the class.

Example 8.3. We look for the condition on the function f for the ordinary
first order differential equation dy

dx = f(x, y) to admit a group of symmetry
the infinitesimal generator of which, ξ(x, y) ∂

∂x + φ(x, y) ∂
∂y , have its coefficient

satisfying

ξy + 1 = 0, xξx − y − ξ = 0, φx − 1 = 0, yφy − φ + x = 0, φy − ξx = 0. (5)

Those equations say that ξ(x, y) = αx−y, φ = x+α y, where α is an arbitrary
constant. If f is as desired, dy

dx = f(x, y) can be transformed to a quadrature
dv
du = g(u) with the change of variables5 u = 1

2 ln(x2 + y2)− α arctan
(
y
x

)
, v =

arctan
(
y
x

)
.

The equations dy
dx = f(x, y) that admit a group of symmetry with infinitesi-

mal generator ξ(x, y) ∂
∂x + φ(x, y) ∂

∂y are the ones that satisfy

φx + φy f − ξx f − ξy f
2 − ξ fx − φ fy = 0 (6)

5 [53, Chapter 2.5] details how to find this change of variables from the knowledge of
the infinitesimal generator.
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We therefore consider Q(x, y) �f, φ, ξ�, endowed with derivations according to x
and y, and the set F of differential polynomials that correspond to equations (5)
and (6). To find the conditions on f we must assign a d-ranking that eliminates
ξ and φ. We choose f < fy < fx < fyy < fxy < fyy < . . . < ξ < ξy <
ξx < . . . < φ < φy < φx < . . .. The characteristic decomposition computed is
{Σ} = [C1] :H∞

C1
∩ [C2] :H∞

C2
where C1 is(

(y2 + x2)fy − x(f2 + 1)
)
fxy −

(
(y2 + x2)fx + y(f2 + 1)

)
fyy

+2 fyf(fyy + xfx)− fy(f2 + 1) + x(fx2 + fy
2)

�
(
(y2 + x2)fy − x(f2 + 1)

)2
fxx −

(
(y2 + x2)fx + y(f2 + 1)

)2
fyy

+
(
(y2 + x2)(4xf − y)fy − 2x(f2 + 1)(xf − y)

)
f2x

+
(
(y2 + x2)(x + 4 yf)fx + 2 y(f2 + 1)(yf + x)

)
f2y

+(y2 + x2)(xfx3 − yfy
3)

−(f2 + 1)
(
2 (y2 + x2)fxfy + (f2 + 1)(yfy − xfx)

)
� (fyy + xfx)φ− (y2 + x2

)
fx − y(f2 + 1)

� (fyy + xfx) ξ +
(
y2 + x2

)
fy − x

(
f2 + 1

)
.

and C2 is

(x2 + y2) fy − x(1 + f2) � (x2 + y2) fy + y(1 + f2)
� yφy − φ + x, � φx − 1, � y ξ − xφ + x2 + y2.

The leaders have been underlined.
Let us be given f . If the two first differential polynomials of either C1 or C2

vanish on f , we are able to reduce the differential equation dy
dx = f(x, y) to a

quadrature with the change of variables given above.
In the case determined by C2, the zero of the two first differential polynomials

is given by a formula of the type x+αy
αx−y . The solutions are given implicitly as

1
2 ln(x2 + y2) + α arctan

(
y
x

)
= c, where c is an arbitrary constant.

In the case determined by C1, the two last differential polynomials allow
us to determine the right pair ξ, φ. For instance, one can check that the func-
tion f(x, y) = y+xH(x2+y2)

x−y H(x2+y2 , where H is an arbitrary function of one variable,
makes the two first differential polynomials of C1 vanish and entails ξ(x, y) =
−y, φ(x, y) = x. The change of variables u = 1

2 ln(x2 + y2), v = arctan
(
y
x

)
then transforms dy

dx = f(x, y) to the quadrature dv
du = H(e2u).

8.3 Differential Algebraic Systems

Consider implicit differential systems F (t, Y, Y ′) = 0, where Y = (y1, . . . , yn) and
F = (f1, . . . , fn) is a polynomial map. When the Jacobian w.r.t. Y ′, is identically
zero, it indicates that there are algebraic constraints on the components of Y
and classical schemes of numerical integration fail. The difficulty of numerical
integration has been measured by the differential index and specific numerical
schemes can handle low index cases [14, 31, 3].

Algorithms specifically designed to reduce a quasi-linear differential-algebraic
system to a system a priori amenable to numerical computations were given in



Triangulation-Decomposition Algorithms II: Differential Systems 81

[69, 71]. The difficulty is that the expressions can become really big and one is
faced with their numerical evaluation. A successful study of a sample of high
order index systems was carried out in [71] and the related software and test
set are available [70]. We give here only one common example. Interestingly, the
computation could not be completed before the results of [33] were implemented.

Example 8.4. We consider the set of differential polynomials in
Q(t) �λ, x, y, ν, u, v�

F = { xtt − 2λx + 2 νu, ytt − 2λy + 2 νv, x2 + y2 − 1,
utt + xtt − 2 νu, vtt + ytt − 2 νv + 1, u2 + v2 − 1 }.

The defined system of ordinary differential equations describes the motion of
a double pendulum in Cartesian coordinates. The indeterminates λ, ν are the
Lagrangian multipliers used to obtain the equations. It is of course possible to
transform it into a set of differential polynomials of order one or less by intro-
ducing new differential indeterminates, but in the present approach it is better
not to. If we are interested in knowing the trajectory of the two masses only, we
choose a d-ranking s.t. {x, y, u, v} � {λ, ν} and the d-ranking on {x, y, u, v} is
orderly. The characteristic decomposition obtained is �F � = [C1] :S∞

C1
∩ [C2] :S∞

C2

where

C1 = x2 + y2 − 1 � u2 + v2 − 1
� x2u2(2 yv(yv−xu)−y2−v2−1) ytt
−(yu− xv)(x3v2t + u3y2t − x3u2v) + yu2y2t + x4u2

� x3u2 vtt − x2u3(xu + yv)ytt + x3vv2t − u3vy2t − x3u4

� 2u2x3y λ− x2u2(v(xv − yu) + x)ytt + x3vv2t + u3vy2t − x3u2(v2 + 1)
� 2 v ν − ytt − vtt − 1

and
C2 = y2 − 1 � x � v2 − 1 � u � λ− y � 2ν − v.

The leaders have been underlined. C2 represent the equilibrium, while C1 rep-
resent the motion. It is described by two second order differential polynomials
together with two constraints. The solutions thus depends on only four arbitrary
constants (initial conditions) only.

8.4 Observability of Control Systems

The work of M. Fliess, T. Glad and coworkers showed the relevance of con-
structive differential algebra in control theory [29]. We consider systems of the
type

X ′ = F (X,U,Λ), Y = G(X,U,Λ),

where X = (x1, . . . , xn) are the state variables, U = (u1, . . . , uk) are the control
variables, Λ = (λ1, . . . , λp) are parameters and Y = (y1, . . . , yd) are the output
variables. The questions that one can answer with a characteristic decomposition,
when F and G are rational maps, are
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– what are the differential equations giving Y in terms of U (the input-output
representation).

– can the sate variables be deduced from the knowledge of the output Y and
the controls U . In which case the system is observable.

– can the parameters be deduced uniquely from the knowledge of the output
Y and the controls U . In which case the system is identifiable.

The first step is to consider the set of differential polynomials C obtained
from the above equations together with the additional differential polynomi-
als λ1t, . . . , λpt and the set S of numerators coming into F and G. The answer
to the previous questions can be read from a characteristic decomposition of
�F � :S∞ w.r.t. a d-ranking s.t. U � Y � X ∪ Λ.

Example 8.5. Consider the following system with one control and one param-
eter:

x′
1 = x1 − λu, x′

2 = x2(1− x1), y = λx1.

We compute the characteristic decomposition of F = {x1t−x1+λu, x2t−x2(1−
x1), y − λx1, λt} in Q �x1, x2, y, λ� endowed with a d-ranking s.t. u � y � λ �
{x1, x2}. We obtain �F � = [C1] :S∞

C1
∩ [C2] :H∞

C2
∩ [C3] :H∞

C3
where

C1 = uytt − uyt − utyt + uty�uλ2 − yt + y� (yt − y)x1 − λuy
� (yt − y)x2t − x2(yt + y + λyu)

C2 = u� yt − y�λx1 − y�λx2t − x2(λ + y)

C3 = y�λ�x2t − x2(1− x1) �x1t − x1

We read from C1 that generically, the parameter λ is algebraically identifiable
and x1 is algebraically observable: for a given input and output there are only a
finite number of possibilities for their values. On the contrary x2 is not observ-
able. From C2 we see that when u = 0 the parameter λ is no longer identifiable.

A number of biological models arising in the literature are examined under
variants of the characteristic decomposition algorithms in [49]. Another approach
is to note that C is a characteristic set for a d-ranking U ∪ Λ � X ∪ Y with an
orderly ranking on X ∪ Y and that [C] :S∞ is a prime differential ideal. We can
take advantage of this fact to avoid splitting when computing a characteristic
decomposition for the d-ranking U ∪ Y � X ∪ Λ. This approach is brought to
a very efficient algorithm in [12]. Also, A. Sedoglavic developed an algorithm
specific to the question of observability and identifiability [65]. The probabilistic
aspect of it brings it to a polynomial time algorithm.

8.5 Symmetry Analysis of Partial Differential Equations

A source of over-determined systems of partial differential equations comes from
symmetry analysis. The determining equations of the infinitesimal generators of
the Lie symmetry group of a differential equation form a set of linear partial dif-
ferential equations. Reducing this set allows to determine if there is a symmetry,
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to analyze the structure of the group and apply that knowledge to classification
problems or to find a reduction of the original equation [53]. Because the system
is linear, there is a number of alternative algorithms that can be applied. For
a bibliography on the subject, the reader is invited to check [1, 64]. We just
give an example that will illustrate a way to solve systems of partial differential
systems.

Example 8.6. The determining equations for the infinitesimal generators of the
Lie symmetry group of the Burgers’ equation ut = uss − uus are given by the
set F of differential polynomials below.

F = {−τu − ξs,u, ξs,s + 2 τs − ξt,−uφs + φs,s − φt, 2 τs,u + 2uτu − φu,u,
φ − τt + uτs − 2φs,u + τs,s,−ξu,u,−ξs,−ξu,−τu,u }

We shall use a d-ranking that is induced by a lexicographical order on the deriva-
tion variables s, t, u, i.e. a d-ranking such that

ξ < τ < φ, ξu < τu < φu < ξuu < τuu < φuu < . . .
< ξt < τt < φt < ξtu < τtu < φtu < ξtuu < . . .

in order to exhibit the ordinary differential equations in u satisfied by the zeros
of F . The characteristic decomposition for �F � has a single component as the
differential polynomials of F are linear. It corresponds to the differential system:

ξu = 0, τu = 0, φuu = 0,
ξt = −2φu, τt = φ − uφu, φtu = φt

u , φtt = 0,
ξs = 0, τs = −φu, φs = φt

u .

Form this differential characteristic set we can determine that the symmetry
group is of dimension 5. We can even solve the determining equations, starting
with solving the ordinary differential polynomials in the above set. We find the
solution (φ(t, s, u), τ(t, s, u), ξ(t, s, u)) = (a + bs− 1/2 cu− btu, d + at + 1/2 cs +
bst, e + ct + bt2) where a, b, c, d, e are arbitrary constants.

When we look for classes of differential equations [54] or when we search non-
classical symmetry reduction [24], the determining equation are non-linear. The
work of E.L. Mansfield and coauthors lead, after some monster computations
with the competitor maple packages rif [56, 73] and diffgrob2 [46, 47] to new
closed form solutions to physically relevant partial differential equations [25, 48].
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[5] T. Becker and V. Weispfenning. Gröbner Bases - A Computational Approach to
Commutative Algebra. Springer-Verlag, New York, 1993.

[6] F. Boulier. Étude et Implantation de Quelques Algorithmes en Algèbre Différen-
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Abstract. The objective of this article is to enlighten the relationship
between the two classical theories of passive complete orthonomic sys-
tems of PDEs on the one hand and Gröbner bases of finitely generated
modules over polynomial rings on the other hand. The link between both
types of canonical forms are the involutive bases which are both, a partic-
ular type of Gröbner bases which carry some additional structure and a
natural translation of the notion of passive complete orthonomic systems
of linear PDEs with constant coefficients into the language of polynomial
modules.
We will point out some desirable applications which a “good” notion of
involutive bases could provide. Unfortunately, these desires turn out to
collide and we will discuss the problem of finding a reasonable compro-
mise.

1 Introduction

Our objective is to discuss a general framework of involutive bases of finitely
generated modules over polynomial rings which on the one hand still provides a
uniform algorithmic treatment but on the other hand includes useful instances
for some natural applications.

First of all, we will shortly introduce the two major pillars of involutive bases
which consist in the passive complete orthonomic form of systems of partial dif-
ferential equations (PDEs) and the Gröbner bases of polynomial modules. Pas-
sive complete orthonomic systems of PDEs are the main idea behind Riquier’s
existence theorems (c.f. Riquier (1910); Thomas (1929)) and the corresponding
algorithms for solving systems of PDEs due to Janet (1929). Gröbner bases and
Buchberger’s algorithm (c.f. (Buchberger , 1965, 1985)) for their computation,
nowadays, have countless applications in commutative and non-commutative
algebra as well as in algebraic geometry. Moreover, both methods are funda-
mental for lots of applications in- and outside mathematics due to their impact
on respective solution methods for systems of differential or algebraic equations.
Riquier’s and Buchberger’s theories are related to each other by the fact that the
translation of the passive complete orthonomic form of systems of linear PDEs
with constant coefficients into the language of polynomial modules provides a
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particular type of Gröbner bases carrying an additional structure which can be
roughly described by saying that in addition to the direct access to the initial
module in≺(M), which is characteristic for all Gröbner bases of a module M , an
involutive basis of M provides a decomposition of in≺(M) into a certain direct
sum of finitely many free modules. Indeed, the overlapping area of both theories
is larger than only linear PDEs with constant coefficients on the one hand and
polynomial modules on the other hand side. In Section 4 we will discuss the
connection a little more detailed.

The notion involutive bases for the Gröbner bases with the additional initial
ideal decomposition property was introduced by Gerdt and Blinkov, who were
inspired by the modern terminology used in the theory of PDEs. We follow
this notion since it is well-established in the community of people working in
this field. But a warning might be helpful at this place. In the theory of PDEs
the adjective ‘involutive’ describes intrinsic geometric properties of the system
and its meaning is coordinate free. In contrast, Riquier’s normal forms as well
as Buchberger’s Gröbner bases are defined within a given coordinate system.
Therefore, ‘involutive bases’ is a coordinate free notion assigned to a coordinate
dependent object. This fact can cause heavy confusion unless one forgets about
the intrinsic meaning of the adjective ‘involutive’ when working in ideal theory.
The classical meaning of ‘involutive’ suggests the distinction of a property of
ideals rather than a property of particular generating sets.

Riquier’s theory leaves some freedom in choosing the multipliers for each of
the equations in order to complete an orthonomic system of PDEs (see Section
2). Depending on what application is concerned different ways of defining the
sets of multipliers have been introduced in the past. Janet suggested a very so-
phisticated assignment rule leading to an efficient algorithm (see (Janet , 1929)).
In Section 6 we will explain the advantage of Janet’s assignments for algorithmic
purposes but we will also show how to further improve them. The main objec-
tive of Thomas was to give a most elegant and easy understandable presentation
of Riquier’s existence theorems. This aim is fulfilled best by concentrating on
only the principal algorithmic aspects and disregarding any efficiency issues (see
(Thomas , 1929, 1937)). Yet another objective can be found in Pommaret’s co-
ordinate free studies of systems of PDEs, where a multiplier notion optimal for
systems of PDEs in generic coordinates is applied (see (Pommaret , 1978)).

The use of different multiplier notions for different applications was motiva-
tion for Gerdt and Blinkov (1998) to think about a general framework for fixing
the multipliers. In this article we will discuss and motivate the ideas which stand
behind the alternative concept introduced in (Apel , 1998).

Sometimes it might seem that the presented examples are not characteristic
since many of them consider only the most simple case of monomial ideals.
However, the situation is not much different for general modules M because
after fixing an admissible term order ≺ the main algorithmic part takes place
only in the initial module in≺(M), which indeed is monomial. Also the second
restriction to ideals is not essential. If M , and consequently also in≺(M), are
submodules of a module F of higher rank k then we can decompose in≺(M) in
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a direct sum of k monomial submodules of modules of rank 1, i.e. ideals, and
treat each of them separately.

2 Orthonomic Systems of Partial Differential Equations

Let x1, . . . , xn denote the independent variables, u1, . . . , uk the unknown func-
tions and D the set of all differential operators of the form

∂i1+···+in

∂xi11 · · · ∂xinn
. (1)

Furthermore, let the set DU = {Duj | D ∈ D, 1 ≤ j ≤ k} of all formal
derivatives of the unknown functions by differential operators from D be or-
dered by a well-order ≺ which is compatible with differentiation in the sense
∂
∂xi

D1uj1 ≺ ∂
∂xi

D2uj2 for all i ∈ {1, . . . , n} and D1uj1 , D2uj2 ∈ DU such that
D1uj1 ≺ D2uj2 . Usually, the additional assumption that ≺ has to be com-
patible with the order of derivation is made, i.e. D1uj1 ≺ D2uj2 holds for

all j1, j2 ∈ {1, . . . , k} and D1 = ∂i1+···+in

∂x
i1
1 ···∂xin

n

, D2 = ∂i′
1+···+i′

n

∂x
i′
1

1 ···∂xi′
n

n

∈ D such that

i1 + · · ·+ in < i′1 + · · ·+ i′n.
Consider a system of finitely many partial differential equations which are

all of the form
Diuji = Gi , (2)

where Diuji ∈ DU and Gi is a function of the independent variables and the
derivatives which are less than Diuji with respect to ≺, and the left hand sides of
the equations are pairwise distinct. Then we callDuj ∈ DU a principal derivative
of the system if it can be obtained by differentiation from the left hand side of one
of the equations and we call it a parametric derivative of the system, otherwise.
A system of PDEs is called orthonomic if it satisfies the above conditions, no
right hand side contains any principal derivative, and each right hand side can be
developed in a Taylor series in the region under consideration. Let us illustrate
the notions introduced so far by an example.

Example 1 (Part 1). Consider the system

uxx = yvx (3)
uyy = −x2u (4)

of two partial differential equations in the unknown functions u = u(x, y) and
v = v(x, y) in two independent variables x and y. As usual, subscripts at the
unknown functions indicate partial derivatives, e.g. uxy = ∂2

∂x∂yu. This system
is in orthonomic form with respect to any order ≺ which is compatible with
the order of derivation. Obviously, the right hand sides considered as functions
in x, y and the occurring derivatives of u and v have Taylor series expansions
everywhere. Since the derivatives on the right hand side of the equations are of
lower order than the derivatives on the left hand side, the derivatives on the right



Passive Complete Orthonomic Systems and Involutive Bases 91

hand side are smaller than the left hand sides with respect to ≺, in particular,
no derivative on the right hand side can be obtained by differentiation of a left
hand side.

All derivatives of v are parametric. The parametric derivatives of u are
u, ux, uy and uxy. The remaining derivatives of u are principal.

Let D1uj1 = G1 and D2uj2 = G2 be two equations of the system such that
differentiation of the left hand sides by ∆1, ∆2 ∈ D, respectively, leads to the
same principal derivative ∆1(D1uj1) = ∆2(D2uj2). In particular we must have
j1 = j2 and any solution of our system of PDEs has to satisfy also the equation
∆1G1 −∆2G2 = 0 which is called an integrability condition for the system. The
system is called passive if the left hand side of any of its integrability conditions
becomes identical zero after replacement of all principal derivatives in an obvious
way. In what follows by calling a system passive we will subsume that it is also
orthonomic.

In general, replacing all principal derivatives in the left hand side of an in-
tegrability condition yields a function depending on the independent variables
and the parametric derivatives. Obviously, the system of PDEs is incompatible
if for some integrability condition this function is non-zero and depends only
on the independent variables. If neither such an integrability condition exists
nor the system is passive we can solve the non-zero integrability conditions for
their highest derivative, write them in form (2) and add them to the system of
PDEs. Repeating this process eventually we will produce a passive system or
will encounter that the system is incompatible.

Example 1 (Part 2). Differentiating Equation (3) twice by y and Equation (4)
twice by x yields the integrability condition

yvxyy + 2vxy + x2uxx + 4xux + 2u = 0

Replacing the principal derivative uxx by the right hand side of Equation (3)
yields

yvxyy + 2vxy + x2yvx + 4xux + 2u = 0 .

Hence, the system is neither passive nor proved to be incompatible. We solve the
equation for the highest occurring derivative vxyy and add the new equation

vxyy = −2vxy + 2xux + u

y
− x2vx (5)

to our system. The system formed by Equations (3), (4) and (5) is passive since
there are no further (essential) integrability conditions. For the new system we
have

PR =
{

∂i+j

∂xi∂yj
u

∣∣∣∣ i ≥ 2 or j ≥ 2
}
∪
{

∂i+j

∂xi∂yj
v

∣∣∣∣ i ≥ 1 and j ≥ 2
}

PA =
{
u,

∂

∂x
u,

∂

∂y
u,

∂2

∂x∂y
u, v

}
∪
{

∂i

∂yi
v,

∂i

∂xi
v,

∂i+1

∂xi∂y
v

∣∣∣∣ i = 1, 2, . . .
}
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The observation that any compatible system of PDEs can be transformed in
passive orthonomic form is due to Tresse (1894). Riquier surpassed this result
by showing that any system of this particular form has a unique holomorphic
solution for arbitrary given initial determinations of a certain type prescribed by
the system (see (Riquier , 1910)). Riquier’s result makes use of decompositions of
each of the sets PR of principal and PA of parametric derivatives, and hence also
of DU , in finitely many pairwise disjoint cones. Such a cone is given by its vertex
which is a derivative Duj ∈ DU and a subset Y ⊆ {x1, . . . , xn}, where ∆(Duj)
belongs to the cone if and only if ∆ ∈ D is a differential operator involving
only variables from Y . We will use the denotation [Duj , Y ] for this cone. The
elements of Y are called the multipliers and the remaining independent variables
the non-multipliers for Duj . Such a decomposition of the set DU allows to prove
the existence of a convergent power series solution for the unknown functions
uj , j ∈ {1, . . . , k}, at an arbitrary given point (x̂1, . . . , x̂n) ∈ Cn belonging
to a region where the system is orthonomic. The particular importance of the
cones forming PA is the description of the initial determinations, more precisely,
each cone [Duj , Y ] belonging to PA provides an initial condition of the form
Duj |∀xi /∈Y :xi=x̂i

= ϕ(y1, . . . , yr), where Y = {y1, . . . , yr} and ϕ can be chosen
as an arbitrary holomorphic function. We will call an orthonomic system of PDEs
complete if there exists a disjoint decomposition of PR into cones such that each
vertex is the left hand side of an equation of the system (see (Thomas , 1929)).

Example 1 (Part 3). We have the disjoint decompositions

PR = [uxx, {x}] ∪ [uxxy, {x}] ∪ [uyy, {x, y}] ∪ [vxyy, {x, y}]
PA = [u, ∅] ∪ [ux, ∅] ∪ [uy, ∅] ∪ [uxy, ∅] ∪ [v, {y}] ∪ [vx, {x}] ∪ [vxy, {x}]

Hence, we can extend our system of PDEs to the passive complete form

uxx = yvx

uxxy = yvxy + vx

uyy = −x2u

vxyy = −2vxy + 2xux + u

y
− x2vx .

The system has a uniquely determined holomorphic solution for an arbitrary
initial determination u|x=x0,y=y0 = c1, ux|x=x0,y=y0 = c2, uy|x=x0,y=y0 = c3,
uxy|x=x0,y=y0 = c4, v|x=x0 = ϕ1(y), vx|y=y0 = ϕ2(x) and vxy|y=y0 = ϕ3(x),
where x0, y0, c1, c2, c3, c4 are complex numbers, y0 �= 0, and ϕ1, ϕ2, ϕ3 are holo-
morphic functions.

Finally, we can distinguish two aspects of passive (complete) orthonomic systems
of PDEs. Firstly, there is a dynamic aspect which consists in the algorithmic
transformation of an arbitrary system of PDEs into passive (complete) ortho-
nomic form. Secondly, there is a static aspect consisting in the determination of
the solution space of a system of PDEs in passive (complete) orthonomic form.
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Janet was the first who investigated the dynamic part from the point of view of
efficiency and a crucial property of his algorithm is that it directly computes a
complete system of PDEs (see (Janet , 1929)).

For an excellent overview on the basic ideas of the Riquier/Janet theory we
refer to the article (Thomas , 1929) by Joseph M. Thomas.

3 Gröbner Bases of Polynomial Modules

Let R = K[X] be the polynomial ring over the field K in the variables X =
{x1, . . . , xn}, F a free R-module of rank k with basis {e1, . . . , ek} and M ⊆
F an arbitrary submodule of F . An R-term is a monomial xi11 · · ·xinn without
coefficient. By F -term we denote a module element tei, where t is an R-term
and ei one of the basis elements of F . If no confusion is possible we will simply
speak of terms instead of R- or F -terms. An admissible term order ≺ of F is a
well-order of the set of all F -terms which is compatible with the multiplication
by R-terms. By lt≺(f) we denote the leading term of a non-zero element f ∈ F
with respect to ≺, i.e. the largest (w.r.t. ≺) term appearing in f with non-zero
coefficient. in≺(f) denotes the initial term of f ∈ F with respect to ≺, that is
in≺(f) = 0 in case f = 0 and in≺(f) = c lt≺(f), where c is the coefficient of
lt≺(f) in f , otherwise. For arbitrary subsets V ⊆ F we extend these notions by
lt≺(V ) = {lt≺(v) | v ∈ V \ {0}} and in≺(V ) to be the submodule of F which
is generated by all initial terms of elements of V .

Then a (finite) subset V ⊂M is called aGröbner basis ofM with respect to≺
if and only if in≺(V ) = in≺(M). One way to compute a Gröbner basis of M from
an arbitrary given finite generating set of M is the application of Buchberger’s
famous algorithm (see (Buchberger , 1965, 1985); for the module case see also
Möller and Mora (1986)). We will illustrate the notions and methods by an
example.

Example 2 (Part 1). Consider the polynomial ring R = C[x, y] and the free R-
module F with basis {e1, e2}. Moreover, let ≺ be the degreewise lexicographical
order of the multiplicative monoid of R-terms which is defined by xαyβ ≺ xα

′
yβ

′

iff the first non-zero component of the integer vector
(
(α + β) − (α′ + β′), β −

β′, α − α′) is negative. ≺ is extended to F -terms by tei ≺ sej :⇔ t ≺ s or t =
s and i < j .

Consider the module elements p = x2ye1 − 2xy2e2 + x3e2 and q = 2x2ye1 +
xye1+ x2ye2. Then in≺(p) = −2xy2e2 since x3 ≺ x2y ≺ xy2 and, hence, x3e2 ≺
x2ye1 ≺ xy2e2. Similarly, in≺(q) = x2ye2 because xy ≺ x2y and x2ye1 ≺ x2ye2.
Consequently, in≺(V ) = R (−2xy2e2, x2ye2) ⊂ F is the initial module of the
set V = {p, q}. By M we denote the submodule of F generated by V . Then
we have r := xp + 2yq = 4x2y2e1 + x3ye1 + x4e2 + 2xy2e1 ∈ M and since
in≺(r) = 4x2y2e1 /∈ in≺(V ) we deduce that V is not a Gröbner basis of M
with respect to ≺. (p, q) was the only critical pair of V (see Buchberger (1985))
and since the initial term of the new element r belongs to a different module
generator also the extended set V ∪ {r} has no additional critical pairs. Hence,
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in≺(M) = R (−2xy2e2, x2ye2, 4x2y2e1), i.e. {p, q, r} is a Gröbner basis of M
with respect to ≺.
For a comprehensive introduction to the theory of Gröbner bases we refer to the
survey article Buchberger (1985) or one of the textbooks Adams and Loustaunau (1994);
Becker and Weispfenning (1993); Eisenbud (1995).

4 Relationships between Gröbner Bases
and Passive Systems

The idea behind passive complete systems of PDEs can be translated in terms of
distinguished Gröbner bases of submodules of a free module F of rank k over the
polynomial ring R = C[X], the so-called involutive bases of polynomial modules.
For this purpose let us consider the special case of systems of linear PDEs with
constant coefficients. Then in view of the natural isomorphisms between the
monoid D with differentiation, the multiplicative monoid T = 〈X〉 of R-terms,
and the additive monoid Nn, there is a natural isomorphism between the ring
C[D] of polynomial differential operators and the polynomial ring R = C[X].
The left hand side of a linear partial differential equation G = 0 with constant
coefficients can be considered as an element of the C[D]-(left)module F which is
freely generated by the unknown functions u1, . . . , uk and scalar multiplication
of m ∈ F by ∆ ∈ C[D] means application of the differential operator ∆ to m.
The modules F and F = Rk are isomorphic. There is a natural bijection between
the equivalence classes of systems of PDEs of the form G = 0 with left hand
sides in F and the submodules of F . Moreover, a passive system of PDEs is
mapped to a Gröbner basis and vice versa, where the corresponding orders ≺
are the same under the natural isomorphism between D and T .

Let us outline the overlapping area of both theories a little more detailed.
First of all, note, none of the theories is completely covered by the other. On the
one hand the translation from systems of PDEs to R-modules over some ring R is
restricted to linear PDEs. Nevertheless, the condition of constant coefficients can
be omitted if one allows so-called D-modules as algebraic counterpart. On the
other hand also Gröbner bases can be considered in a much more general context
than polynomial modules, see e.g. Apel (2000) and the references therein for
huge classes of rings allowing a generalized Gröbner theory. But PDE-analogues
to the corresponding Gröbner bases can be considered only for graded structures
originating from an Nn-filtration of a ring of functions.

Example 1 (Part 4). The system considered in Example 1 does not fit in the
above concept due to the non-constant coefficients. However, it has a natural
algebraic translation in a free left module F of rank 2 over the Weyl algebra W2
in the indeterminates x, y, ∂x, ∂y, where ∂x x = x∂x + 1, ∂y y = y∂y + 1 and all
other pairs of indeterminates commute.

The input translates in the module elements ∂2xe1 − y∂x e2 and ∂2ye1 + x2e1,
where e1 and e2 are the free generators of F . By M we denote the left submodule
of F generated by these two elements. Applying the Gröbner basis techniques for
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finitely generated left modules over Weyl algebras (see Apel and Laßner (1988))
we obtain the left Gröbner basis

{
∂2xe1−y∂x e2, ∂

2
ye1+x2e1, y∂x∂

2
y e2+2∂x∂y e2+

x2y∂x e2 + 4x∂x e1 + 2e1
}
. Using the methods introduced in (Apel , 1998) it is

also possible to compute involutive bases in F (for the notion of an involutive
basis see the forthcoming Definition 1). One particular such basis can be obtained
by adding the element ∂2x∂y e1 − y∂x∂y e2 − ∂x e2 to the above Gröbner basis.
Retranslation in the language of PDEs confirms the analogy to our previous
results. There remains one difference, namely the division by y appearing in
Equation 5 cannot take place in the context of the Weyl algebra W2. But we
could extend W2 by allowing division by x and y and apply the Gröbner theory
developed in (Apel , 2000) which does not require the variables and coefficients
to commute.

Example 2 (Part 2). The module elements p and q from Example 2 correspond
to the following system of linear PDEs with constant coefficients

uxxy − 2vxyy + vxxx = 0
2uxxy + uxy + vxxy = 0

in unknown functions u and v and independent variables x and y. Transformation
into orthonomic form yields

vxyy =
1
2
(uxxy + vxxx)

vxxy = −2uxxy − uxy

Differentiating the first equation by x and the second by y leads to a non-
contradicting integrability condition and adding the resulting equation

uxxyy = −1
4
(uxxxy + vxxxx + 2uxyy)

makes the system passive. Moreover, the system is already complete as the de-
composition

PR = [vxyy, {x, y}] ∪ [vxxy, {x}] ∪ [uxxyy, {x, y}] (6)

of the set of principal derivative shows. The decomposition

PA = [v, {y}] ∪ [vx, {x}] ∪ [vxy, ∅] ∪ [u, {y}] ∪ [ux, {y}] ∪ [uxx, {x}] ∪ [uxxy, {x}]
of the set of parametric derivatives implies that the system has a unique holo-
morphic solution for an arbitrary initial determination of the type
vxy|x=x0,y=y0 = c, v|x=x0 = ϕ1(y), vx|y=y0 = ϕ2(x), u|x=x0 = ϕ3(y), ux|x=x0 =
ϕ4(y), uxx|y=y0 = ϕ5(x), uxxy|y=y0 = ϕ6(x).

Recall, that the basic property of a Gröbner basis V of the submodule M ⊂ F
with respect to ≺ consists in the equality in≺(M) = in≺(V ) or, equivalently, in
the sum representation

in≺(M) =
∑
v∈V

R in≺(v) . (7)
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In case V is the image of a minimal passive complete system of PDEs in F we
have the stronger condition

in≺(M) =
⊕
v∈V

C[Yv]in≺(v) . (8)

Example 2 (Part 3). From Equation (6) we deduce that {p, q, r} is not only a
Gröbner basis but even an involutive basis providing the direct sum decomposi-
tion in≺(M) = C[x, y] xy2e2 ⊕ C[x] x2ye2 ⊕ C[x, y] x2y2e1 of the initial module
in≺(M) = in≺({p, q, r}).
Equation (8) is a good starting point for the definition of an involutive basis of the
submodule M ⊂ F with respect to ≺ which we wish to be the analogous notion
to a passive complete system of PDEs. In fact, if we restrict our interests to
only the static aspect then this equation would be already the correct analogue.
However, it is slightly too general in order to reflect also Janet’s dynamical
aspects in a satisfactory way.

One method for the computation of a passive complete system is to first
compute a passive system and to complete it in a subsequent step. Translated
to the language of polynomial modules, that is, first to compute a Gröbner
basis and afterwards to decompose the initial module in a direct sum of the re-
quired type. Actually, this is the idea which is implicitly suggested by Thomas’
paper (Thomas , 1929). In contrast, the most important feature of Janet’s algo-
rithm consists in the fact, that it combines the completion of the set of principal
derivatives and the transformation into passive form (see Janet (1929)). Also
alternative definitions of multipliers and non-multipliers introduced in the past,
e.g. by Thomas (Thomas , 1929, 1937) or by Pommaret (1978), show the nice
behavior that an orthonomic system of PDEs is passive and complete if and
only if replacing all principal derivatives in ∂

∂x (Diuji − Gi) yields zero for all
equations Diuji = Gi of the system and all non-multipliers x of Diuji .

In fact, this is the crucial condition which enables the application of a Janet
like algorithm, see also Figure 1 and the explanations in Section 5.

5 Involutive Bases of Polynomial Modules

In what follows we will consider arbitrary coefficient fields K. The only reason we
had to restrict ourselves to the field K = C of complex numbers in the previous
section was the relation to systems of PDEs. Here we will also switch to the
more frequently used right module notation. In our setting of a module over a
commutative polynomial ring this makes of course no difference. Note, however,
in the general case of PDEs or non-commutative algebraic situations such as the
Weyl algebra case considered in Part 4 of Example 1 we would have to take care
about the correct sides.

The demands on the notion of involutive basis as a “good” module theoretical
analogue to passive complete systems resulting from the investigations made in
the previous section can be summarized in two conditions:
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1. a minimal involutive basis V of M has to satisfy Equation (8) and
2. there should exist a Janet type algorithm (see Figure 1) which transforms

an arbitrary finite generating set of M in an involutive basis V of M .

Two different approaches satisfying both conditions have been introduced by
Gerdt and Blinkov (1998) and by Apel (1998). While the Gerdt/Blinkov method
saves almost all classical dynamic features our approach maintains only the prin-
cipal idea behind Janet’s algorithm explained at the end of the previous section.

Definition 1. Let F be a free module of rank k over the polynomial ring R =
K[X] in the indeterminates X = {x1, . . . , xn} and M a submodule of F . More-
over, let ≺ be an admissible term order of F . Then a subset V ⊂ M \ {0} is
called a minimal involutive basis of M with respect to ≺ if there exists a linear
order ❁ of lt≺(V ) and a family (Yv)v∈V of subsets of X such that

1. in≺(M) =
⊕

v∈V in≺(v)K[Yv] and
2. in≺(v′)K[X]∩ in≺(v)K[Yv] = {0} for all v, v′ ∈ V such that lt≺(v′) ❁ lt≺(v).

A subset V ′ ⊆ M containing a subset V which is a minimal involutive basis of
M w.r.t. ≺ is called an involutive basis of M w.r.t. ≺.
It is an immediate consequence of Definition 1 that the initial terms of the
elements of a minimal involutive basis are pairwise distinct. We will call a family
(Yv)v∈V of subsets of X admissible for the ordered set (lt≺(V ),❁) if for all v, v′ ∈
V \ {0} such that lt≺(v′) � lt≺(v) it holds one of the conditions in≺(v′)K[Yv′ ] ⊆
in≺(v)K[Yv] or in≺(v)K[Yv] ∩ in≺(v′)K[X] = {0}. Moreover, by writing that
(Yv)v∈V is admissible for lt≺(V ) we express the existence of a linear order ❁ on
lt≺(V ) such that (Yv)v∈V is admissible for (lt≺(V ),❁). Note, in the language of
Apel (1998) a family (Y ′

s )s∈S defines an involutive division M = (s · 〈Y ′
s 〉)s∈S .

If S = lt≺(V ) and Yv = Y ′
lt≺(v) for all v ∈ V then the family (Yv)v∈V of

multiplier sets is admissible for (lt≺(V ),❁) if and only if the involutive division
M = (s · 〈Y ′

s 〉)s∈S is admissible for (S,❁).
Using the admissibility notion we can say that V ⊂M is an involutive basis

of M with respect to ≺ if and only if there exists a family (Yv)v∈V of multiplier
sets which is admissible for lt≺(V ) and satisfies in≺(M) =

∑
v∈V in≺(v)K[Yv].

Note, there is a close relationship between the notions of minimal involutive
bases and reduced Gröbner bases. However, since we did not assume that the
elements of a minimal involutive basis are tail reduced, the better analogue are
the Gröbner bases which are minimal with respect to set inclusion. The following
two examples will illustrate Definition 1.

Example 3 (Part 1). Consider the polynomial ring R = K[x, y, z, w] as a free
R-module F of rank 1 and let M be the submodule of F , i.e. the ideal of R,
which is generated by the set V = {xz, xw, yz, yw} of monomials.

If we order V by xz ❁ xw ❁ yz ❁ yw then there is a unique admissible family
of maximal multiplier sets, namely, Yxz = {x, y, z, w}, Yxw = {x, y, w}, Yyz =
{y, z, w} and Yyw = {y, w}. It is easy to verify that the so-defined family (Yv)v∈V
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is admissible for (V,❁). That each of the sets Yv, v ∈ V , is the only maximal
set of multipliers which v can take follows immediately by the observation that
for any v ∈ V and any variable s /∈ Yv there exists v′ ∈ V such that v′ ❁ v and
vK[s]∩v′R � {0} in contradiction to the admissibility conditions. Moreover, one
easily observes M = in≺(M) = xzK[x, y, z, w] ⊕ xwK[x, y, w] ⊕ yzK[y, z, w] ⊕
ywK[y, w] and, therefore, V is an involutive basis of M .

Example 4. In general, the situation is more complicated even for monomial
ideals of polynomial rings. Let us consider another example of this type with R =
K[x, y, z, w] and F = R being as in the previous example and V = {xy, xz, w}.

If V is ordered according to xy ❁ xz ❁ w then there are two maximal
admissible families of multipliers. In both cases we have Yxy = {x, y, z, w} and
Yxz = {x, z, w}. But there are two ways to fix a maximal set of multipliers for
w, namely either Yw = {y, z, w} or Yw = {x,w}. In both cases we have only the
inclusion xyK[Yxy]⊕xzK[Yxz]⊕wK[Yw] � M , hence, none of the two multiplier
assignments makes V an involutive basis.

Nevertheless, V is an involutive basis ofM . We just need to reorder V accord-
ing to w ❁ xy ❁ xz. Then Yw = {x, y, z, w}, Yxy = {x, y, z} and Yxz = {x, z}
is the one and only maximal admissible choice of the sets of multipliers and one
easily verifies the direct sum decomposition M = wK[x, y, z, w]⊕ xyK[x, y, z]⊕
xzK[x, z].

We remind that there are also sets V of monomials, e.g. V = {x2, y2}, which by
no linear order ❁ and by no admissible family of multiplier sets can be made an
involutive basis. Also the question whether there is exactly one way to define a
maximal admissible family of multiplier sets for a monomial set V is not related
to V being an involutive basis or not. At the first glance Definition 1 seems to
have no dynamical part. However, the following theorem shows that Condition 2,
which is slightly more restrictive than the property in≺(v)K[Yv]∩in≺(v′)K[Yv′ ] =
{0} for all v, v′ ∈ V following already from Condition 1 of Definition 1 alone,
enables the application of a Janet like algorithm for the computation of the
so-defined involutive bases.

Theorem 1. Let F be a free module of rank k over the polynomial ring R =
K[X] in the variables X = {x1, . . . , xn} and M ⊂ F a submodule with generating
set V , where all elements of V are monic and have pairwise distinct leading
terms. Moreover, let ≺ be an admissible term order of F , ❁ a linear order of
lt≺(V ) and (Yv)v∈V a family of multiplier sets which is admissible for the ordered
set (lt≺(V ), ❁).

Then with V ′ = {v′ ∈ V | in≺(v′) /∈ in≺(v)K[Yv] for all v ∈ V \ {v′}} the
following conditions are equivalent:

1. in≺(M) =
∑
v∈V in≺(v)K[Yv],

2. in≺(M) =
⊕

v′∈V ′ in≺(v′)K[Yv′ ],
3. V is a Gröbner basis of M with respect to ≺ and for all w ∈ V and all

variables x /∈ Yw it holds in≺(xw) = x in≺(w) ∈
∑
v∈V in≺(v)K[Yv],
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4. (V \ V ′) ⊂ ∑v′∈V ′ v′K[Yv′ ] and for all w ∈ V ′ and all variables x /∈ Yw it
holds xw ∈∑v′∈V ′ v′K[Yv′ ].

Moreover, any of the above conditions implies that V is an involutive basis of M
with respect to ≺.
Proof. Before we start to prove the equivalences let us make some remarks con-
cerning the last statement. Obviously, V is an involutive basis of M with respect
to ≺ if Conditions 1. or 2. are satisfied. But one might wonder why the opposite
direction should fail to hold. The reason is simply that V could be an involu-
tive basis according to the definition introduced here but the considered family
(Yv)v∈V is not suitable for providing the representations stated in 1. and 2. This
problem can be avoided by defining the notion of an involutive basis V with
respect to a given order ❁ and a given family (Yv)v∈V in the way it was done in
(Apel , 1998).

In what follows, 〈Y 〉 denotes the commutative monoid which is freely gener-
ated by some subset Y ⊆ X.

The equivalence of 1. and 2. follows immediately from the admissibility of
(Yv)v∈V . The implication 1. → 3. is trivial. Let us sketch the main ideas behind
the proof direction 3. → 1. The essential part consists in proving that for all
w ∈ V and all terms t ∈ 〈X〉 there is a representation tw = a + b, where
a =

∑
v∈V fvv and b =

∑
v∈V gvv such that fv, gv ∈ R, only finitely many of

the fv and gv are non-zero, fv ∈ K[Yv] for all v ∈ V , and lt≺(gvv) ≺ lt≺(tw) for
all v ∈ V such that gv �= 0. In case t ∈ 〈Yw〉 this is obvious, so let x ∈ X \ Yw
be a non-multiplier occurring in t. Then by condition 3. we have in≺(xw) =
x in≺(w) ∈

∑
v∈V in≺(v)K[Yv] and, hence, there exist w′ ∈ V and s ∈ K[Yw′ ]

such that lt≺(xw) = lt≺(sw′). Since V is a Gröbner basis it follows the existence
of a representation xw − sw′ =

∑
v∈V g′

vv, where only finitely many g′
v are

non-zero and lt≺(g′
vv) ≺ lt≺(xw) for all v such that g′

v �= 0. Consequently,
if one can show that t

xsw
′ has a required representation a′ + b′ then also tw =

t
xsw

′+
∑
v∈V

t
xg

′
vv can be represented in the desired way. An obvious idea seems

to be to repeat the process recursively and conclude termination by induction
on the number of non-multipliers contained in t. But this approach will not
work since a non-multiplier for w does not need to be also a non-multiplier
for w′. Moreover, relaxing the admissibility condition of (Yv)v∈V in such a way
that only Condition 1 but not necessarily Condition 2 of Definition 1 holds can
actually result in an infinite process. Note, there are simple counter examples
showing that the implication 3.→ 1. need not to hold in the relaxed case, cf. the
forthcoming Example 3 (Part 2). However, the stronger notion of admissibility
used here implies lt≺(w′) ❁ lt≺(w) which indeed ensures termination. Note, that
by the finiteness of the number of terms dividing t in≺(w) this is even true if V
is infinite and ❁ is not a well-order. Application of simple inductive arguments
on finite representations m =

∑
v∈V hvv of arbitrary elements m ∈ M finishes

the proof of direction 3. → 1.
The implication 3.→ 4. is obvious and it remains to consider the branch 4.→

3. An arbitrary element m ∈M can be represented in the form m =
∑
v∈V hvv,

where only finitely many of the hv ∈ R are non-zero. According to the first part
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of 4. we can assume w.l.o.g. hv = 0 for all v /∈ V ′. A rewriting process which
successively replaces products of the form xv, where x is a non-multiplier for
v ∈ V ′, finally ends up with a finite representation m =

∑
v′∈V ′ fv′v′, where

fv′ ∈ K[Yv′ ]. Note, that here the strong definition of admissibility of (Yv)v∈V is
again essential. Now, we can deduce lt≺(fv′v′) � lt≺(m) for all v′ ∈ V ′ such that
fv′ �= 0 since no initial parts of the summands on the right hand side can cancel
out1. This proves that V is a Gröbner basis and the second part of 3. follows
easily by considering the special case m = xw in our above investigations. � 

Input:
V · · · finite set of non-zero elements of a K[X]-module M
≺ · · · admissible term ordering

Output:
W · · · minimal involutive basis of M with respect to ≺

U := minimal subset of V such that lt≺(U) = lt≺(V )
(Yv)v∈U := admissible family for lt≺(U)

W :=
{

w ∈ U | in≺(w) /∈ ⊕
v∈U\{w} in≺(v)K[Yv]

}

L := {(1, v) | v ∈ V \W} ∪ {(y, w) | w ∈ W, y ∈ X\Yw}
while L 	= ∅ do

choose (t, u) ∈ L
L := L\{(t, u)}
w := involutive normal form of tu modulo W w.r.t. (Yv)v∈W and ≺
if w 	= 0 then

V := V ∪ {w}
U := minimal subset of V such that lt≺(U) = lt≺(V )
(Yv)v∈U := admissible family for lt≺(U)

W :=
{

w ∈ U | in≺(w) /∈ ⊕
v∈U\{w} in≺(v)K[Yv]

}

L := {(1, v) | v ∈ V \W} ∪ {(y, w) | w ∈ W, y ∈ X\Yw}
end if

end while
return(W )

Fig. 1. Involutive basis construction method of Janet type

Figure 1 sketches the global structure of a Janet like method for computing
an involutive basis of a given R-module. Some further details are necessary in
order to make the presented frame algorithmic. A couple of ways to achieve this
will be mentioned below.

First of all, we will explain the meaning of some objects used in our method.
According to the specification it is allowed that various elements of the input
basis V have the same leading term. U is a maximal subset of elements of V

1 Note, by the same argument it will follow immediately that the sum
∑

v′∈V ′ v′
K[Yv′ ]

is direct, i.e.
∑

v′∈V ′ v′
K[Yv′ ] =

⊕
v′∈V ′ v′

K[Yv′ ].
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whose leading terms are pairwise distinct. The family (Yv)v∈U of multiplier sets
which is admissible for lt≺(V ) = lt≺(U) is indexed by the subset U ⊆ V since
Yv = Yv′ must hold for all v, v′ ∈ V such that lt≺(v) = lt≺(v′) according to the
admissibility property. After fixing (Yv)v∈U we construct the set W as a maximal
subset of U such that the sum

∑
v∈W in≺(v)K[Yv] is direct, i.e. lt≺(tv) �= lt≺(t′v′)

for all v, v′ ∈ W , t ∈ 〈Yv〉, t′ ∈ 〈Yv′〉. L is a set consisting of two types of
critical pairs (t, u), where all of them have the characteristic property in≺(tu) ∈⊕

v∈W in≺(v)K[Yv], i.e. tu is involutively reducible modulo W with respect to
the admissible family (Yv)v∈W .

The global structure of the method displayed in Figure 1 is this of a critical
element/completion algorithm. The main type of critical elements are the so-
called non-multiplicative prolongations (y, w) ∈ (X \ Yw) ×W . A second type
are the pairs (1, v), where the leading term of v ∈ V is involutively reducible by
some other element of V . Note, the second type of critical pairs does not occur
when the leading terms of the input basis elements are pairwise distinct and
Janet’s definition of multipliers is used. In case the reduction of the polynomial
tu resulting from the critical pair (t, u) yields a non-zero remainder w the basis is
extended by w and the check is repeated. We remark the fact that completion of
W by non-zero reduction remainders of non-multiplicative prolongations (and if
applicable elements of V \W ) does not only complete the set of leading terms of
W but at the same time completes W to a Gröbner basis of M without explicitly
computing Buchberger’s S-polynomials as the distinguishing feature of a Janet
like algorithm.

If tu has involutive remainder 0 modulo W for all pairs (t, u) ∈ L then
W is an involutive basis of M according to Condition 4 of Theorem 1. Hence,
the method displayed in Figure 1 works correctly provided that it terminates.
A series of further restrictions is necessary in order to ensure termination for
arbitrary inputs satisfying the specification.

The extension of V , and hence U , during the completion process requires
the adaption of the admissible family (Yv)v∈U of multiplier sets. Janet solved
this problem by giving a general rule how to adapt the sets of multipliers and
proved termination for his particular multiplier choice. But it turns out that
the process will also terminate if one chooses the sets of multipliers in each
step completely new, taking care only that the multiplier sets are “sufficiently
large”. More precisely, “sufficiently large” means x ∈ Yv for all v ∈ U and
x ∈ X such that degx lt≺(v) ≥ degx lt≺(v′) for all v′ ∈ U . In the language
of Apel (1998) these admissible families correspond exactly to the involutive
divisions refining the Thomas division on lt≺(U), which is defined by the multi-
plier sets Y T

v = {x ∈ X | ∀v′ ∈ U : degx v ≥ degx v′} , v ∈ U . The advantage
of such an approach is the possibility of a better adjustment of the admissi-
ble family (Yv)v∈U to the concrete intermediate basis. However, this freedom
in choice causes a large overhead and some heuristical restrictions are advis-
able in order to find a compromise. A detailed analysis how to compute the
families (Yv)v∈U and a detailed discussion of the algorithm which completes an
arbitrary finite generating set of M to a finite (minimal) involutive basis of M
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can be found in (Apel , 1998). Nowadays, in view of the possibility to use Hem-
mecke’s sliced divisions for initializing and adapting the family (Yv)v∈U (see
Hemmecke (2001)) in connection with the application of the criteria introduced
by Apel and Hemmecke (2002) parts of the heuristics from (Apel , 1998) ap-
pear in a new light. In particular, the overhead caused by multiple reductions of
non-multiplicative prolongations seems to be rather small for the sliced divisions
strategy though the order ❁ is changed during the adaption of the involutive
division, or equivalently the admissible family of multiplier sets, to the interme-
diate basis.

Another generalization of Janet’s method is the Gerdt/Blinkov approach
which follows the classical method of fixing a priori all sets of multipliers, i.e. of
fixing the families (Ys)s∈S for all finite sets S of monomials. In this context a
series of technical restrictions is necessary in order to ensure the termination of
the algorithm. In (Apel , 1998) it is proved that there does not exist any family
of multiplier assignments satisfying all conditions of Gerdt and Blinkov (1998)
and having the additional property that for all finite sets of monomials the cor-
responding multiplier family is maximal. However, the Gerdt/Blinkov approach
is also not subsumed by the method discussed here since it might include as-
signments of multiplier sets which violate Condition 2 of our Definition 1. It is
an open question whether there are situations where one can take advantage of
this fact.

Note, all methods discussed so far have in common that, in addition, the
critical pairs (u, h) ∈ L have to be processed according to the normal selection
strategy, i.e. lt≺(uh) must be minimal with respect to ≺, in order to ensure
termination for any specified input. Experiments show that the normal selec-
tion strategy is not preferable in Buchberger’s algorithm for the computation
of Gröbner bases. State of the art implementations frequently use sugar strat-
egy instead (see Giovini et al. (1991)). In (Gerdt and Blinkov , 1998) Gerdt and
Blinkov where the first who transfered Buchberger’s criteria for detecting un-
necessary critical pairs to the involutive method. Recently it could be shown
by Apel and Hemmecke (2002) that the involutive basis algorithm terminates
independent of the pair selection strategy if a series of criteria including those of
Gerdt and Blinkov are applied in order to avoid the treatment of certain pairs
(u, h) ∈ L.

6 “Good” Involutive Bases

There are theoretical as well as computational issues which pose further condi-
tions on a “good” choice of an involutive basis V of a module M ⊂ F . Some of
them are related to questions of the following type:

1. What is the minimal value of the sum
∑
v∈V |X \ Yv| which an involutive

basis V of M can take?
2. What is the minimal number of elements of an involutive basis V of M?
3. What is the minimal highest degree of the elements of an involutive basis of

M?
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4. What is the maximal number d for which exist V ⊂ M and a multiplier
family (Yv)v∈V making V an involutive basis of M such that |Yv| ≥ d for all
v ∈ V ?

In case of generic coordinates and a degreewise reverse lexicographical term
order ≺ Questions 1. - 3. have simple answers in terms of well-known alge-
braic invariants. In this case Bayer and Stillman (1987) could show that the
crucial invariants of the module M coincide with those of its generic initial mod-
ule, some generalizations of their results which are required here are due to
Eisenbud (1995), and Mall (1998) proved that, under the same conditions, any
set V such that lt≺(V ) consists of the minimal monomial generators of in≺(M)
becomes an involutive basis of M when the multipliers are assigned in a Pom-
maret like way. In case rank F = 1 the results of Bayer/Stillman, Eisenbud, and
Mall answer also Question 4.

Let us consider the much more delicate but also much more interesting case
of non-generic coordinates. We start with the investigation of involutive bases
which are “good” in the sense that they can be computed in a minimal number
of steps. The importance of the first three questions for a complexity analysis
of the completion algorithm is obvious. In particular, the first question is highly
interesting since the number

∑
v∈V |X \ Yv| provides an estimate for the costs

of the involutive basis verification algorithm. In case of homogeneous modules
M and the input generating set V ′ being a minimal homogeneous generating
set of M the completion algorithm to involutive form has the same costs under
the additional assumption that we have an oracle which tells us how to define
the multipliers for the intermediate generating sets in the same way as they
will appear in the final output. Note, the complexity analysis is harder than in
the case of Buchberger’s algorithm where analogous statements hold without an
oracle. We can offer a heuristics for the multiplier assignment which in some sense
is a static approximation of the oracle. While, in general, Question 1 is difficult
to answer it is always easy to find a family (Yv)v∈V of admissible multiplier
assignments such that

∑
v∈V |X \ Yv| is minimal for a given finite set V , a

given term order ≺, and a given linear order ❁ of lt≺(V ). Note, we neither
require M =

∑
v∈V vK[Yv] (which clearly would be unfulfillable in general) nor

that ❁ and ≺ are optimal in whatsoever sense. Let us discuss the objective
of minimizing

∑
v∈V |X \ Yv| a little more detailed. In order to have a trivial

intersection vK[Yv] ∩ v′K[Yv′ ] = {0} it is necessary and sufficient to ensure
lcm(v, v′) /∈ vK[Yv] ∩ v′K[Yv′ ], which is exactly the case if at least one of the
conditions lcm(v,v′)

v /∈ K[Yv] or
lcm(v,v′)

v′ /∈ K[Yv′ ] holds. How this property is
achieved by the different approaches applied in the past? Thomas uses the most
rigid way which consists in requiring that for any distinct elements v, v′ ∈ V no
variable of lcm(v,v′)

v belongs to Yv and no variable of lcm(v,v′)
v′ belongs to Yv′ . The

method due to Janet is much more sophisticated. It enumerates the variables
and requires that for any two distinct elements v, v′ ∈ V the first variable x in
which v and v′ have distinct degrees, without loss of generality let us assume
degx v < degx v′, is not contained in Yv and, therefore, Janet’s method ensures
lcm(v,v′)

v /∈ K[Yv] by introducing a single condition x /∈ Yv for the pair (v, v′).
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Janet’s approach sounds already very promising but still can be improved for
two reasons. Firstly, it does not make any use of inclusions v′K[Yv′ ] ⊂ vK[Yv]
which might allow to waive the condition x /∈ Yv for the pair (v, v′) in case v | v′

and Yv′ ⊆ Yv∪{x}. Secondly, it always poses a condition on the first variable x in
which v and v′ have different degrees. But it can happen that the consideration
of v and a third basis element v′′ ∈ V yields a condition y /∈ Yv in such a way
that by chance also degy v < degy v′. In this case the single condition y /∈ Yv
ensures already vK[Yv] ∩ v′K[Yv′ ] = vK[Yv] ∩ v′′K[Yv′′ ] = {0} and the condition
x /∈ Yv can be refused again. By removing redundant admissibility conditions
one obtains an admissible refinement of the Janet division. See (Apel , 1998,
Figure 2) for an algorithm which computes a (sub-)maximal refinement for an
arbitrary given admissible family of multiplier sets.

Example 5. Consider the ideal M generated by V = {x2x23, x22x3, x1x22} in F =
R = K[x1, x2, x3]. Janet’s sets of multipliers are Yx2x2

3
= {x3}, Yx2

2x3
= {x2, x3}

and Yx1x2
2
= {x1, x2, x3}. A better assignment is Y ′

x2x2
3
= {x1, x3}, Y ′

x2
2x3

=
{x2, x3} and Y ′

x1x2
2
= {x1, x2, x3}. Not only that

∑
v∈V |X \ Y ′

v | = 2 < 3 =∑
v∈V |X \ Yv|, we have even the proper inclusion {xv | v ∈ V and x ∈

X \Y ′
v} ⊂ {xv | v ∈ V and x ∈ X \Yv} of the sets of elements which have to be

reduced to zero during an involutive basis check. Hence, the running time in case
of success is not only heuristically but provably faster for the second family of
multipliers. Finally, we observe that the family

(
Y ′
x2x2

3
, Y ′
x2
2x3

, Y ′
x1x2

2

)
yields the

decomposition M = x2x
2
3K[x1, x3] ⊕ x22x3K[x2, x3] ⊕ x1x

2
2K[x1, x2, x3] showing

that V is an involutive basis of M . In contrast the original Janet assignment fails
the check since x1x2x

2
3 ∈ M \ (x2x23K[x3] ⊕ x22x3K[x2, x3] ⊕ x1x

2
2K[x1, x2, x3]

)
,

i.e. V is not a Janet basis of M .

A mild variation of the above static approach which includes also dynamic
features without essentially increasing the costs is to look for an admissible
multiplier assignment (Yv)v∈V such that the sum

∑
v∈V |X \ (Yv ∪ Zv) |, where

Zv ⊆ X denotes the set of all variables x for which xv had been reduced already
during the previous completion process, becomes minimal. If a fixed linear order
❁ of the set of all terms is used during the completion algorithm then this
number is the better approximation for the remaining costs of the completion
process since no repeated reductions are necessary under these conditions (see
(Apel , 1998)). The basic idea behind the strategy suggested in (Apel , 1998,
Remark 6.2) is to choose the multipliers according to this heuristics.

Now let us consider another notion of “good” involutive bases, namely, such
which provide the maximal value d introduced in Question 4. The search for invo-
lutive bases which are “good” in such a sense is strongly related to the solution of
combinatorial problems and the computation of invariants of the module. There
is the following open conjecture due to Stanley (1982): an arbitrary monomial
module M can be decomposed in the form (8) such that |Yv| ≥ depthM for all
v ∈ V . In (Apel , 2001 a) this conjecture could be proved for some huge classes
of modules in the case rank F = 1 by proving the existence of “good” involutive
bases, i.e. such which for a suitable multiplier definition satisfy d ≥ depthM .
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This property is even more restrictive than conjectured by Stanley since the ad-
ditional Condition 2 of Definition 1 holds. So it is not surprising that the class
of involutive bases defined in Definition 1 is not rich enough to prove Stanley’s
conjecture in general. The following simple counter examples illustrates that no
definition of involutive bases allowing a Janet type algorithm need to provide
the maximal possible d.

Example 3 (Part 2). In Part 1 we observed that V = {xz, xw, yz, yw} is an
involutive basis and one easily verifies that the largest element of V with respect
to any linear order ❁ will have at most two multipliers. However, M can be
decomposed also in the form M = xzK[x, z, w] ⊕ xwK[x, y, w] ⊕ yzK[x, y, z] ⊕
ywK[y, z, w]⊕xyzwK[x, y, z, w] with vertices from the larger generating set V ′ =
{xz, xw, yz, yw, xyzw} of M . While the corresponding multiplier sets satisfy
Equation (8) they do not allow a Janet like algorithm. Note, that V ′ and the
above family of multipliers satisfy the last two but violate the first two conditions
of Theorem 1. One easily observes that Condition 2 of Definition 1 is not satisfied
for any linear order ❁ of V ′.

The above example shows that even in the case that the minimal generators of a
monomial module M can be used as the vertices of a direct sum decomposition
(8) of M such a decomposition need not be the “best” possible with respect to
Question 4. Consequently, “good” in the sense of the first three questions can be
quite distinct from “good” in the sense of the last question. The difficulties one
meets in the study of Stanley’s conjecture make clear that a relaxation of the
assignment rules for the multipliers will not only disable Janet’s algorithm but
will have also impact on the costs of the alternative method which consists in first
computing a Gröbner basis and doing the direct sum decomposition of the initial
module subsequently. In fact, this shows that the sometimes underestimated
task of computing an involutive basis of a given monomial module is not easy if
additional conditions are posed on the decomposition. Note, there is an obvious
but infeasible algorithm for solving this problem which is based on the simple
observation that the number of decompositions of type (8) in maximal direct
summands is finite. During the search for suitable initial determinations of a
system of PDEs the demands on the decomposition of the set PA of parametric
derivatives in disjoint cones are often similar to those of Stanley. Therefore, the
investigation of Stanley’s conjecture for modules R/I (see (Apel , 2001 b)) can
contribute to this part of the Riquier/Janet theory which seems to be much less
investigated in the past.

7 Concluding Remarks

The observation of Zharkov and Blinkov (1993) that there is something interest-
ing at the junction of passive complete orthonomic systems of PDEs and Gröbner
bases of polynomial ideals was the starting point of the investigation of involutive
bases. Zharkov and Blinkov’s motivation was to find a fast alternative algorithm
for the computation of Gröbner bases in polynomial rings and a series of re-
markable results and computer experiments in this direction have been reported
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in the past (c.f. Gerdt et al. (2001), Hemmecke (2001)). Each comparison de-
pends strongly on the used implementations since Buchberger’s algorithm for the
computation of Gröbner bases and Janet’s algorithm for the computation of invo-
lutive bases are of the same complexity order. Though, Gerdt/Blinkov/Yanovich
compared to todays state of the art implementations of Buchberger’s algorithm
there still remains a little danger that at some day the original justification of
(polynomial) involutive bases might disappear, for instance, when an essentially
improvement in the strategies of Buchberger’s algorithm will be found. This is
the reason why one should also have in mind theoretical justifications result-
ing from the additional structure of involutive bases. This additional structure
consists in a direct sum decomposition of the initial module and allows, for in-
stance, to give a closed formula for the Hilbert function (see (Apel , 1998)) or
to compute Stanley decompositions (see (Apel , 2001 a,b)).

The quite different approaches due to Gerdt and Blinkov (1998) and Apel (1998),
respectively, show that there is no canonical generalization of Riquier’s ideas to
rings and modules. An objective of this article is to convince the reader that
there is certainly no “best” algebraic generalization and that there is still a wide
open field in finding “good” ones depending on the application one has in mind.
The application might be one of the previously investigated as well as some
completely new which probably will be discovered in the future.
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Abstract. In order to apply Lie’s symmetry theory for solving a differ-
ential equation it must be possible to identify the group of symmetries
leaving the equation invariant. The answer is obtained in two steps. At
first a classification of the possible symmetries of equations of the re-
spective order is determined. Secondly a decision procedure is provided
which allows to identify the symmetry type within this classification. For
second-order equations the answer has been obtained by Lie himself. In
this article the complete answer for quasilinear equations of order three
is given. An important tool is the Janet base representation for the de-
termining system of the symmetries.

1 Introduction

In general there are no solution algorithms available for solving nonlinear ordi-
nary differential equations (ode’s) in closed form. Usually several heuristics are
applied in order to find a solution without any guarantee however to find one,
or even to assure its existence. Stimulated by Galois’ ideas for solving algebraic
equations, Sophus Lie got interested in these problems around the middle of
the 19th century. His most significant recognition was that the transformation
properties of an ode under certain groups of continuous transformations play a
fundamental role for answering this question, very much like the permutations
of the solutions of an algebraic equation furnish the key to understanding its
solution behavior.
With the insight gained by analysing simple examples of solvable equations,

Lie developed a solution scheme for ode’s that may be traced back to the fol-
lowing question: Are there any transformations leaving the form of the given
equation invariant? If the answer is affirmative these transformations are called
its symmetries. In general, equations that may be transformed into each other
are called equivalent, they form an equivalence class and share the same symme-
try type. The union of all equivalence classes sharing the same symmetry type is
called a symmetry class. If the solution of a canonical representative within an
equivalence class may be obtained, and moreover it is possible to determine the
transformation of the given equation to this canonical form, the original problem
is solved.
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Lie himself has worked out his theory in full detail for ode’s of order two
[Lie 1891]. However in many fields of application there occur ode’s of order three
or higher. Therefore it appears to be highly desirable to provide the full answer
obtained by his theory at least for equations of order three. To this end a com-
plete classification of the possible symmetries for these equations required. It
is provided in this article. Furthermore it is shown how the various symmetry
types may be obtained from the Janet base for its determining system.
Two fundamental discoveries that were made within about twenty years after

Lie’s death turned out to be of fundamental importance for applying his theories.
The first is Loewy’s theory of linear ode’s [Loewy 1906], and its generalization
to certain systems of linear pde’s. The second is Janet’s theory of linear pde’s
[Janet 1920] and in particular the canonical form he introduced for any such
system which is known as a Janet base today. This concept is closely related to
Buchbergers Gröbner base in polynomial ideal theory, and turned out to be fun-
damental in the realm of differential equations. The importance of these results
for Lie’s theory originates from the fact that the symmetries of any differential
equation are obtained from its so-called determining system, a system of linear
homogeneous pde’s. Representing it as a Janet base allows to identify the type
of its symmetry from its coefficients.
In this article ode’s are polynomial in the derivatives, linear in the highest

derivative, with coefficients that are rational functions of the dependent and the
independent variables, it is called the base field. The overall scheme for solving
ode’s based on its possible symmetries decomposes in three major steps.

→ Determine the symmetry class of the given equation.
→ Transform the equation to a canonical form corresponding to its symmetry

type.
→ Solve the canonical form and obtain the solution of the given equation from

it.

It is the purpose of this article to provide a complete answer for the first step
for equations of order two or three. The remaining two steps and many more
details may be found in a forthcoming publication [Schwarz 2002].
The subsequent Section 2 deals with linear partial differential equations

(pde’s), and the concept of a Janet base is introduced for them. In Section 3,
those results from the theory of continuous groups of the plane are presented
that are relevant for the rest of this article. In Section 4 various geometric and
algebraic properties of groups are expressed in terms of a Janet base for its defin-
ing equations. Section 5 contains the main result. Several theorems are proved
allowing to identify the symmetry type to which a given quasilinear equation of
order two or three belongs.

2 Linear Partial Differential Equations

The theory of systems of linear homogeneous pde’s is of interest for its own
right, independent of its applications for finding symmetries and invariants of
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differential equations. Any such system may be written in infinitely many ways
by adding linear combinations of its members or derivatives thereof without
changing its solution set. In general it is a difficult question whether there ex-
ist nontrivial solutions at all, or what the degree of arbitrariness of the general
solution is. It may be a finite set of constants, in this case there is a finite dimen-
sional solution space as it is true for the systems considered in this article. More
general, one or more functions depending on a differing number of arguments
may be involved.
These questions were the starting point for Maurice Janet. He introduced

a unique representation for such systems of pde’s similar to a Gröbner base
representation of a system of algebraic equations, it is called a Janet base. There
are two fundamental achievements of a Janet base representation for a system
of linear homogeneous pde’s. The most important quantity characterizing such
systems, the degree of arbitrariness of its general solution, is obvious from its
leading terms. Therefore the pattern of leading terms is called the type of a
Janet base. Secondly due to the uniqueness of the coefficients of a Janet base,
additional invariants may be obtained from them providing further information
on the solutions of the corresponding system of pde’s.
The systems of pde’s considered in this article are linear and homogeneous in

a finite set of differential indeterminates u1, . . . , um over the ring of differential
operators Q(x1, . . . , xn)[∂x1 , . . . , ∂xn

]. The uα are also called dependent variables
or functions, the xi are called independent variables. A ranking of derivatives is
a total ordering such that for any two derivatives u and v and any derivation
δ there holds u ≤ v ⇒ δu ≤ δv. A term ti,j in a system of linear homogeneous
pde’s is a function uk or a derivative of it, multiplied by an element of the
base field Q(x1, . . . , xn). The ranking of derivatives defined above generates a
linear order for the terms. A lex order arranges derivatives according to some
lexicographical order of the variables involved. In a grlex order, at first the order
of the derivatives are compared. A linear homogeneous system of pde’s with
terms ti,j is always arranged in the form

t1,1 > t1,2 > . . . > t1,k1

∧
t2,1 > t2,2 > . . . > t2,k2

∧
...
∧

tN,1 > tN,2 > . . . > tN,kN

such that the ordering relations are valid as indicated. Each line of this scheme
corresponds to an equation of the system of pde’s, its terms are arranged in
decreasing order from left to right. In order to save space, sometimes several
equations are arranged into a single line. In these cases, in any line the leading
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terms increase from left to right. The terms in the rectangular boxes are the
leading terms containing the leading derivative, i. e. the leading term is that
term preceding any other term in the respective equation, its coefficient is usually
assumed to be one. For any given system of pde’s there is a finite number of term
orderings. In any term ordering there is a lowest term, it is always one of the
indeterminates itself.
The main steps for generating a Janet base for any system of pde’s will be

outlined now. The first fundamental operation is the reduction. Given any pair of
equations e1 and e2 of the system, it may occur that the leading derivative of the
latter equation e2, or of a suitable derivative of it, equals some derivative in the
former equation e1. This coincidence may be applied to remove the respective
term from e1 by an operation which is called a reduction step. To this end,
multiply the proper derivative of e2 by the coefficient of the term in e1 that is to
be removed, and subtract it from e1 multiplied by the leading coefficient of e2.
In general reductions may occur several times. However, due to the properties
of the term orderings described above and the genuine lowering of terms in any
reduction step it is assured that reductions always terminate after a finite number
of iterations. After its completion there are no further reductions possible. In this
case e1 is called completely reduced with respect to e2.
For any given system it will in general be possible to perform various reduc-

tions w.r.t. one or more equations of the system. It is required that all possible
reductions be performed. A system with the property that there is no reduction
possible of any equation of the system w.r.t. to any other equation is called an
autoreduced system.
Autoreduced systems bear two major shortcomings which disqualify them

from being considered as canonical form of a given system of pde’s. In the
first place, the result of autoreduction is non-unique in general. Furthermore,
by proper differentiation of two equations of a system and subsequent reduc-
tion it may be possible to obtain two different equations with the same leading
derivatives. Either of them may be considered as a representation of this leading
derivative with a different answer. This apparent inconsistency holds already the
clue how to avoid them. To this end, choose two equations with like leading func-
tion and solve both equations with respect to its leading derivative. By suitable
cross differentiation it is always possible to obtain two new equations such that
the derivatives at the left hand sides are identical to each other. Intuitively it
is expected that the same should hold true for the right hand sides if all reduc-
tions w.r.t. to the remaining equations of the system are performed. If this is
not true their difference is called an integrability condition. It has to be added to
the system as a new equation. It can be shown that this proceeding terminates
after a finite number of steps. An autoreduced system satisfying all integrability
conditions is called a Janet base or a coherent system.
The following algorithm due to Janet [Janet 1920] accepts any linear ho-

mogeneous system of pde’s and transforms it into a new system such that all
integrability conditions are satisfied.
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Algorithm. JanetBase(S). Given a linear homogeneous system of pde’s
S = {e1, e2, . . .}, the Janet base corresponding to S is returned. As usual let
vi be the leading term of equation ei.

S1 : Autoreduction. Set S := Autoreduce(S).
S2 : Completion. Set S := CompleteSystem(S).
S3 : Find Integrability Conditions. Find all pairs of leading terms vi

and vj such that differentiation w.r.t. a non-multiplier xik and
multipliers xj1 , . . . xjl respectively leads to

∂vi
∂xik

=
∂p1+...+plvj
∂xp1j1 . . . ∂xpl

jl

and determine the integrability conditions

ci,j = LeadingCoefficient(ej) · ∂ei
∂xik

−LeadingCoefficient(ei) · ∂
p1+...+plej

∂xp1j1 . . . ∂xpl

jl
S4 : Reduce Integrability Conditions. For all ci,j set

ci,j := Reduce(ci,j , S)
S5 : Termination? If all ci,j are zero return S otherwise set

S := S ∪ {ci,j |ci,j �= 0}, reorder S properly and go to S1.
From now on any system of linear homogeneous pde’s will be assumed to

be a Janet base that has been generated by the algorithm described above.
Furthermore it is assumed that the dimension of its solution space is finite, it
is called the order of the system. Both the number dependent and independent
variables are assumed to be not greater than two. The reason is that these
constraints are a priori known to be true for the applications later in this article.
It turns out that systems with these properties allow a complete classification.

For the corresponding Janet base types a unique notation J (m,n)
r,k is introduced.

Here m and n denote the number of dependent and independent variables re-
spectively, r denotes the order, and k is a consecutive enumeration within this
set. The symbol J (m,n) without the lower indices denotes collectively all Janet
base types corresponding to the given values of m and n.
In Section 5 Janet bases of type J (2,2) represent the determining systems

of the symmetries. Those types occuring in this analysis are introduced in the
remaining part of this section. The two dependent variables are denoted by ξ
and η, the independent ones by x and y. In grlex term ordering with η > ξ and
y > x, the derivatives of order not higher than two are arranged as follows.

. . . ηyy > ηyx > ηxx > ξyy > ξyx > ξxx > ηy > ηx > ξy > ξx > η > ξ.

For a r-dimensional solution space, r derivatives must be selected from this
arrangement such that none of it may be obtained by differentiation from any
of the remaining ones. For r = 1, 2 or 3 the possible selections are as follows.
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r = 1 : {η}, {ξ},
r = 2 : {ηx, η}, {ηy, η}, {η, ξ}, {ξy, ξ}, {ξx, ξ},
r = 3 : {ηxx, ηx, η}, {ηy, ηx, η}, {ηyy, ηy, η}, {ηx, η, ξ},

{ηy, η, ξ}, {ξx, η, ξ}, {ξy, η, ξ}, {ξyy, ξy, ξ}, {ξy, ξx, ξ}, {ξxx, ξx, ξ}.
The corresponding classification of Janet bases is given next. There are two Janet
base types of order 1.

J (2,2)
1,1 : ξ = 0, ηx + aη = 0, ηy + bη = 0. (1)

J (2,2)
1,2 : η + aξ = 0, ξx + bξ = 0, ξy + cξ = 0. (2)

There are five Janet base types of order 2.

J (2,2)
2,1 : ξ = 0, ηy + a1ηx + a2η = 0, ηxx + b1ηx + b2η = 0. (3)

J (2,2)
2,2 : ξ = 0, ηx + a1η = 0, ηyy + b1ηy + b2η = 0. (4)

J (2,2)
2,3 :

ξx + a1η + a2ξ = 0, ξy + b1η + b2ξ = 0,
ηx + c1η + c2ξ = 0, ηy + d1η + d2ξ = 0.

(5)

J (2,2)
2,4 : η + a2ξ = 0, ξy + b1ξx + b2ξ = 0, ξxx + c1ξx + c2ξ = 0. (6)

J (2,2)
2,5 : η + a1ξ = 0, ξx + b1ξ = 0, ξyy + c1ξy + c2ξ = 0. (7)

There are ten Janet base types of order 3.

J (2,2)
3,1 : ξ = 0, ηy + a1ηx + a2η = 0, ηxxx + b1ηxx + b2ηx + b3η = 0. (8)

J (2,2)
3,2 :

ξ = 0, ηxx + a1ηy + a2ηx + a3η = 0, ηxy + b1ηy + b2ηx + b3η = 0,
ηyy + c1ηy + c2ηx + c3η = 0.

(9)
J (2,2)
3,3 : ξ = 0, ηx + a1η = 0, ηyyy + b1ηyy + b2ηy + b3η = 0. (10)

J (2,2)
3,4 :

ξx + a1η + a2ξ = 0, ξy + b1η + b2ξ = 0,
ηy + c1ηx + c2η + c3ξ = 0, ηxx + d1ξx + d2η + d3ξ = 0.

(11)

J (2,2)
3,5 :

ξx + a1η + a2ξ = 0, ξy + b1η + b2ξ = 0,
ηx + c1η + c2ξ = 0, ηyy + d1ηy + d2η + d3ξ = 0.

(12)

J (2,2)
3,6 :

ξy + a1ξx + a2η + a3ξ = 0, ηx + b1ξx + b2η + b3ξ = 0,
ηy + c1ξx + c2η + c3ξ, ξxx + d1ξx + d2η + d3ξ = 0.

(13)

J (2,2)
3,7 :

ξx + a1η + a2ξ = 0, ηx + b1ξy + b2η + b3ξ = 0,
ηy + c1ξy + c2η + c3ξ = 0, ξyy + d1ξy + d2η + d3ξ = 0.

(14)

J (2,2)
3,8 : η + a1ξ = 0, ξx + b1ξ = 0, ξyyy + c1ξyy + c2ξy + c3ξ = 0. (15)
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J (2,2)
3,9 :

η + a1ξ = 0, ξxx + b1ξy + b2ξx + b3ξ = 0,
ξxy + c1ξy + c2ξx + c3ξ = 0, ξyy + d1ξy + d2ξx + d3ξ = 0.

(16)

J (2,2)
3,10 : η + a1ξ = 0, ξy + b1ξx + b2ξ = 0, ξxxx + c1ξxx + c2ξx + c3ξ = 0. (17)

There are twenty Janet base types of order 4, only the following five types
are required for the symmetry analysis in Section 5.

ξ = 0, ηxy + a1ηxx + a2ηy + a3ηx + a4η = 0,

J (2,2)
4,2 : ηyy + b1ηxx + b2ηy + b3ηx + b4η = 0,

ηxxx + c1ηxx + c2ηy + c3ηx + c4η = 0.

(18)

J (2,2)
4,9 :

ξy + a2ξx + a2ξx + a3η + a4ξ = 0, ηy + b1ηx + b2ξx + b3η + b4ξ = 0,
ξxx + c1ηx + c2ξx + c3η + c4ξ = 0, ηxx + d1ηx + d2ξx + d3η + d4ξ = 0.

(19)

J (2,2)
4,10 :

ξy + a1ηy + a2ξx + a3η + a4ξ = 0, ηx + b1ηy + b2ξx + b3η + b4ξ = 0,
ξxx + c1ηy + c2ξx + c3η + c4ξ = 0, ηyy + d1ηy + d2ξx + d3η + d4ξ = 0.

(20)

J (2,2)
4,12 :

ξx + a1ηy + a2ξy + a3η + a4ξ = 0, ηx + b1ηy + b2ξy + b3η + b4ξ = 0,
ξyy + c1ηy + c2ξy + c3η + c4ξ = 0, ηyy + d1ηy + d2ξy + d3η + d4ξ = 0.

(21)

J (2,2)
4,14 :

ηx + a1ξy + a2ξx + a3η + a4ξ = 0, ηy + b1ξy + b2ξx + b3η + b4ξ = 0,
ξxx + c1ξy + c2ξx + c3η + c4ξ = 0, ξxy + d1ξy + d2ξx + d3η + d4ξ = 0,

ξyy + e1ξy + e2ξx + e3η + e4ξ = 0.
(22)

η + a4ξ = 0, ξxy + b1ξxx + b2ξy + b3ξx + b4ξ = 0,

J (2,2)
4,17 : ξyy + c1ξxx + c2ξy + c3ξx + c4ξ = 0,

ξxxx + d1ξxx + d2ξy + d3ξx + d4ξ = 0.

(23)

η = 0, ξxx + a2ξy + a3ξx + a4ξ = 0,

J (2,2)
4,19 : ξxy + b2ξy + b3ξx + b4ξ = 0,

ξyyy + c1ξyy + c2ξy + c3ξx + c4ξ = 0.

(24)

Finally there are three Janet base types of order five required.

ξx + a1ξ = 0, ξy = 0,

J (2,2)
5,1 : ηxy + c1ηx + c2η + c3ξ = 0, ηyy + d1ηy + d2η + d3ξ = 0,

ηxxx + e1ηxx + e2ηy + e3ηx + e4η + e5ξ = 0.

(25)

ηx = 0, ηy + b1η = 0,

J (2,2)
5,2 : ξxx + c1ξx + c2η + c3ξ = 0, ξxy + d1ξy + d2η + d3ξ = 0,

ξyyy + e1ξyy + e2ξy + e3ξx + e4η + e5ξ = 0.

(26)
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ηx + a1ξx + a2η + a3ξ = 0, ηy + b1ξy + b2η + b3ξ = 0,

J (2,2)
5,3 : ξxy + c1ξxx + c2ξy + c3ξx + c4η + c5ξ = 0,

ξyy + d1ξxx + d2ξy + d3ξx + d4η + d5ξ = 0,
ξxxx + e1ξxx + e2ξy + e3ξx + e4η + e5ξ = 0.

(27)

The coefficients a1, a2, . . . occuring in these Janet bases have to obey certain
differential constraints in order to assure coherence. They are rather complicated
and are given explicitly in [Schwarz 2002].

3 Lie Groups and Lie Algebras

The discussion of groups in this article is limited to the finite groups of the plane.
By definition their elements may be specified by a finite number of parameters.
Let a set of transformations in the x − y−plane depending on a continuous
parameter a be given by

x̄ = f(x, y, a), ȳ = g(x, y, a). (28)

Assume that the dependence on this parameter is such that a subsequent trans-
formation

¯̄x = f(x̄, ȳ, b), ¯̄y = g(x̄, ȳ, b) (29)

may be replaced by a single one of the same set (28)

¯̄x = f(x, y, c), ¯̄y = g(x, y, c) (30)

such that the parameter c may be expressed through a and b alone, i.e. there is
a relation c = φ(a, b) with φ independent of x and y. The functions f and g are
supposed to be invertible such that the action (28) may be reversed, i. e. it is

required that the functional determinant D(f, g)
D(x, y) �= 0. Furthermore a parameter

value corresponding to no action at all is supposed to exist. If not stated other-
wise, it is always assumed that this latter value is a = 0, i. e. f(x, y, 0) = x and
g(x, y, 0) = y.

The definition of a one-parameter group may be generalized in a fairly
straightforward manner to groups depending on any number r > 1 of parame-
ters. The transformation (28) is replaced by the more general one

x̄ = f(x, y, a1, a2, . . . , ar), ȳ = g(x, y, a1, a2, . . . , ar). (31)

If
¯̄x = f(x̄, ȳ, b1, b2, . . . , br), ¯̄y = g(x̄, ȳ, b1, b2, . . . , br)

is a second transformation it is required that it may be represented in the form

¯̄x = f(x, y, c1, c2, . . . , cr), ¯̄y = g(x, y, c1, c2, . . . , cr)

such that the parameters ck may be expressed as ck = φk(a1, . . . , ar, b1, . . . , br).
The identity is supposed to correspond to a1 = a2 = . . . = ar = 0, and the
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existence of the inverse requires the functional determinant of f and g with
respect to x and y to be non-vanishing.

A first major result of Lie was to characterize those functions in (31) that
define a group of transformations. The answer is essentially obtained in terms
of a system of differential equations of a special form that must be satisfied by
f and g, it is described next.

Theorem 1. (Lie’s First Fundamental Theorem). If the equations

x̄ = f(x, y, a1, a2, . . . , ar), ȳ = g(x, y, a1, a2, . . . , ar)

define a r-parameter group, x̄ and ȳ, considered as functions of x, y and the
parameters, satisfy a system of pde’s of the form

∂x̄

∂ak
=

r∑
j=1

ψjk(a1, . . . , ar)ξj(x̄, ȳ),
∂ȳ

∂ak
=

r∑
j=1

ψjk(a1, . . . , ar)ηj(x̄, ȳ) (32)

for k = 1, . . . , r. The determinant of the ψjk does not vanish identically. On the
other hand, if two function f and g satisfy a system of differential equations of
this form and there are parameter values a01, . . . , a

0
r such that

f(x, y, a01, . . . , a
0
r) = x, g(x, y, a01, . . . , a

0
r) = y

and the determinant of the ψjk is finite and different from zero for these param-
eter values, then they define a transformation group. The non-vanishing of the
determinant of the ψjk allows solving the system (32) for the ξ′s and the η′s,
i. e. there holds also

ξj =
r∑

k=1

αjk
∂x̄

∂ak
, ηj =

r∑
k=1

αjk
∂ȳ

∂ak
. (33)

The proof of this theorem may be found in [Lie 1888], vol. I, Kapitel 2, page
27-34 and vol. III, Kapitel 25, page 545-564.
The functions ξ and η occuring at the right hand side of (32) have another

important meaning, they occur as coefficients of the infinitesimal generators of
the group (28) which are defined next. Let x̄ = f(x, y, a), ȳ = g(x, y, a) define a
one-parameter group in the x−y−plane, f(x, y, 0) = x, g(x, y, 0) = y. Expanding
f and g at the value a = 0 and retaining only the terms linear in a yields

x̄ = f(x, y, 0) + a
∂f(x, y, a)

∂a
|a=0 + o(a2) ≡ x+ aξ(x, y) + o(a2),

ȳ = g(x, y, 0) + a
∂g(x, y, a)

∂a
|a=0 + o(a2) ≡ y + aη(x, y) + o(a2).

(34)

The infinitesimal generator U is defined by

U = ξ(x, y)∂x + η(x, y)∂y. (35)
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For an r−parameter group, to each parameter ai, with aj = 0 for j �= i, there
corresponds an infinitesimal generator Ui with coefficients ξi and ηi

Ui = ξi(x, y)∂x + ηi(x, y)∂y, i = 1, . . . , r. (36)

An important operation for infinitesimal generators is to form its commuta-
tor. Let U1 and U2 be given by (36). Then the definition of its commutator

[U1, U2]f = U1U2f − U2U1f ≡ U3f

implies for the coefficients of U3

ξ3 = ξ1ξ2,x − ξ1,xξ2 + η1ξ2,y − ξ1,yη2,

η3 = ξ1η2,x − η1,xξ2 + η1η2,y − η1,yη2.
(37)

The importance of the infinitesimal generators of a group arises from the fact
that a group is uniquely determined by them. This relation is established in the
following Theorem due to Lie [Lie 1888].

Theorem 2. (Lie’s Second Fundamental Theorem). Any r-parameter group

x̄ = f(x, y, a1, a2, . . . , ar), ȳ = g(x, y, a1, a2, . . . , ar)

of transformations contains r infinitesimal generators

Ui = ξi∂x + ηi∂y for i = i, . . . , r

which satisfy r(r − 1) relations of the form

[Ui, Uj ] =
r∑

k=1

ckijUk (38)

with constant coefficients ckij. Conversely, r independent generators U1, . . . , Ur
satisfying relations (38) generate a r-parameter group of finite transformations.

Starting with the vector fields forming the infinitesimal generators of a group,
a third representation in terms of the defining equations as Lie [Lie 1888], vol. I,
page 185 called them may be obtained. By definition, these equations are such
that its general solution generates the same vector space as the coefficients of the
given generators. This representation is particularly important if the groups to
be considered occur as symmetry groups of differential equations because they
are usually defined in terms of systems of pde’s. Let the infinitesimal generators
of a group be

Ui = ξi(x, y)∂x + ηi(x, y)∂y, i = 1, . . . , r

and ξ = c1ξ1+ . . . crξr, η = c1η1+ . . . crηr its general element. A system of linear
homogeneous pde’s which has ξi and ηi as a base for its solution space is called
the system of defining equtions.
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The existence of the defining equations has been shown by Lie and a con-
structive method for finding them has been given. A Janet base for these defining
equations is called a Janet base for the group. In general it is a much harder
problem to obtain the vector field coefficients from a given set of defining equa-
tions, because this comes down to determining the general solution of these
latter equations. The relation between these representations of a group and how
to turn from one to another is illustrated by the following diagram. The opera-
tions corresponding to the downward arrows at the left can always be performed
algorithmically. Contrary to that, there is no generally valid algorithm for the
operations at the right corresponding to the upward arrows.

Group Equations

❄

✻

Differentiation Solving 1st Order Ode

Vector Fields

❄

✻
Solving Linear

Algebraic Equations Solving Linear Pde’s

Defining Equations

By abstraction from its geometric origin, the algebraic objects obeying com-
mutation relations like (38) are studied as a subject of interest of its own right,
they have been called Lie algebras by Hermann Weyl. First of all they have to
be defined precisley.

Definition 1. (Lie algebra). A Lie algebra L is a vector space over a field F
equipped with a binary operation called the commutator satisfying the following
constraints for any U, V,W ∈ L and α, β ∈ F .

i) [U, V ] = −[V,U ] (anti-commutativity)

ii) [αU + βV,W ] = α[U,W ] + α[V,W ] (bilinearity)

iii) [U, [V,W ]] + [V, [W,U ]] + [W, [U, V ]] = 0 (Jacobi identity)

In this article always finite dimensional Lie algebras are considered, and it
is always assumed that the field F has characteristic zero, usually it will be the
rational number field Q or some algebraic extension Q̄ of it. The structure con-
stants contain the complete information on the group from which they originate
as the following result shows.

Theorem 3. (Lie’s Third Fundamental Theorem). The r3 constants ckij, i, j,
k = 1, . . . , r, determine an r-parameter continuous group if and only if they obey
the relations cjik + cjki = 0 and

r∑
h=1

(chikc
l
jh + chkjc

l
ih + chjic

l
kh) = 0.
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The proof of this theorem may be found in [Lie 1888], vol. III, page 597 ff.
Fundamental problems are to classify all types of composition leading to

non-isomorphic Lie algebras, and to determine simpler substructures within a
given Lie algebra, i. e. to determine its invariant subalgebras. The characteristic
polynomial

∆(ω) ≡ |∑Eic
k
ij − δjkω| =

ωr − ψ1(E)ωr−1 + ψ2(E)ωr−2 + . . .+ (−1)r−1ψr−1(E)ω
(39)

or correspondingly the characteristic equation ∆(ω) = 0 where E1, . . . , Er are r
indeterminates turns out to be an important tool for dealing with these prob-
lems. It has been introduced by Killing [Killing 1887] in order to answer the
question in which two-parameter groups a given one-parameter group is con-
tained as an invariant subgroup. The number of independent coefficients of the
characteristic polynomial is called the rank of the Lie algebra. If new basis ele-
ments are introduced in a Lie algebra by Ūi =

∑
αi,jUj , the coefficients ψk in

(39) are changed according to

ψ̄k(Ē1, . . . , Ēr) = ψk(
∑

αi,1Ei, . . . ,
∑

αi,rEi),

i. e. the structure of the characteristic polynomial remains essentially unchanged.
This feature is an important tool for identifying the isormorphy class of a Lie
algebra.
Changing coordinates is one of the most important operations for groups

and its infinitesimal generators. To this end it must be known in the first place
how the new representation is obtained if a coordinate transformation is applied.
Closely related to that is the problem how to decide whether two given groups
or vector fields are related by a suitable variable transformation. Two groups
are called similar if there is a point-transformation that transforms them into
each other. This definition establishes an equivalence relation between groups.
An equivalence class comprises all groups or its vector fields of infinitesimal
generators that may be transformed into each other by a suitable variable change,
it is called a group type. As soon as equivalence between any pair of groups may
be decided, the objects of primary interest are the equivalence classes.
Usually groups of transformations are given in terms of their infinitesimal

generators. Therefore the behavior of vector fields under a change of variables
must be known in the first place. Let U = ξ(x, y)∂x + η(x, y)∂y be a vector
field in the x− y-plane. Furthermore let new coordinates u and v be defined by
u = σ(x, y) and v = ρ(x, y) with the inverse x = φ(u, v) and y = ψ(u, v). Then
the coefficients of the transformed vector field V = α(u, v)∂u + β(u, v)∂v are

α(u, v) = Uσ|x=φ,y=ψ, β(u, v) = Uρ|x=φ,y=ψ
Of particular importance is the question how the commutator of two vec-

torfields is transformed under a change of variables. The answer has been given
by Lie [Lie 1888], part I, page 84. If three vector fields U1, U2 and U3 in the
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x− y−plane are transformed into V1, V2 and V3 in the u− v−plane repectively,
its commutator [U1, U2] = U3 is transformed into [V1, V2] = V3.

Let x̄ = f(x, y, a) and ȳ = g(x, y, a) be the finite equations of a one-parameter
group in the plane with infinitesimal generator U = ξ(x, y)∂x+ η(x, y)∂y. Under
the action of this group an arbitrarily chosen point describes a curve the points
of which are parametrized by a. Any two points on an individual curve may
be transformed into each other by a suitable group element, they are equivalent
w.r.t. this group. If they are located on different curves such a transformation
does not exist. Consequently these curves form equivalence classes of points
equivalent w.r.t. to transformations of the group. The curve that is generated
by the action of a one-parameter group on an arbitrary point of the plane is
called its path curve or its orbit. The orbits of a one-parameter group generate
an invariant decomposition of the plane.
Given an r-parameter group of the plane, the following question may be

raised: Is it possible to transform a given point of the x−y−plane into any other
point that is arbitrarily chosen by a suitable group element? The answer leads to
the following definition. An r-parameter group is called simply transitive or just
transitive if amongst its operations at least one may be found that transforms
a pair of arbitrarily chosen points of the plane into each other. If such a pair of
points does not exist it is called intransitive.
Even if a group is transitive there may exist a more general kind of decom-

position. This remarkable property is the basis for the new concept defined next.
A transitive group of the plane is called imprimitive if there is a one-parameter
family of curves that are transformed among themselves by the elements of the
group. The corresponding curves are called a system of imprimitivity or s.o.i. for
short. If such a system does not exist, the group is called primitive. The curves
which are interchanged by the operations of an imprimitive group correspond to
the blocks of elements which are permuted under the action of finite permutation
groups.
The number of systems of imprimitivity is an important distinguishing fea-

ture of any transformation group. For a continuous group of the plane the com-
plete answer has been obtained by Lie [Lie 1893], page 342, as follows. Either it
is primitive, or it has exactly one or two systems of imprimitivity, or there is a
system of imprimitivity depending on a parameter or a function of one variable.
For later applications a particularly well suited criterion in terms of the Janet

base of a group may be described as follows [Schwarz 1995]. Let the infinitesimal
generators of a symmetry group of the x−y−plane be of the form U = ξ∂x+η∂y
where the coefficients solve the corresponding determining system. In order for
a system of imprimitivity described by y′ = ω(x, y), different from x = const. or
y = const to exist, an equation

ηyω + ηx − ηωy − ξyω
2 − ξxω − ξωx = 0 (40)

with a suitable ω ≡ ω(x, y) must be valid as a consequence of the determin-
ing system of this symmetry group. If x = const or y = const is a system of
imprimitivity, (40) reduces to ξy = 0 or ηx = 0 respectively.
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The subsequent classification of Lie-algebras of dimension not higher than
three is complete without any duplication, i. e. any such Lie algebra is isomorphic
to one and only one entry. In some cases there occur parameters. They have to be
constraint suitably in order to guarantee this feature. In addition the following
general rule is applied: Whenever an essential algebraic property like e. g. the
dimension of the derived algebra changes for a special value of a parameter, the
algebra corresponding to these parameter values is listed as a separate entry. For
dimension higher than three only those algebras are included that occur in the
symmetry analysis of second- and third-order ode’s.
One-Dimensional Algebras

l1: commutative, Characteristic equation: ω = 0.
Two-Dimensional Algebras

l2,1: [U1, U2] = U1, dim l′2,1 = 1, dim l′′2,1 = 0.
Characteristic equation: ω2 − E2ω = ω(ω − E2) = 0.
l2,2: commutative. Characteristic equation: ω2 = 0.

Three-Dimensional Algebras
l3,1: [U1, U2] = U1, [U1, U3] = 2U2, [U2, U3] = U3, dim l′3,1 = dim l′′3,1 = 3.
Characteristic equation: ω3 + (4E3E1 − E2

2)ω = ω(ω2 + 4E3E1 − E2
2) = 0.

l3,2(c): [U1, U3] = U1, [U2, U3] = cU2, c �= 0, dim l′3,2 = 2, dim l′′3,2 = 0.
Characteristic equation: ω3− (c+1)E3ω

2+ cE2
3ω = ω(ω−E3)(ω− cE3) = 0.

l3,3: [U1, U3] = U1, [U2, U3] = U1 + U2, dim l′3,3 = 2, dim l′′3,3 = 0.
Characteristic equation: ω3 − 2E3ω

2 + E2
3ω = ω(ω − E3)2 = 0.

l3,4: [U1, U3] = U1, dim l′3,4 = 1, dim l′′3,4 = 0.
Characteristic equation: ω3 − E3ω

2 = ω2(ω − E3) = 0.
l3,5: [U2, U3] = U1, dim l′3,5 = 1, dim l′′3,5 = 0.
Characteristic equation: ω3 = 0.
l3,6: commutative. Characteristic equation: ω3 = 0.

Some Algebras with More than Three Dimensions
l4,1: [U1, U2] = U1, [U1, U3] = 2U2, [U2, U3] = U3, dim l′4,1 = dim l′′4,1 = 3.
Characteristic equation: ω4 + (4E3E1 −E2

2)ω
2 = (ω2 + 4E3E1 −E2

2)ω
2 = 0.

l4,4: [U1, U4] = 2U1, [U2, U3] = U1, [U2, U4] = U2, [U3, U4] = U2 + U3,
dim l′4,4 = 3, dim l′′4,4 = 1, dim l′′′4,4 = 0 Characteristic equation:
ω4 − 4E4ω

3 + 5E2
4ω

2 − 2E3
4ω = −ω(ω − 2E4)(ω − E4)2 = 0.

l4,5(c): [U1, U4] = cU1, [U2, U3] = U1, [U2, U4] = U2, [U3, U4] = (c− 1)U3,
c �= 1, dim l′4,5 = 3, dim l′′4,5 = 1, dim l′′4,4 = 0. Characteristic equation:

ω4 − 2cE4ω
3 + (c2 + c− 1)E2

4ω
2 − c(c− 1)E3

4ω.
= ω(ω −E4)(ω − cE4)(ω − (c− 1)E4)) = 0.

l4,10: [U1, U2] = U2, [U3, U4] = U4, dim l′4,10 = 2, dim l′′4,10 = 0.
Characteristic equation:

ω4 + (E3 + e1)ω3 + E3E1ω
2 = ω2(ω + E1)(ω + E3) = 0.

l8: [U1, U3] = U1, [U1, U5] = U2, [U1, U7] = U4, [U1, U8] = U6 + 2U3,
[U2, U4] = U1, [U2, U6] = U2, [U2, U7] = 2U6 + U3, [U2, U8] = U5,
[U3, U4] = −U4, [U3, U5] = U5, [U3, U8] = U8, [U4, U5] = U6 − U3,
[U4, U8] = U7, [U5, U6] = U5, [U6, U7] = U7
Characteristic equation: ψ1 = −2e6, ψ2 = 3e2e7 + 6e1e8 + e26 + e6e3 − 2e23.
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The infinitesimal generators of those groups that occur later on as symmetry
groups of differential equations are listed next. In addition the Janet bases for
the determining systems are given in grlex term ordering with η > ξ and y > x.
The coefficients φk for k = 1, . . . , r occuring in the group types g15 and g16
are undetermined functions of x from some function field. The coefficients qk
occuring in the Janet base for these groups are defined by

qk = −W
(2)
k (φ1, φ2)

W (2)(φ1, φ2)

for k = 1, . . . , r. The algebraic properties of groups with r ≤ 4 may be obtained
from their Lie algebra type which is always given.
One-Parameter Group

g27: {∂y}. Type: l1. Janet base: {ξ, ηx, ηy}
Two-Parameter Groups

g4: {∂y, y∂y}. Type: l2,1. Janet base: {ξ, ηx, ηyy}.
g15(r = 2): {φ1∂y, φ2∂y}. Type: l2,2.
Janet base: {ξ, ηy, ηxx + q1ηx + q2η}.
g25: {∂x, x∂x + y∂y}. Type: l2,1. Janet base: {ξx − 1y η, ξy, ηx, ηy − 1y η}.
g26: {∂x, ∂y}. Type: l2,2. Janet base: {ξx, ξy, ηx, ηy}.

Three-Parameter Groups
g5: {∂x, ∂y, y∂y}. Type: l3,4. Janet base: {ξx, ξy, ηx, ηyy}.
g7: {∂x, ∂y, x∂x + cy∂y} with c �= 0, 1. Type: l3,2.
Janet base: {ξy, ηx, ηy − cξx, ξxx}.
g8: {∂y, y∂y, y2∂y}. Type: l3,1. Janet base: {ξ, ηx, ηyyy}.
g10: {∂x + ∂y, x∂x + y∂y, x

2∂x + y2∂y}. Type: l3,1. Janet base:
{ξy, ηx, ηy + ξx + 2

x− y (η − ξ), ξxx − 2
x− y ξx − 2

(x− y)2
(η − ξ)}.

g13: {∂x, 2x∂x + y∂y, x
2∂x + xy∂y}. Type: l3,1.

Janet base: {ξx − 2y η, ξy, ηy − 1y η, ηxx}.
g15(r = 3): {φ1∂y, φ2∂y, φ3∂y}. Type: l3,6.
Janet base: {ξ, ηy, ηxxx + q1ηxx + q2ηx + q3η}.
g16(r = 2): {φ1∂y, φ2∂y, y∂y}. Type: l3,2 with c = 1.
Janet base: {ξ, ηxx + q1ηx + q2η, ηxy, ηyy}.
g17(l = 1, ρ1 = 1, α1 = 0): {∂x, ∂y, x∂y}. Type: l3,5.
Janet base: {ξx, ξy, ηy, ηxx}.
g17(l = 1, ρ1 = 1, α1 = 1): {∂x, ex∂y, xex∂y}. Type: l3,3.
Janet base: {ξx, ξy, ηy, ηxx − 2ηx + η}.
g17(l = 2, ρ1 = ρ2 = 0, α1 = 0, α2 = 1): {∂x, ∂y, ex∂y}. Type: l3,4.
Janet base: {ξx, ξy, ηy, ηxx − ηx}.
g17(l = 2, ρ1 = ρ2 = 0, α1 = 1, α2 = c): {∂x, ex∂y, ecx∂y}, c �= 0, 1.
Type: l3,2. Janet base: {ξx, ξy, ηy, ηxx − (c+ 1)ηx + cη}.
g20(r = 1): {∂x, ∂y, x∂x + (x+ y)∂y}. Type: l3,3.
Janet base: {ξy, ηx − ξx, ηy − ξx, ξxx}.
g24: {∂x, ∂y, x∂x + y∂y}. Type: l3,2 with c = 1.
Janet base: {ξy, ηx, ηy − ξx, ξxx}.
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Selected Groups with More than Three Parameters
g6: {∂x, ∂y, x∂x, y∂y}. Type l4,10. Janet base: {ξy, ηx, ξxx, ηyy}.
g14: {∂x, x∂x, x2∂x + xy∂y, y∂y}. Type l4,1.
Janet base: {ξy, ηy − 1y η, ξxx − 2y ηx, ηxx}.
g19 with r = 2: {∂y, x∂y, ∂x, x∂x + cy∂y}. Type: l4,5(c).
Janet base: {ξy, ηy − cξx, ξxx, ηxx}.
g20 with r = 2: {∂x, ∂y, x∂y, x∂x + (x2 + 2y)∂y}. Type: l4,4.
Janet base: {ξy, ηy − 2ξx, ξxx, ηxx − 2ξx}.
g18(l = 2, ρ1 = 1, ρ2 = 0, α1 = 0, α2 = 1): {∂y, x∂y, ex∂y, y∂y, ∂x}.
Janet base: {ξx, ξy, ηxy, ηyy, ηxxx − ηxx}.
g18(l = 3, ρ1 = ρ2 = ρ3 = 0, α1 = 0, α2 = 1, α3 = c), c �= 0, 1:
{∂y, x∂y, ecx∂y, y∂y, ∂x}.
Janet base: {ξx, ξy, ηxy, ηyy, ηxxx − (c+ 1)ηxx + cηx}.
g23(r = 3) = {∂y, x∂y, x2∂y, y∂y, ∂x, x∂x, x2∂x + 2xy∂y}.
Janet base: {ξy, ηxy − ξxx, ηyy, ξxxx, ηxxx}.
g3: {∂x, ∂y, x∂y, y∂y, x∂x, y∂x, x2∂x + xy∂y, xy∂x + y2∂y}.
Janet base: {ξyy, ηxx, ηxy, ηyy, ξxxx, ηxxy}.

4 Lie Systems

In Section 2 general systems of linear homogeneous pde’s have been discussed
without any assumptions on their origin or special properties of their solutions.
The uniqueness of the Janet base representation makes it possible to express
additional knowledge in terms of its coefficients. For applications in this arti-
cle, the determining systems describing the symmetries of ordinary differential
equations, this additional knowledge is of threefold origin.

→ Lie’s relations are always true because they express the general properties
of commutators of vector fields as given in (37).

→ Geometric relations express geometric properties of particular group types,
e. g. the number of systems of imprimitivity.

→ Algebraic relations express algebraic properties of particular Lie algebra
types, e. g. in terms of the structure of its characteristic polynomial.

The coefficient constraints following from Lie’s relations (37) are satisfied
for any determining system. Due to its importance a special term is introduced
for them. A system of linear homogeneous pde’s with the property that (ξ3, η3)
defined by (37) is a solution if this is true for (ξ1, η1) and (ξ2, η2) is called a Lie
system.
In order to distinguish groups by their geometric or algebraic properties,

the properties must be expressed in terms of the Janet base coefficients of its
defining system. For those Janet bases occuring in the symmetry analysis of
second- and third order ode’s this is provided by the theorems of this section.
At first geometric constraints are considered.
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Lemma 1. The Lie systems of types J (2,2)
1,1 and J (2,2)

1,2 define one-parameter
groups allowing a system of imprimitivity depending on an undetermined func-
tion.

Proof. The systems of imprimitivity for the two Janet bases (1) and (2) are
determined by

ωy + bω + a = 0 or ωx + aωy + cω2 + (ay − b− c)ω + ax − ab = 0.

The general solution of either of these pde’s for ω(x, y) contains an undeter-
mined function of a single argument. Consequently they determine systems of
imprimitivity depending on an undetermined function. •

Lemma 2. The Lie systems of types J (2,2)
2,1 , . . . ,J (2,2)

2,5 define vector fields for
two-parameter groups with the following systems of imprimitivity.

Type J (2,2)
2,1 . Lie system (3) does not allow a one-parameter systems of imprim-

itivity. It allows two system of imprimitivity iff a1 �= 0, and a single one iff
a1 = 0.

Type J (2,2)
2,2 . Lie system (4) allows always two systems of imprimitivity.

Type J (2,2)
2,3 . Lie system (5) defines always a one-parameter system of imprim-

itivity.
Type J (2,2)

2,4 . Lie system (6) allows always two systems of imprimitivity.

Type J (2,2)
2,5 . Lie System (7) does not allow a one-parameter system of imprim-

itivity. It allows two system of imprimitivity iff a1 �= 0 and a single one iff
a1 = 0.

Proof. Type J (2,2)
2,1 . There is always the system of imprimitivity corresponding

to ξy = 0. Any other system of imprimitivity is determined by the equations
a1ω − 1 = 0, ωy + a2ω = 0. If a1 �= 0 there is one solution, if a1 = 0 the first
equation becomes inconsistent, consequently a solution does not exist.
Type J (2,2)

2,2 . There is always the systems of imprimitivity corresponding to
ξy = 0, and a second one that follows from the equations ω = 0, ωy + a1 = 0
with the constraint a1 = 0 which is obtained as a consequence of (37).
Type J (2,2)

2,3 . Any system of imprimitivity is determined by the coherent
equations

ωx − b2ω
2 − (a2 − d2)ω + c2 = 0, ωy − b1ω

2 − (a1 − d1)ω + c1 = 0.

They determine always a system of imprimitivity depending on a parameter.
Type J (2,2)

2,4 . Any system of imprimitivity is determined by the equations

b1ω
2 + (a2b1 − 1)ω = 0, a2ωy − ωx + b2ω

2 − (a2,y − a2b2)ω − a2,x = 0.

If b1 �= 0, the first equation determines two systems of imprimitivity because
a1b1 + 1 �= 0. If b1 = 0, the condition (37) requires b2 = 0, i. e. there is one
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system of imprimitivity corresponding to ξy = 0, and a second one follows from
ω = 0.
Type J (2,2)

2,5 . Any system of imprimitivity is determined by the equations

ω(ω + a1) = 0, a1ωy − ωx − (a1,y + b1)ω − a1,x + a1b1 = 0.

There is always the solution ω = 0. If a1 �= 0 there is a second system of
imprimitivity corresponding to ω = −a1. •
There are three Janet base types that occur in the symmetry analysis of

second- and third order ode’s in Section 5, their systems of imprimitivity are
considered next.

Lemma 3. The Lie systems of types J (2,2)
3,4 , J (2,2)

3,6 and J (2,2)
3,7 define vector fields

for three-parameter groups with the following systems of imprimitivity.

Type J (2,2)
3,4 . Lie system (11) defines a three-parameter group allowing two sys-

tems of imprimitivity iff c1 �= 0 and a single one iff c1 = 0. There cannot be
a system of imprimitivity depending on a parameter.

Type J (2,2)
3,6 . Lie system (13) defines a three-parameter group allowing a system

of imprimitivity depending on a parameter iff a1 = b1 = 0 and c1 = −1,
two systems of imprimitivity iff either ai = bi = 0 for i = 1, 2, 3 or D ≡
4a1b1 + (c1 + 1)2 �= 0, and a single one iff D = 0 and a1 �= 0 or b1 �= 0 or
c1 �= −1.

Type J (2,2)
3,7 . Lie system (14) defines a two-parameter group which does not allow

a system of imprimitivity depending on a parameter. It allows two systems
of imprimitivity iff D ≡ b1 − 14c21 �= 0 and a single one iff D = 0.

The proof of this lemma and the next one is similar to the proof of Lemma 2,
it is therefore omitted. There are two Lie systems of order four for which the
systems of imprimitivity have to be determined.

Lemma 4. The Lie systems of types J (2,2)
4,9 and J (2,2)

4,14 define vector fields for
four-parameter groups with the following systems of imprimitivity.

Type J (2,2)
4,9 . Lie system (19) defines a four-parameter group which does not al-

low a system of imprimitivity depending on a parameter. It allows two sys-
tems of imprimitivity iff a1 = 0, a2 = a3 = a4 = 0, b2 + 1 = 0 and b1 �= 0,
and a single one iff a2 = a3 = a4 = b1 = 0.

Type J (2,2)
4,14 . Lie system (22) defines a four-parameter group which does not al-

low a system of imprimitivity depending on a parameter. It allows two sys-
tems of imprimitivity iff a1 = 0, a2 = a3 = a4 = 0, b2 +1 = 0 and b1 �= 0 or
a2 = 0, b2 + 1 = 0, b21 − 4a1 �= 0 and a1 �= 0 or a3 �= 0 or a4 �= 0.

The third set of constraints for the coefficients of Janet bases occuring in the
symmetry analysis of ode’s originates from the algebraic properties of their Lie
algebras. They are based on the above mentioned property of the characterisitc
polynomial w.r.t. to basis transformations of the respective Lie algebra.
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Lemma 5. The Lie system (5) of type J (2,2)
2,3 defines a Lie algebra of vector

fields of a certain type as given in the classification on page 121 if its coefficients
satisfy the following constraints.

Lie algebra l2,1 iff the coefficient obey a1 = b2 and c1 = d2.
Lie algebra l2,2 iff the coefficient obey a1 �= b2 or c1 �= d2.

Proof. For the general Lie system of type J (2,2)
2,3 the characteristic polynomial

has the form ω2− [(c1−d2)E2− (a1− b2)E1]ω. The above coefficient constraints
generate the structure of the two two-dimensional Lie algebras l2,1 or l2,2 re-
spectively listed on page 121. •

Lemma 6. The Lie system (11) of type J (2,2)
3,4 defines a Lie algebra of vector

fields of a certain type as given in the classification on page 121 if its coefficients
satisfy the following constraints.

Lie algebra l3,1 iff the coefficient obey

c1 = 0, a3 − 2c3 + d1 = 0, a2 �= 0 or c3,x − c23 + c3d1 − d2 �= 0.

Lie algebra l3,2(c) iff

c3,x +
1
4
a3(a3 − 4c3 + 2d1) + 14d

2
1 − d2 �= 0

and c �= 1 is a solution of

c2 +
2c3,x + 2c23 − 2c3d1 − 4a3c3 + a21 + d21 − 2d2

c3,x − c23 + c3d1 − d2
c+ 1 = 0.

Lie algebra l3,3 iff the coefficients obey

a1 = 0, a2 = 0, c3,x+
1
4
a3(a3− 4c3+2d1+ 14d

2
1− d2 = 0, a3− 2c3+ d1 �= 0.

Lie algebra l3,4 iff the coefficients obey

a2 = 0, c3,x − c23 + c3d1 − c1d3 − d2 = 0, c1 �= 0 or a3 − 2c3 + d1 �= 0.

Lie algebra l3,5 iff the coefficients obey

c1 = 0, a2 = 0, a3 − 2c3 + d1 = 0, c3,x − c23 + c3d1 − c1d3 − d2 = 0.

Lie algebra l3,6 not possible.
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Proof. According to the definition (39) the characteristic polynomial for any
three-dimensional Lie algebra has the form ω2 + C2ω

2 + C1ω. In terms of a Lie
system of type J (2,2)

3,4 the coefficients may be expressed as follows.

C2 = c1E1 + (a3 − c3 + d1)c1E2 − (a3 − 2c3 + d1)E3,

C1 = a2c1E1E2 − a2(a2 − a3c1 + c1c3 − c1d1)E2
2 − 2a2E1E3

+[c3,x − c1d3 − c23 + c3d1 − d2)c1 − a2(a3 + d1)]E2E3

−(c3,x − c1d3 − c23 + c3d1 − d2)E2
3 .

Imposing the constraints on C1 and C2 that follow from the structure given in the
listing on page 121, the above conditions are obtained after some simlifications.
The condition for l3,6 follows from the fact that some structure constants are
numbers. •

Lemma 7. The Lie system (13) of type J (2,2)
3,6 defines a Lie algebra of vector

fields of a certain type as given in the classification on page 121 if its coefficients
satisfy the following constraints.

Lie algebra l3,1 iff the coefficients obey

c1 = 1, a3b1 − a1b3 + b2 − c3 + d1 = 0

and

a1b1 + 1 �= 0 or a1(b1 − c3) + a3 �= 0 or a3b1 − b2 + c3 �= 0
or a3,x − a3(a1b3 + c3 − d1)− a1d3 − d2 �= 0

or a3,xb1 + (a1b3 + c3 − d1)(c3 − b2)− b1d2 + d3 �= 0
or a3,x + 12(a1b2 − a1c3 − a3)(a1b3 + c3 − d1) �= 0.

Lie algebra l3,2(c) iff c �= 1 is a solution of

c2 +
2a1b1 + c21 + 1

a2b1 + c1
c+ 1 = 0.

Lie algebra l3,3 iff the coefficients obey either

c1 + 1 = 0, b1 = 0, a1b3 + b2 − c3 − d1 = 0,

a3,x + a1(b2 − c3)2 − a3b2 − a1d3 − d2 = 0

or

c1 + 1 = 0, b1 = 0,

a3,xb1 − 14a23b21 − 14(b2 − c1 − d1)2 − 12a3b1(b2 + c3 − d1)− b1d1 = 0
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or

4a1b1 + (c1 + 1)2 = 0,

(c1 + 3)(b2 − c3) + (c1 − 1)(d1 − a1b3) + (c1 − 5)a1b1 = 0,
a3(c1 + 1)2(c1 − 5) + 4a1(a1b3 − d1)(c1 − 1)− 4a1(c1 + 3)(b2 − c3) = 0,

a3,xb1 − 18(a3b3 − 2d3)(c1 + 1)2 − 14(b2 − d1)2 − 14(a21b23 + a23b
2
1)− b1d2

−12a3b1(b2 + c3 + d1)− 12a1b3(b2 − c3 − d1) + 14c3(2b2 − c3 − 2d1) = 0

and b1 �= 0.

Lie algebra l3,4 iff the coefficients obey either

a1 = 0, c1 = 0, a3b1 = b2 − c3, a3,x = a3(c3 − d1) + d2, c3 − b2 �= 1
2d1

or
a1b1 + 1 = 0, a3c1 + a1(b2 − c3) = 0, a3b1 = b2 − c3,

a3,x − a3(a1b3 + c3 − d1)− a1d3 − d2 = 0,

a1b3 − 2(b2 − c3) �= d1, a3 + a1(a1b3 + c3 − b2 − d1) �= 0.

Lie algebra l3,5 iff the coefficient obey

c1 = 1, a1b1 + 1 = 0, a1b3 − 2(b2 − c3)− d1 = 0, a3 + a1(b2 − c3) = 0,

(b2,x − c3,x)a1 + (b2 − c3)(a1d1 − a3c1) + a1d3 + d2 = 0.

Lie algebra l3,6 not possible.

The proof of this lemma and the next one is similar to the proof of Lemma 6
and is therefore skipped.

Lemma 8. The Lie system (14) of type J (2,2)
3,7 defines a Lie algebra of vector

fields of a certain type as given in the classification on page 121 if its coefficients
satisfy the following constraints.

Lie algebra l3,1 iff the coefficient obey

c1 = 0, a2 − 12(c2 + d1) = 0,

b1 �= 0 or c3 �= 0 or c2,y + d1,y − 12c22 + 12d21 − 2d3 �= 0.

Lie algebra l3,2(c) iff c �= 1 is a solution of

c2 +
2b1 − c21

b1
c+ 1 = 0.
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Lie algebra l3,3 iff the coefficients obey

b1 − 14c21 = 0, c3 − 12c1(a2 + 2c2 + 2d1) = 0,
c2,y + d1,y + c1d2 − 12c22 + 12d21 − 2d3 = 0.

Lie algebra l3,4 iff the coefficients obey

b1 = 0, c3 − a2c1 = 0,

c2,y + d1,y − 2a2(a2 + c2 + d1) + c1d2 − c2d1 − c22 − 2d3 = 0,
c1 �= 0 or a2 − 12(c2 + d1) �= 0.

Lie algebra l3,5 iff the coefficients obey

b1 = 0, c1 = 0, c3 = 0, a2− 12(c2+d1) = 0, c2,y+d1,y− 12c
2
2+

1
2
d21−2d3 = 0.

Lie algebra l3,6 not possible.

Finally two Lie systems of order four have to be considered.

Lemma 9. The Lie system (19) of type J (2,2)
4,9 defines a Lie algebra of vector

fields of a certain type as given in the classification on page 121 if its coefficients
satisfy the following constraints.

Lie algebra l4,1 iff the coefficient obey a2 = b1, b2 = 0 and b1 �= 0.
Lie algebra l4,4 iff the coefficients obey b2 = −2, b1 = a2 = 0 and a4 = 1

2c1.
Lie algebra l4,5(c) iff the coefficients obey b2 �= 0, b2 + 1 �= 0. The parameter is

determined by c = −b2.

Lemma 10. For a Lie system (22) of type J (2,2)
4,14 to define a Lie algebra of

vector fields of type l4,4 or l4,5(c), the following necessary constraints have to be
satisfied.

Lie algebra l4,4 : b2 = −12 .

Lie algebra l4,5(c) : b2 = −1c , c �= 0 and c �= −2.

Lemmata 1 to 10 provide the interface between the geometric and algebraic
properties of the Lie groups of the plane on the one hand, and the symmetries
of ode’s expressed in terms of the Janet base of its determining system.
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5 Symmetries of Differential Equations

The behavior of ode’s under various kinds of transformations will be investigated
first. Let an ode of order n in the independent variable x and the dependent
variable y ≡ y(x) be given as

ω(x, y, y′, . . . , y(n)) = 0. (41)

If not stated explicitly otherwise it will be assumed that ω is a polynomial in
the derivatives with coefficients in some base field which is usually the field of
rational functions in x and y, i. e. ω ∈ Q(x, y)[y′, . . . , y(n)]. Any other field that
occurs later on during the solution procedure is an extension of this base field.
A point-transformation between two planes with coordinates (x, y) and (u, v)

and dependencies y ≡ y(x) and v ≡ v(u) respectively is considered in the form

u = σ(x, y), v = ρ(x, y). (42)

A point-transformation is a diffeomorphism in the first place. Depending on the
particular situation, the function field in which σ and ρ are contained has to be
specified.
Let a curve in the x − y-plane described by y = f(x) be transformed under

(42) into v = g(u). There arises the question how the derivative y′ = df/dx
corresponds to v′ = dg/du under this transformation. A simple calculation leads
to the first prolongation

v′ =
dv

du
=

ρx + ρyy
′

σx + σyy
′ ≡ χ1(x, y, y′). (43)

Similarly the transformation law for derivatives of second order is obtained as

v′′ =
dv′

du
=

χ1,x + χ1,yy
′ + χ1,y′y′′

σx + σyy
′ ≡ χ2(x, y, y′, y′′).

Explicitly in terms of σ and ρ it is

v′′ = 1
(σx + σyy

′)3
{(σxρy − σyρx)y′′ + (σyρyy − σyyρy)y′3

+[σxρyy − σyyρx + 2(σyρxy − σxyρy)]y′2

+[σyρxx − σxxρy + 2(σxρxy − σxyρx)]y′ + σxρxx − σxxρx}.

(44)

In general there holds

v(n) =
dv(n−1)

du
≡ χn(x, y, y′, . . . , y(n))

and

v(n+1) =
dv(n)

du
=

χn,x + χn,yy
′ + . . .+ χn,y(n−1)y(n)

σx + σyy
′ .
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The form of a differential equation is extremely sensitive to a variable change.
The following definition introduces a particular term for the exceptional cases
where this is not true. Equation (41) is said to be invariant under the transfor-
mation x = φ(u, v), y = ψ(u, v) with v ≡ v(u) if it retains its form under this
transformation, i. e. if the functional dependence of the transformed equation
ω(u, v, v′, . . . , v(n)) = 0 on its arguments is the same as in the original equation
(41). Such a transformation is called a symmetry of the differential equation.
The totality of symmetry transformations of an ode form a continuous group, it
is called the symmetry group of that equation. The type of this group is called
its symmetry type. Lie [Lie 1891] has shown that equivalent equations have the
same symmetry type. The reverse is not true, in general to any symmetry type
there corresponds the union of one or more equivalence classes.
In order to utilize the symmetries of an ode for the solution procedure, the

geometrical considerations above must be expressed in analytical terms. Of par-
ticular importance is the fact that this may be achieved in terms of the infinites-
imal generators of a symmetry, the expressions for its finite transformations are
not required. To this end the prolongation of a vector field in x and y(x) is in-
troduced next. Let an infinitesimal generator U = ξ(x, y)∂x+ η(x, y)∂y be given
and y ≡ y(x) depend on x. Its n− th prolongation is

U (n) = U + ζ(1)
∂

∂y′ + ζ(2)
∂

∂y′′ + . . .+ ζ(n)
∂

∂y(n)
. (45)

The functions ζ(k) are recursively defined by

ζ(1) = D(η)− y′D(ξ), ζ(k) = D(ζ(k−1))− y(k)D(ξ) (46)

for k ≥ 2, D = ∂x + y′∂y + y′′∂y′ . . . is the operator of total differentiation with
respect to x. The three lowest ζ ′s are explicitly

ζ(1) = ηx + (ηy − ξx)y′ − ξyy
′2,

ζ(2) = ηxx + (2ηxy − ξxx)y′ + (ηyy − 2ξxy)y′2 − ξyyy
′3

+(ηy − 2ξx)y′′ − 3ξyy′y′′

ζ(3) = ηxxx + (3ηxxy − ξxxx)y′ + 3(ηxyy − ξxxy)y
′2 + (ηyyy − 3ξxyy)y′3

−ξyyyy′4 + 3(ηxy − ξxx)y′′ + 3(ηyy − 3ξxy)y′y′′ − 6ξyyy′2y′′

+(ηy − 3ξx)y′′′ − 4ξyy′y′′′ − 3ξyy′′2.

(47)

The classification problem of second-order equations has been solved by Lie
himself [Lie 1883]. The next theorem and the corresponding results for third
order equations are completely contained in part I of [Lie 1883]. They are just a
different view of Lie’s listing of differential invariants of the groups of the plane.

Theorem 4. (Lie 1883). Any symmetry generator of a second order quasilinear
ode is similar to one in canonical variables u and v as given in the following list-
ing. In addition the corresponding Janet base is given where α(u, v) and β(u, v)
are the coefficients of ∂u and ∂v respectively.



132 Fritz Schwarz

One-Parameter Group
S21 : g27 = {∂v}. Janet base {α, βu, βv}.

Two-Parameter Groups
S22,1: g26 = {∂u, ∂v}. Janet base {αu, αv, βu, βv}.
S22,2: g25 = {∂v, u∂u + v∂v}. Janet base {αv, βu, βv − 1

vβ, αuu}.
Three-Parameter Groups
S23,1: g10 = {∂u + ∂v, u∂u + v∂v, u

2∂u + v2∂v}. Janet base
{αv, βu, βv + αu + 2

u−v (β − α), αuu − 2
u−vαu − 2

(u−v)2 (β − α)}.
S23,2: g13 = {∂u, 2u∂u + v∂v, u

2∂u + uv∂v}. Janet base
{αu − 2

vβ, αv, βv − 1
vβ, βuu}.S23,3(c): g7(c) = {∂u, ∂v, u∂u + cv∂v}, c �= 1.

Janet base αv, βu, βv − cαu, αuu}.
S23,4: g20(r = 1) = {∂u, ∂v, u∂u + (u+ v)∂v}.
Janet base {αv, βu − αu, βv − αu, αuu}.

Eight-Parameter Group
S28 : g3 = {∂u, ∂v, u∂v, v∂v, u∂u, v∂u, u2∂u + uv∂v, uv∂u + v2∂v}.
Janet base {αvv, βuu, βuv, βvv, αuuu, βuuv}.

This listing shows in particular that there does not exist any second order ode
allowing a group of point symmetries with 4, 5, 6 or 7 parameters.

In Section 3 and the above Theorem 4 the groups have been characterized by
its Janet bases in canonical variables. In applications, the symmetry generators
of differential equation and accordingly its Janet base occur in actual, i. e. non-
canonical variables. Therefore the relation between these two descriptions must
be found. This is based on the following observation. Take the Janet base for
any group in canonical variables u and v, and transform it into actual variables
by means of (42). In general this change of variables will destroy the Janet base
property. In order to reestablish it, the algorithm JanetBase has to be applied.
During this process it may occur that a leading coefficient of an equation that is
applied for reduction vanishes due to a special choice of the transformation (42).
This has the consequence that alternatives occur which may lead to different
types of Janet bases. In order to obtain the complete answer, each of these
alternatives has to be investigated separately. Finally all Janet bases have to
be combined such that a minimal number of generic cases is retained, and all
those that are discarded may be obtained from them by specialization. It turns
out that up to a few exceptional cases all alternatives are due to vanishing first
order partial derivatives of the transformation functions σ and ρ. Based on these
observations the following result has been obtained [Schwarz 1996].

Theorem 5. (Schwarz 1996) The following criteria provide a decision procedure
for the symmetry type of a second order ode if its Janet base in a grlex term
ordering with η > ξ, y > x is given.
One-Parameter Group

S21 : Group g27, Janet base type J (2,2)
1,1 or J (2,2)

1,2 .



Symmetries of Second- and Third-Order Ordinary Differential Equations 133

Two-Parameter Groups

S22,1 : Group g26, Lie algebra l2,2, Janet base type J (2,2)
2,3 .

S22,2 : Group g27, Lie algebra l2,1, Janet base type J (2,2)
2,3 .

Three-Parameter Groups

S23,1 : Group g10, two s.o.i., Lie algebra l3,1, Janet base type J (2,2)
3,6 or J (2,2)

3,7 .

S23,2 : Group g13, one s.o.i., Lie algebra l3,1, Janet base type J (2,2)
3,4 , J (2,2)

3,6 or

J (2,2)
3,7 .

S23,3(c) : Group g7(c), two s.o.i., Lie algebra l3,2(c), Janet base type J (2,2)
3,6 or

J (2,2)
3,7 .

S23,4 : Group g20(r = 1), one s.o.i., Lie algebra l3,3, Janet base type J (2,2)
3,6 or

J (2,2)
3,7 .

Eight-Parameter Group

S28 : Group g3, Janet base type {ξyy, ηxx, ηxy, ηyy, ξxxx, ξxxy}.

Proof. One-parameter group. A one-parameter symmetry is uniquely deter-
mined by the Janet base type.

Two-parameter groups. The two groups are identified by their Lie algebra via
Lemma 5.

Three-parameter groups. At first the groups are distinguished by the number
of imprimitivity systems they allow by Lemma 3. The two pairs corresponding
to one or two systems of imprimitivity are separated w.r.t. to their Lie algebras
by Lemma 6, 7 and 8.

The projective group. The eight-parameter symmetry is uniquly identified by
its Janet base type. •
These results may be extended to higher order equations, although the larger

number of symmetry types leads to a much larger number of alternatives that
have to be considered. There is another feature that distinguishes equations of
order three or higher from second-order equations. Whereas for the latter linear
equations form a single equivalence class with canonical form v′′ = 0, this is
not true any more if the order is higher than two. Therefore it appears to be
appropriate to distinguish equations that are equivalent to a linear one from
those that are not. These latter equations are simply called nonlinear third-
order equations, they are the subject of the next two theorems, whereas the
linearizable equations are considered thereafter. The equivalent of Theorem 4
for nonlinear third order equations is given first.

Theorem 6. Any symmetry generator of a third order quasilinear ode is sim-
ilar to one in canonical variables u and v as given in the following listing. In
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addition the corresponding Janet base is given where α(u, v) and β(u, v) are the
coefficients of ∂u and ∂v respectively.
One-Parameter Group
S31 : g27 = {∂v}. Janet base {α, βu, βv}.

Two-Parameter Groups
S32,1: g26 = {∂u, ∂v}. Janet base {αu, αv, βu, βv}.
S32,2: g25 = {u∂u + v∂v, ∂v}. Janet base {αv, βu, βv − 1

vβ, αuu}.S32,3: g4 = {v∂v, ∂v}. Janet base {α, βu, βvv}.
S32,4: g15(r = 2) = {∂v, u∂v}. Janet base {α, βv, βuu}.

Three-Parameter Groups
S33,1: g10 = {∂u + ∂v, u∂u + v∂v, u

2∂u + v2∂v}. Janet base
{αv, βu, βv + αu + 2

u−v (β − α), αuu − 2
u−vαu − 2

(u−v)2 (β − α)}.
S33,2: g13 = {∂u, 2u∂u + v∂v, u

2∂u + uv∂v}. Janet base
{αu − 2

vβ, αv, βv − 1
vβ, βuu}.S33,3(c): g7 = {∂u, ∂v, u∂u + cv∂v}, c �= 0, 1.

Janet base αv, βu, βv − cαu, αuu}.
S33,4: g20(r = 1) = {∂u, ∂v, u∂u + (u+ v)∂v}. Janet base
{αv, βu − αu, βv − αu, αuu}.
S33,5: g5 = {∂u, ∂v, v∂v}. Janet base {αu, αv, βu, βvv}.
S33,6: g17(l = 1, ρ1 = 1, α1 = 0) = {∂u, ∂v, u∂v}. Janet base {αu, αv, βv, βuu}.
S33,7: g17(l = 1, ρ1 = 1, α1 = 1) = {eu∂v, ueu∂v, ∂u}.
Janet base {αu, αv, βv, βuu − 2βu + β}.
S33,8: g17(l = 2, ρ1 = ρ2 = 0, α1 = 0, α2 = 1) = {eu∂v, ∂v, ∂u}.
Janet base {αu, αv, βv, βuu − βu}.
S33,9(c):
g17(l = 2, ρ1 = ρ2 = 0, α1 = 1, α2 = c) = {eu∂v, ecu∂v, ∂u}, c �= 0, 1.
Janet base {αu, αv, βv, βuu − (a+ 1)βu + aβ}.
S33,10: g24 = {∂u, ∂v, u∂u + v∂v}. Janet base {αv, βu, βv − αu, αuu}.

Four-Parameter Groups
S34,1: g6 = {∂u, ∂v, v∂v, u∂u}. Janet base {αv, βu, αuu, βvv}.
S34,2: g14 = {∂u, u∂u, v∂v, u2∂u + uv∂v}.
Janet base {αv, βv − 1vβ, αuu − 2vβu, βuu}.S34,3(c): g19(r = 2) = {∂u, ∂v, u∂v, u∂u + cv∂v}, c �= 2.
Janet base {αv, βv − cαu, αuu, βuu}.
S34,4: g20(r = 2) = {∂u, ∂v, u∂v, u∂u + (u2 + 2v)∂v}.
Janet base {αv, βv − 2αu, αuu, βuu − 2αu}.

Groups with Six Parameters
S36 : g12 = {∂u, ∂v, u∂u, v∂v, u2∂u, v2∂v}. Janet base {αv, βu, αuuu, βvvv}.
As it has been mentioned before, this theorem is an immediate consequence of

Lie’s classification of differential invariants [Lie 1883]. The next theorem allows
to determine the symmetry type of an actually given equation from its Janet
base, it is the equivalent of Theorem 5.
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Theorem 7. The following criteria provide a decision procedure for the sym-
metry type of a third order ode if its Janet base in a grlex term ordering with
η > ξ, y > x is given.
One-Parameter Group

S31 : Janet base of type J (2,2)
1,1 or J (2,2)

1,2 .

Two-Parameter Groups

S32,1 : Group g26, one-parameter s.o.i., Lie algebra l2,2, Janet base type J (2,2)
2,3 .

S32,2 : Group g27, one-parameter s.o.i., Lie algebra l2,1, Janet base type J (2,2)
2,3 .

S32,3 : Group g4, two s.o.i., Lie algebra l2,1, Janet base type J (2,2)
2,1 , J (2,2)

2,2 or

J (2,2)
2,4 .

S32,4 : Group g15(r = 2), one s.o.i., Lie algebra l2,1, Janet base type J (2,2)
2,1 or

J (2,2)
2,5 .

Three-Parameter Groups

S33,1 : Group g10, two s.o.i., Lie algebra l3,1, Janet base type J (2,2)
3,6 or J (2,2)

3,7 .

S33,2 : Group g13, one s.o.i., Lie algebra l3,1, Janet base type J (2,2)
3,4 , J (2,2)

3,6 or

J (2,2)
3,7 .

S33,3(c) : Group g7(c), two s.o.i., Lie algebra l3,2(c), Janet base type J (2,2)
3,6 or

J (2,2)
3,7 .

S33,4 : Group g20(r = 1), one s.o.i., Lie algebra l3,3, Janet base type J (2,2)
3,6 with

c1 �= or J (2,2)
3,7 with c1 �= 0.

S33,5 : Group g5, two s.o.i., Lie algebra l3,4, Janet base type J (2,2)
3,4 , J (2,2)

3,5 , J (2,2)
3,6

or J (2,2)
3,7 .

S33,6 : Group g17(l = 1, ρ1 = 1, α1 = 0), one s.o.i., Lie algebra l3,5, Janet base

type J (2,2)
3,4 , J (2,2)

3,6 or J (2,2)
3,7 .

S33,7 : Group g17(l = 1, ρ1 = 1, α1 = 1), one s.o.i., Lie algebra l3,3, Janet base

type J (2,2)
3,4 , J (2,2)

3,6 with c1 = 1 or J (2,2)
3,7 with c1 = 0.

S33,8 : Group g17(l = 2, ρ1 = ρ2 = 0, α1 = 0, α2 = 1), one s.o.i., Lie algebra l3,4,

Janet base type J (2,2)
3,4 , J (2,2)

3,6 or J (2,2)
3,7 .

S33,9(c) : Group g17(l = 2, ρ1 = ρ2 = 0, α1 = 1, α2 = c), one s.o.i., Lie algebra

l3,2(c), Janet base type J (2,2)
3,4 , J (2,2)

3,6 or J (2,2)
3,7 .

S33,10 : Group g24, one-parameter s.o.i., Lie algebra l3,2(c = 1), Janet base type

J (2,2)
3,6 .
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Four-Parameter Groups

S34,1 : Group g6, two s.o.i., Lie algebra l4,10, Janet base type J (2,2)
4,9 , J (2,2)

4,10 or

J (2,2)
4,14 .

S34,2 : Group g14, one s.o.i., Lie algebra l4,1, Janet base type J (2,2)
4,9 or J (2,2)

4,12 .

S34,3(c) : Group g19(r = 2), one s.o.i., Lie algebra l4,5(c), Janet base type J (2,2)
4,9

or J (2,2)
4,14 .

S34,4 : Group g20(r = 2), one s.o.i., Lie algebra l4,4, Janet base type J (2,2)
4,9 or

J (2,2)
4,14 .

Six-Parameter Group

S36 : Janet base of type {ξy, ηx, ξxxx, ηyyy}, type {ξy, ηy, ξxxx, ηxxx}, type
{ηx, ηy, ξxy, ξxxx, ξyyy} or type {ηx, ηy, ξyy, ξxxx, ξxxy}.

Proof. One-parameter group. A one-parameter symmetry is uniquely deter-
mined by the Janet base type.

Two-parameter groups. The first two symmetry classes are singled out by
their one-parameter system of imprimitivity by Lemma 2. The further distiction
between the two groups is obtained through their Lie algebra by Theorem 5. For
Janet base type J (2,2)

2,1 the symmetry class is uniquely identified by Lemma 2

through their systems of imprimitivity. If the Janet base type is J (2,2)
2,2 , J (2,2)

2,4

or J (2,2)
2,5 the symmetry class is unique.

Three-parameter groups. If there is a type J (2,2)
3,5 Janet base, the symmetry

class S33,5 is uniquely identified. For Janetbase type J (2,2)
3,4 , by Lemma 3 again

symmetry class S33,5 is uniquely identified by its two systems of imprimitivity.
The remaining cases allow a single system of imprimitivity, the symmetry type is
identified from its Lie algebra by means of Lemma 6. For Janetbase type J (2,2)

3,6 ,
Lemma 3 gives the unique answer S33,10 if a one-parameter system of imprimi-
tivity is found, otherwise it combines the symmetry classes into those allowing
two systems of imprimitivity, i. e. S33,1, S33,3(c) and S33,5, and the remaining ones.
In the former case Lemma 7 leads to a unique identification by its Lie algebra.
In the latter the same is true except for the two symmetry classes S33,4 and S33,7,
both with a l3,3 Lie algebra. The are distinguished by their different connectiv-
ity properties which is identified by c1 �= 1 of c1 = 1 respectively. For Janet
base type J (2,2)

3,7 the discussion is identical, Lemmata 3 and 8 are applied now.
The distinction between symmetry classes S33,4 and S33,7 is obtained now by the
condition c1 �= 0 or c1 = 0 respectively.

Four-parameter groups. The symmetry classes S34,1 and S34,2 are uniquely iden-
tified from the Janet base types J (2,2)

4,10 and J (2,2)
4,12 . For Janet base type J (2,2)

4,9 ,
by Lemma 4 symmetry class S34,1 is uniquely identified by its two systems of im-
primitivity. The remaining three symmetry types are distinguished by their Lie
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algebra applying Lemma 9. For Janetbase type J (2,2)
4,14 , by Lemma 4 again sym-

metry class S34,1 is uniquely identified through its two systems of imprimitivity.
The distinction between the two remaining cases is obtained from Lemma 10.

Six-parameter group. The only symmetry class S36 comprising six parameters
is identified from any of the Janet bases of order six without constraints on its
coefficients. •
As already mentioned before, for order higher than two, linearizable equa-

tions comprise more than a single equivalence class. Moreover they combine
into several symmetry classes. As usual by now at first a complete survey of all
possible symmetry types is provided.

Theorem 8. Any symmetry generator of a third order quasilinear ode is sim-
ilar to one in canonical variables u and v as given in the following listing. In
addition the corresponding Janet base is given where α(u, v) and β(u, v) are the
coefficients of ∂u and ∂v respectively.
Four-Parameter Symmetry
S34,5: g16(r = 3) = {∂v, u∂v, φ(u)∂v, v∂v}.
Janet base {α, βuv, βvv, βuuu − φ′′′

φ′′ βuu}.
Five-Parameter Symmetry
S35,1: g18(l = 2, ρ1 = 1, ρ2 = 0, α1 = 0, α2 = 1) = {∂v, u∂v, eu∂v, v∂v, ∂u}.
Janet base: {αu, αv, βuv, βvv, βuuu − βuu}.
S35,2(a) ≡ g18(l = 3, ρ1 = ρ2 = ρ3 = 0, α1 = 0, α2 = 1, α3 = a) =
{∂v, eu∂v, eau∂v, v∂v, ∂u}, a �= 0, 1.
Janet base: {αu, αv, βuv, βvv, βuuu − (a+ 1)βuu + aβu}.

Seven-Parameter Symmetry
S37 : g23(r = 3) = {∂v, u∂v, u2∂v, v∂v, ∂u, u∂u, u2∂u + 2uv∂v}.
Janet base: {αv, βuv − αuu, βvv, αuuu, βuuu}.
Based on the above classification of symmetries, the subsequent theorem pro-

vides algorithmic means for obtaining the symmetry class of any given quasilinear
third-order ode.

Theorem 9. The following criteria provide a decision procedure for the sym-
metry class of a third order ode that is equivalent to a linear one if its Janet base
in a grlex term ordering with η > ξ, y > x is given.
Four-Parameter Symmetry

S34,5 : Janet base of type J (2,2)
4,2 , type J (2,2)

4,17 or type J (2,2)
4,19 .

Five-Parameter Symmetries

S35,1 and S35,2(a) : Three Janet base types may occur. In all three cases the pa-
rameter a determining the symmetry type is a solution of the equation

P 2(a2 − a+ 1)3 +Q2R(a− 1
2
)2(a+ 1)2(a− 2)2) = 0. (48)

If a �= 0 the symmetry class is S35,2(a) and S35,1 otherwise. Its coefficients P ,
Q and R for the various cases are given below.
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a) Janet base type J (2,2)
5,1 .

P = −92(a1,xa1 + 13a1,xe1 + c3,x − a31 − 23a21e1 − 2a1c3
−13a1e21 + a1e3 + c1e2 − 2

27e
3
1 +

1
3e1e3 − e4),

Q = a1,x − 2a21 − a1e1 − 3c3 − 13e
2
1 + e3, R = 3Q.

b) Janet base type J (2,2)
5,2 .

P = −92(b1,yb1 + 13b1,ye1 + d2,y − b31 − 23b21e1 − 2b1d2
−13b1e21 + b1e2 + c1e3 − 2

27e
3
1 +

1
3e1e2 − e5),

Q = b1,y − 2b21 − b1e1 − 3d2 − 13e
2
1 + e2, R = 3Q.

c) Janet base type J (2,2)
5,3 .

P = 9
2(a3,xa3c

3
1 − 13a3,xc21e1 + a3,xc1c3 + c5,x + a2a

2
3c

3
1 − 13a2a3c21e1

+a2a3c1c3 − a2c5 + 2a33c
4
1 − a23c

3
1e1 + 3a

2
3c

2
1c3 + a3c

3
1e2

+13a3c
2
1e

2
1 − a3c

2
1e3 + 2a3c1c5 + a3c4 − 13c21e1e2

+c1c3e2 − 2
27c1e

3
1 +

1
3c2e1e3 − c1e5 − e4),

Q = a3,xc
2
1 + a2a3c

2
1 + 3a

2
3c

3
1 − a3c

2
1e1 + 3a3c1c3 + c21e2

+13c1e
2
1 − c1e3 + 3c5, R = 3

c1Q.

Seven-Parameter Symmetry

S37 : Janet base of type {ξy, ηxy, ηyy, ξxxx, ηxxx}, type {ηx, ξxx, ηyy, ξxyy, ξyyy} or
type {ηy, ξyy, ηxx, ξxxx, ξxxy}.

Proof. A Janet base of type J (2,2)
4,2 , J (2,2)

4,17 or J (2,2)
4,19 uniquely identifies sym-

metry class S34,5 because these Janet base types do not occur for any other four-
parameter symmetry as it may be seen from Theorem 7. If the equations relating
the generic coefficients of a Janet base of type J (2,2)

5,1 , J (2,2)
5,2 or J (2,2)

5,3 and the
transformation functions σ(x, y) and ρ(x, y) are transformed into a Janet base,
one of the equations is (48) from which the value of a and thereby the symmetry
class S35,2(a) may be obtained if a �= 0 or S35,1 if a = 0. A Janet base allowing a
seven-parameter symmetry group identifies uniquely symmetry class S37 . •
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6 Concluding Remarks

The results described in this article are the basis for extending Lie’s symme-
try analysis of differential equations and the solution procedures based on it to
equations of third order. It should be emphasized that the application of the
theorems of Section 5 for determining the symmetry type are completely algo-
rithmic. They do not require to extend the base field determined by the given
differential equation. Only the next step, when the transformation to canonical
form is considered, in general a base field extension will be required. This is
discussed in detail in [Schwarz 2002].
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Loewy 1906. Loewy A.: Über vollständig reduzible lineare homogene Differentialgle-
ichungen. Mathematische Annalen 56, 89-117 (1906).

Olver 1986. Olver P.: Application of Lie Groups to Differential Equations. Springer,
Berlin (1986).

Schwarz 1995. Schwarz F.: Symmetries of 2nd and 3rd Order ODE’s. In: Proceedings
of the ISSAC’95, ACM Press, A. Levelt, Ed., page 16-25 (1995).

Schwarz 1996. Schwarz F.: Janet Bases of 2nd Order Ordinary Differential Equations.
In: Proceedings of the ISSAC’96, ACM Press, Lakshman, Ed., page 179-187 (1996)

Schwarz 2002. Schwarz F.: Algorithmic Lie Theory for Solving Ordinary Differential
Equations. To appear.



Symbolic Methods
for the Equivalence Problem for Systems
of Implicit Ordinary Differential Equations

Kurt Schlacher1, Andreas Kugi2, and Kurt Zehetleitner3

1 Department of Automatic Control and Control Systems Technology, Johannes
Kepler University of Linz, Austria; Christian Doppler Laboratory for Automatic

Control of Mechatronic Systems in Steel Industries, Linz, Austria.
kurt.schlacher@jku.at

2 Chair of System Theory and Automatic Control, University of Saarland, Germany.
andreas.kugi@lsr.uni-saarland.de

3 Department of Automatic Control and Control Systems Technology, Johannes
Kepler University of Linz, Austria.

kurt.zehetleitner@jku.at

Abstract. This contribution deals with the equivalence problem for sys-
tems of implicit ordinary differential equations. Equivalence means that
every solution of the original set of equations is a solution of a given
normal form and vice versa. Since we describe this system as a subman-
ifold in a suitable jet-space, we present some basics from differential and
algebraic geometry and give a short introduction to jet-theory and its
application to systems of differential equations. The main results of this
contribution are two solutions for the equivalence problem, where time
derivatives of the input are admitted or not. Apart from the theoretical
results we give a sketch for computer algebra based algorithms necessary
to solve these problems efficiently.

1 Introduction

This contribution deals with the equivalence problem for dynamic systems de-
scribed by a set of ne nonlinear implicit ordinary differential equations of the
type

f ie
(
t, z, d

dtz
)
= 0 , ie = 1, . . . , ne , (1)

with the independent variable t and the dependent variables zαz , αz = 1, . . . , q.
We assume that the coordinates (t, z) of (1) are local coordinates of a smooth
manifold E with dim E = q + 1. The equivalence problem under consideration
is the following one: Given the system (1) and a prescribed normal form, does
there exist transformations such that these transformations map each solution
of (1) to a solution of the normal form and vice versa? The class of systems (1)
covers implicit systems, DAE-systems (differential algebraic equation)

d
dtx

αx = fαx (t, x, u) , αx = 1, . . . , nx
0 = fαs (t, x, u) , αs = nx + 1, . . . , ne

(2)
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and descriptor systems like

nαe
αz

(t, z) d
dtz

αz = mαe (t, z) , αe = 1, . . . , ne (3)

in the unknowns zαz , αz = 1, . . . , nz. Of course, (3) contains (2) as a subclass,
if one puts the input u, the set of functions that can be chosen freely, and the
state x on an equal footing by setting z = (x, u).

The investigation of nonlinear systems like (1), (2), (3) requires new math-
ematical tools. A modern approach considers differential equations as subman-
ifolds of new spaces, called jet manifolds. One may state that the theory of jet
manifolds has been invented for dealing with calculations involving any arbi-
trary order of differentiation, a prerequisite to solve problems concerning linear
or nonlinear partial differential equations. This paper is organized as follows:
In Section 2 we present some mathematical preliminaries which include mani-
folds and submanifolds, as well as certain rings over smooth functions defined
on the manifolds under consideration and ideals of these rings. The goal is to
combine methods from differential and algebraic geometry. The Section 3 deals
with jet manifolds and their application to systems of ordinary or partial differ-
ential equations. The main results of this contribution are presented in Section
4. Finally, this contribution ends with some conclusions. Let us finish, the intro-
duction with some technical remarks. Throughout this contribution, we consider
only generic problems, because we are interested in methods based on computer
algebra to derive algorithms for their investigation. Therefore, we assume that
all functions are smooth and that several rank conditions are fulfilled. Roughly
speaking, these conditions guarantee that the dynamic systems under consider-
ation describe regular submanifolds of certain jet-spaces. Furthermore, we use
the tensor-notation to keep the formulas short and readable.

2 Some Preliminaries

Before we start to repeat some mathematical preliminaries, we introduce some
useful notations. Let M be a smooth finite-dimensional manifold, then TM
denotes the tangent bundle of M, ∧∗

kM the exterior k bundle and ∧∗M the
exterior algebra over M. d : ∧∗

kM → ∧∗
k+1M is the exterior derivative and

i : TM×∧∗
k+1M→ ∧∗

kM is the interior product written as iX (ω) with X ∈ TM
and ω ∈ ∧∗

k+1M. ∧ denotes the exterior product of the exterior algebra ∧∗M.
Furthermore, the Lie derivative of ω ∈ ∧∗M along the tangent vector field
f ∈ TM is written as f (ω).

Although the methods being presented are independent of the special choice
of the coordinates for a manifoldM, any computer algebra implementation relies
on coordinates. The following theorem shows that the choice of the coordinates
influences the representation of certain maps significantly.

Theorem 1. Let M, N be two m- and n-dimensional smooth manifolds and
ϕ : M → N a smooth map of maximal rank at p ∈ M. Then there exist
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neighborhoods Up ⊂M, Vϕ(p) ⊂ N and local coordinates (x) =
(
x1, . . . , xm

)
for

Up and (y) =
(
y1, . . . , yn

)
for Vϕ(p) such that ϕ takes the simple form

(y) =
(
x1, . . . , xm, 0, . . . 0

)
if n > m

(y) =
(
x1, . . . , xn

)
if n ≤ m

(4)

in these coordinates.

This theorem is an easy consequence of the implicit function theorem [1]. Later
on we identify dynamic systems with submanifolds of certain manifolds. To avoid
subtleties, we will assume that these submanifolds are at least locally regular.
The following definition tells us that these manifolds have a very simple repre-
sentation in special coordinates [1], [3].

Definition 1. LetM be an m-dimensional smooth manifold. An n-dimensional
submanifold S ⊂ M is regular iff for each p ∈ S there exist local coordinates
(x) =

(
x1, . . . , xm

)
defined on a neighborhood Up ⊂M of p such that

S ∩ Up =
{
x : xn+1 = · · · = xm = 0

}
(5)

is met. This coordinate chart is called a flat coordinate chart.

Often, we can derive only local results, which are valid in a sufficiently small
neighborhood Up ⊂M of p ∈ S only. To shorten the notation, we will write Sp
for S∩Up. Regular submanifolds follow often from systems of implicit equations.
The general concept is presented by the following theorem, which follows from
Theorem 1.

Theorem 2. Let M be an m-dimensional smooth manifold with local coordi-
nates (x) and let the f i : M → R, i = 1, . . . , m − s denote smooth functions,
which meet

m−s∧
i=1

df i �= 0 (6)

on the subset S = f−1 ({0}), then S is a closed regular s-dimensional submani-
fold of M.

A crucial observation for the problems discussed later on is that the functions f i

of Theorem 2 have no intrinsic meaning in contrast to S. Let Fp (M) denote the
set of smooth functions f :M∩ Up → R then it is easy to see that Fp has the
structure of a unitary commutative local ring denoted by R (Fp (M)). Let Sp ⊂
M be a regular submanifold, then the subset of all functions of Fp (M), p ∈ S
vanishing on Sp forms an ideal denoted by I (Sp) ⊂ R (Fp (M)). On the other
hand, we can start with a set of functions B = {f} = {f1, . . . , fm−s}, f i (Sp) =
{0} and study the ideal 〈f〉 = 〈f1, . . . , fm−s〉 generated by the functions f . The
following theorem tells us, whether the ideals 〈f〉 and I (Sp) coincide.
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Theorem 3. Let M be a smooth m-dimensional manifold and Sp be a regular
s-dimensional submanifold. Let the functions f i ∈ Fp (M), i = 1, . . . , m − s,
p ∈ S meet f i (Sp) = {0} and (6) on Sp, then

〈f〉 = I (Sp) (7)

is fulfilled. Furthermore, the set B = {f} =
{
f1, . . . , fm−s} forms a minimal

basis of I (Sp), or given any function g ∈ I (Sp), then one can find functions
λi ∈ R (Fp (M)) such that the relation

g = λif
i (8)

is met.

To prove this theorem, we choose flat coordinates
(
x1, . . . , xm

)
according to

Definiton 1 such that p is mapped to 0. Obviously, the set B =
{
x1, . . . , xm−s}

is a basis for I (Sp) in these coordinates. Let g be any function of Fp (M), which
vanishes on Sp, then from

g (x1, x2)− g (0, x2) =
∫ 1

0
∂jg (x1τ, x2)xjdτ = xj

∫ 1

0
∂jg (x1τ, x2) dτ

with x1 =
(
xj
)
, j = 1, . . . , m − s, x2 =

(
xk
)
, k = m − s + 1, . . . , m it follows

g ∈ 〈x1, . . . , xm−s〉 because of g (0, x2) = 0. This shows that B is a minimal
basis.

Let the two manifolds M, N and the map ϕ be like in Theorem 1 with
n < m. The pullback g ◦ ϕ ∈ Fp (M) of g ∈ Fϕ(p) (N ) by ϕ is denoted by
ϕ∗ (g). Since ϕ∗ : Fϕ(p) (N ) → Fp (M) is a ring homomorphism, we obtain
ϕ∗ (R (Fϕ(p) (N )

)) ⊂ R (Fp (M)). The following theorem characterizes the in-
tersection of this subring with an ideal of R (Fp (M)).

Theorem 4. Let the two manifoldsM, N and the map ϕ be like in Theorem 1
with n < m. Let Sp ⊂M and ϕ (Sp) ⊂ N be regular submanifolds and let I (Sp),
I (ϕ (Sp)) denote the corresponding ideals, then πϕ (I (Sp))

πϕ (I (Sp)) = I (Sp) ∩ ϕ∗ (R (Fϕ(p) (N )
))

= ϕ∗ (I (ϕ (Sp))) (9)

is an ideal such that its elements are functions of ϕ only. The corresponding
manifold will be denoted by πϕ (Sp).
To prove this theorem, we choose any function g ∈ Fϕ(p) (N ), and get ϕ∗ (g) ∈
ϕ∗ (R (Fϕ(p) (N )

))
. Now, g ∈ I (ϕ (Sp)) implies ϕ∗ (g) (Sp) = {0}, or ϕ∗ (g) ∈

πϕ (I (Sp)) is met. Now, we choose any function f ∈ πϕ (I (Sp)). It follows from
f ∈ ϕ∗ (R (Fϕ(p) (N )

))
that there exists a function g ∈ Fϕ(p) (N ) such that

f = ϕ∗ (g) is met, and f = g ◦ ϕ ∈ I (Sp) implies g ∈ I (ϕ (Sp)), since ϕ is onto.
To give a geometric interpretation of Theorem 4, we choose a map ψ : N →

M of maximal rank such that ψ ◦ ϕ (p) = p is met, and that Pp = ψ (N ) ∩
Up ⊂ M is a regular submanifold. Since the function πM

P = ψ ◦ ϕ : Mp →
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ψ (Np) maps all points of the set
(
πM

P
)−1 ({q}) to q ∈ Pp, we may consider

πM
P as a projection of Up on Pp. In particular, the map πM

P projects Sp on Pp.
Therefore, the ideal πϕ (I (Sp)) may be identified with the ideal πM

P (I (Sp)).
Obviously, this interpretation depends on the construction of Pp. The situation
becomes simpler, if we choose the special coordinates of Theorem 1. Since the
ring ϕ∗ (R (Fϕ(p) (N )

))
contains the functions, which depend only on x1, . . . , xn,

the ideal πϕ (I (Sp)) contains all functions of I (Sp), which are independent of
the coordinates xn+1, . . . , xm. Additionally, let the point p have the coordinates
x = 0, then Pp is the plane xn+1 = · · · = xm = 0 and πM

P takes the form(
x1, . . . , xm

)→ (
x1, . . . , xn, 0, . . . , 0

)
.

Given a minimal basis f i, i = 1, . . . , m − s for I (Sp) one can construct a
minimal basis for πϕ (I (Sp)) �= {0}. We form a new basis

f̂ l = λlif
i , l = 1, . . . , r (10a)

f̌ l̄ = λl̄if
i , l̄ = r + 1, . . . , m− s (10b)

with a regular matrix [λı̄i], ı̄ = 1, . . . , m− s such that the equations

λlivk
(
f i
)
= λliivk

(
df i
)
= 0 , k = 1, . . . , m− n (11a)

vk
(
ϕj
)
= ivk

(
dϕj

)
= 0 , j = 1, . . . , n (11b)

are met, for all linearly independent solutions of (11b). The set of functions
f̂ lmod

{
f̌ l̄ = 0

}
form a basis of πϕ (I (Sp)). To show our claim, we choose a

function f̂ l. From f̂ l ∈ ϕ∗ (R (Fp (N ))) and f̂ l ∈ I (Sp) it follows

df̂ l = µljdϕj = λlidf i.

This equation is solvable, iff (11a) is met for all linearly independent solutions
of (11b). Let us denote the inverse of [λı̄i] by

[
λ̄ı̄i
]
. Then the relations

vk
(
λlif

i
)
= vk

(
λli
)

f i + λlivk
(
f i
)

= vk
(
λli
)

λ̄il f̂
l + vk

(
λli
)

λ̄il̄ f̌
l̄ + λlivk

(
f i
)

︸ ︷︷ ︸
show that vk

(
λlif

i
) ∈ πϕ (I (Sp)) since the underbraced term vanishes on the

solution set f̌ l̄ = 0 because of (11a). Now vk
(
λlif

i
) ∈ πϕ (I (Sp)) implies that

vk

(
f̂ l
)
πϕ(Sp)= 0 or

〈
f̂
〉
= πϕ (I (Sp))mod

{
f̌ l̄ = 0

}
is met. It is worth mention-

ing that in general the computation of the functions needs the implicit function
theorem, but for polynomial systems we can use Groebner bases for the deter-
mination of the corresponding elimination ideal [2].

3 Jet Manifolds and Differential Equations

Throughout this contribution we use the concept of fibered manifolds and jet-
bundles. A fibered manifold is a triple (E , π,B) with the total manifold E , the
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base manifold B and the surjective submersion π : E → B ([4], [5]). For each
point x ∈ B, the subset π−1 (x) = Ex is called the fiber over x. If all fibers
Ex are diffeomorphic to a manifold F , then we call (E , π,B) a bundle. In the
finite dimensional case with dim E = p+ q, dimB = p we can introduce adapted
coordinates

(
xi, uα

)
at least locally, with the independent coordinates xi, i =

1, . . . , p and the dependent ones uα, α = 1, . . . , q. We will write E instead of
(E , π,B), whenever the projection π and the base manifold B follow from the
context. A section σ of E is a map σ : B → E such that π ◦σ = idB is met, where
idB denotes the identity map on B. From now on we use Latin indices for the
independent and Greek indices for the dependent variables.

Although jet manifolds and systems of differential equations admit a coor-
dinate free description, we will us adapted coordinates from now on to simplify
the following consideration. Let f be a smooth section of (E , π,B). The kth order
partial derivatives of fα will be denoted by

∂k

∂j11 · · · ∂jpp
fα = ∂Jfα = fαJ , ∂i =

∂

∂xi

with J = j1, . . . , jp, and k = #J =
∑p
i=1 ji. J is nothing else than an ordered

multi-index ([4], [5]). The special index J = j1, . . . , jp, ji = δik will be denoted by
1k and J+1k is a shortcut for ji+δik with the Kronecker symbol δik. Let (E , π,B)
be a bundle with adapted coordinates

(
xi, uα

)
and let f be a smooth section of

E . We can prolong f to a map j1f : x → (x, f (x) , ∂if (x)), then the first jet
j1xf of f at x is the equivalence class of sections f , g with j1f (x) = j1g (x).
Roughly speaking, the first jet manifold J1 (E) may be considered as a container
for all first order jets of smooth sections of E . An adapted coordinate system of
E induces an adapted system on J1 (E), which is denoted by

(
xi, uα, uα1i

)
with

the pq new coordinates uα1i
. The manifold J1 (E) has two natural projections, π :

J1 (E) → B and π1
0 : J1 (E) → E with π

(
j1f (x)

)
= x and π1

0
(
j1f (x)

)
= f (x).

Furthermore,
(
J1 (E) , π1

0 , E) is an affine bundle and
(
J1 (E) , π,B) is bundle, if

E is one. Analogously to the first jet of a section f , we define the nth-jet jnf
of f by jnf = (x, f (x) , ∂Jf (x)), #J = 1, . . . , n. The nth-jet manifold Jn (E)
of E may be considered as a container for nth-jets of sections of E ([3], [4], [5]).
Furthermore, an adapted coordinate system of E induces an adapted system
on Jn (E) with

(
xi, u(n)

)
and u(n) = uαJ , α = 1, . . . , q, #J = 0, . . . , n. The

natural projections are given by π : Jn (E) → B and πnm : Jn (E) → Jm (E),
m = 1, . . . , n − 1 with π (jnf (x)) = x and πnm (jnf (x)) = jmf (x). To simplify
certain formulas later on, we set J0 (E) = E .

Let us consider a bundle (E , π,B) with adapted coordinates
(
xi, uα

)
, i =

1, . . . , p, α = 1, . . . , q and its nth-order jet manifold Jn (E). Because of Definition
1, a regular submanifold Snp ⊂ Jn (E), p ∈ Sn corresponds locally to a system of
equations

f i
(

x, u(n)
)
= 0 , i = 1, . . . , ne (12)

that involves jet coordinates u(n) of u up to the order n. If we substitute the
nth-jet jnσ of a smooth section σ into (12), then we get a system of ordinary
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(p = 1) or partial differential equations (p > 1) of the type

f i (jnσ (x)) = 0 , i = 1, . . . , ne . (13)

From now on, we will deal exclusively with the submanifold Snp , and the ideal
I
(Snp ) instead of the differential equations (12). There exist two natural opera-

tions for Snp , I
(Snp ), their projection and their prolongation [4]. The projection

of I
(Snp ) is simply given by I

(Snp )∩R (Jm (E)), see Theorem 4 with ϕ = πnm and
will be denoted by πnm

(
I
(Snp )). We assume that the ideal πnm

(
I
(Snp )) describes

a regular submanifold of Jm (E) denoted by πnm
(Snp ). To define the prolongation

of Snp , we introduce the total derivative di,

di = ∂i + uαJ+1i
∂Jα , ∂Jα =

∂

∂uαJ
, #J ≥ 0 (14)

with respect to the independent variables xi [3], [4], [5]. It is straightforward to
see that for any section σ of E and f ∈ F (Jn (E)) the following relations

dif ◦ jk+1σ = ∂if
(
jkσ
)

(15)

are met. Therefore, di is a map di : F (Jn (E)) → F (Jn+1 (E)). The ideal
J
(
I
(Snp )) = I

(Snp ) + 〈dif, i = 1, . . . , q, f ∈ I
(Snp )〉 is the first prolongation

of I
(Snp ). Obviously, the ideal J1

(
I
(Snp )) contains all functions of I

(Snp ), as
well as their total derivatives with respect to the independent variables. Again,
we assume that J

(
I
(Snp )) defines a regular submanifold, which we denote by

J
(Snp ) by some abuse of notation. The nth prolongation of I

(Snp ) is, as usual
defined by Jn

(
I
(Snp )) = J

(
Jn−1

(
I
(Snp ))) and J0

(
I
(Snp )) = I

(Snp ). Given
a minimal basis B

(Snp ) =
{
f1, . . . , fk

}
of I

(Snp ) one can construct a min-
imal basis of J

(
I
(Snp )) in a straightforward manner. We determine the set

B ∪ {dif
j : j = 1, . . . , k, i = 1, . . . , q

}
and take out a minimal number of func-

tions such that the members of the remaining set B
(
J
(Snp )) are functionally

independent.
Let σ be a section E such that jnxσ ∈ Snp is met. By construction any section

of (12) is a solution of the prolonged and projected systems. Unfortunately, this
is not true for points in general, since a point jn+rx σ with πn+rn (jn+rx σ) ∈ Jn (E)
may fail to meet jn+rx σ ∈ Jr

(Snp ). This is a result of the fact that in general
I
(Snp ) ⊂ πn+rn

(
Jr
(
I
(Snp ))) or πn+rn

(Snp ) ⊂ Snp is met only. Formally integrable
systems do not show this unpleasant behavior.

Definition 2. Let Snp be a locally regular submanifold of the nth jet manifold
Jn (E) of the bundle E. We call the system Snp formally integrable, iff its rth

prolongations Jr
(Snp ) are regular submanifolds of Jn+r (E) and

πn+r+sn+r
(
Jr+s

(Snp )) = Jr
(Snp )

is met for all r, s ≥ 0.
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Roughly speaking, formally integrable systems do not contain hidden con-
straints. These constraints are often called integrability conditions. It is an ex-
tremely hard job to check a general system for formal integrability. Fortunately,
this is not true for systems of ordinary differential equations and systems of
linear partial differential equations of the Frobenius-type.

4 Main Results

Let (E , π,B) be a smooth manifold with adapted coordinates (t, zαz ) in one
independent variable t and q dependent variables zαz , αz = 1, . . . , q. In the case
dimB = 1, we denote the single independent coordinate by t and choose x or z
for the dependent coordinates, as customary. We study the following set of ne
nonlinear ordinary differential equations

f ie (t, z, z1) = 0 , ie = 1, . . . , ne , ne ≤ q (16)

with smooth functions f ie : J1 (E)→ R. To simplify the following considerations
we assume that

dt ∧
ne∧
ie=1

df ie (p) �= 0 (17)

is met for a point p ∈ J1 (E) with f ie (p) = 0. This condition ensures that the
system (16) defines a regular submanifold S1p ⊂ J1 (E) of J1 (E) near p, which
contains an open interval of the independent variable t.

Let us choose a point p ∈ S1 and a neighborhood Up ⊂ J1 (E). Then we are
ready to pose the following problem. Is it possible to construct a transformation
near p that converts the implicit system (16) to an explicit system of the form

xαx
1 = fαx

(
t, x, u(n)

)
, αx = 1, . . . , nx . (18)

Here, x denotes the state and u(n) the nth jet of the input uαu , αu = 1, . . . , nu,
the functions, which we can choose freely.

A crucial observation for the problem above is that the system (16) has no
intrinsic meaning in contrast to S1p or the ideal I

(S1p). Taking into account the
considerations of Section 2, this problem takes the form of the ideal membership
problem, whether the relations

(xαx
1 − fαx) ◦ jnϕ ∈ I

(S1p)
can be fulfilled for suitable functions fαx and a suitable map ϕ or not. Obviously,
we have to construct a suitable basis to perform the ideal membership test.

Let us assume that the system (16) is rewritten in the following form

fαx (t, z, z1) = 0 , αx = 1, . . . , nx

fαs (t, z, z1) = 0 , αs = nx + 1, . . . , ne ,
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where the functions fαs meet the relations

∂1
zαz fαs = 0

on the solution set fαx (t, z, z1) = 0. This implies that we can eliminate the
variable z1 from the equations fαs . Therefore, we will write fαs = fαs (t, z) and
consider the special system

fαx (t, z, z1) = 0 , αx = 1, . . . , nx (19a)

d1f
αs (t, z) = 0

fαs (t, z) = 0 , αs = nx + 1, . . . , ne . (19b)

Additionally, we assume that the system (19) is formally integrable or

dt ∧
∧
αz

dzαz ∧
∧
αx

dfαx ∧
∧
αs

dd1f
αs

S1
p

�= 0 , (20)

is fulfilled.
Now, we claim that the formally integrable system (19) with q ≥ ne is equiv-

alent to the explicit form (18)

xαx
1 − f̄αx

(
t, x, s, u(1)

)
= 0 , αx = 1, . . . , nx (21a)

sαs
1 = 0

sαs = 0 , αs = nx + 1, . . . , ne (21b)

with n = 1. To prove this claim, we introduce the new bundle Ē with adapted
coordinates (t, x, s, u) and the bundle diffeomorphism ϕ : E → Ē ,

xαx = ϕαx (t, z) , αx = 1, . . . , nx
sαs = ϕαs (t, z) = fαs , αs = nx + 1, . . . , ne
uαu = ϕαu (t, z) , αu = ne + 1, . . . , q

(22a)

zαz = ψαz (t, x, s, u) (22b)

that does not change the independent variable t. Following the considerations
above, we have to check, whether the functions of (21) are contained in the ideal
I
(S1p), or (

xαx
1 − f̄αx

) ◦ jϕ = λαx

βx
fβx + λ

αx,1
βs

d1f
βs + λαx

βs
fβs (23a)

sαs
1 ◦ jϕ = λαs

βx
fβx + λ

αs,1
βs

d1f
βs + λαs

βs
fβs (23b)

is met. It is straightforward to solve (23b) and the solution is

ϕαs = fαs , λαs

βx
= 0 , λ

αs,1
βs

= δ
αs,1
βs

, λαs

βs
= 0 . (24)

To solve (23a) we consider its total derivative with respect to t,

∂αz
ϕαxzαz

2 − ∂1
αu

f̄αx∂αz
ϕαuzαz

2 + . . .
S1

p= λαx

βx
∂1
αz

fβxzαz
2 + λ

αx,1
βs

∂αz
ϕβszαz

2 + . . . ,
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where the terms not involving z2 are omitted. Comparing the coefficients of zαz
2 ,

we derive

∂αz
ϕαx − ∂1

αu
f̄αx∂αz

ϕαu = λαx

βx
∂1
αz

fβx + λ
αx,1
βs

∂αz
ϕβs

and rewrite these relations as

(
dϕαx − ∂1

αu
f̄αx ◦ jϕdϕαu

) ∧ dt
S1

p=
(

λαx

βx
∂1
αz

fβxdzαz + λ
αx,1
βs

dϕβs

)
∧ dt . (25)

Let us choose functions ϕαx , ϕαu such that ϕ is a diffeomorphism and

∧
αx

∂1
αz

fαxdzαz ∧
∧
αu

dϕαu ∧
∧
αs

dϕαs

S1
p

�= 0

is met, this is always possible, then it is easy to see that one derives the remaining
functions λαx

βx
, λ

αx,1
βs

immediately from (25). Finally, the functions f̄αx follow
from (23a). This proves our claim and leads to the following theorem.

Theorem 5. Let (19) describe a formally integrable system, then there exists
locally a diffeomorphism (22) such that the equivalent system takes the form
(21).

An interesting problem is, whether we can choose f̄αx (t, x, s, u) in (22a)
instead of f̄αx

(
t, x, s, u(1)

)
. It is straightforward to see that this restriction has

no impact on (25), but the terms involving f̄αx in (25) vanish. This implies that
we cannot use the simple strategy from above to determine the functions ϕαx ,
ϕαu . Now we have to find functions ϕαx such that

dϕαx ∧ dt
S1

p=
(

λαx

βx
∂1
αz

fβxdzαz + λ
αx,1
βs

dϕαs

)
∧ dt (26)

is met. The compatibility conditions for this problem are

d
(
∂1
αz

fβxdzαz
) ∧ dt

S1
p=
(

θαx

βx
∧ ∂1

αz
fβxdzαz + θαx

αs
∧ dϕαs

)
∧ dt (27)

for suitable 1-forms θαx

βx
, θαx
αs

. Now, the theorem of Frobenius [1], [3] tells us that
the relation (27) implies locally the existence of the functions ϕαx . Unfortunately,
here we have to solve a system of partial differential equations. The next theorem
summarizes this result.

Theorem 6. Let (19) describe a formally integrable system that meets (27) ad-
ditionally. Then there exists locally a diffeomorphism (22) such that the equiv-
alent system takes the form (21), where the functions f̄αx are independent of
u1.

It is worth mentioning that the compatibility conditions are always met by DAE-
systems like (2), see [6]. The Theorems 5, 6 deal with the two cases where deriva-
tives of all inputs or no derivatives of the inputs are admitted. An open problem,
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at least according to the knowledge of the authors, is to minimize the number of
inputs, whose derivatives appear in the normal form (21a). Unfortunately, this
problem is beyond the scope of this contribution, since it leads to a system of
nonlinear partial differential equations. Of course, the case of one input is solved,
which follows from a trivial argument.

Finally, we have to show that we can transform the system (16) to the for-
mally integrable one (19), if some regularity conditions are met. We choose
ϕ = π1

0 : J (E)→ E or in coordinates ϕ : (t, z, z1)→ (t, z) and apply Theorem 4
and the relations (10), (11) to rewrite (16) as

I
(S1p) = 〈fα

0
x , fα

0
s

〉
, fα

0
s ∈ π1

0
(
I
(S1p))

with α0
x = 1, . . . , n0

x, α0
s = n0

x + 1, . . . , ne. We set r = 0 and run the following
algorithm.

1. Using Theorem 4 and the relations (10), (11), we calculate Nr,

Nr =
〈

fα
r
x , d1f

αr
s

〉
∩R (Fp (E)) .

If Nr = 〈0〉 or equivalently (20) is met then we are done.
2. Eliminate a minimal number of functions from the set

{
fα

r
x

}
, αr+1

x =

1, . . . , nr+1
x such that the set

{
fα

r+1
x

}
, αr+1

x = 1, . . . , nr+1
x meets (20).

3. Determine a minimal number of functions fα
r+1
s , αr+1

s = nr+1
x +1, . . . , nr+1

e

such that
〈

fα
r+1
s

〉
= Nr +

〈
fα

r
s

〉
is fulfilled. Set r = r + 1. If the solution

set of fα
r
x = d1f

αr
s = fα

r
s = 0, αrx = 1, . . . , nrx, αrs = nrx+1, . . . , nre describes

a regular manifold, then go to 1, otherwise stop.

Two facts are worth mentioning. If all manifolds are regular, then this algorithm
stops reliably after a finite number of steps. Carrying out the elimination step
1, one has to deal with nonlinear algebraic equations. The general case is a hard
problem for any computer algebra system, but two cases admit a significant sim-
plification. Linear algebra is enough to solve this problem for descriptor systems
(3), see [6], and one can use Groebner basis [2], if the equations are polynomial
ones.

5 Conclusions

This contribution is devoted to the equivalence problem for systems of nonlin-
ear implicit ordinary differential equations, where equivalence means that the
solution set of the original system and a given normal form coincide. Since regu-
lar submanifolds in certain jet spaces were chosen for the mathematical models
of these dynamic systems, one can identify geometric objects like submanifolds
with algebraic objects like ideals over certain rings. This combination of meth-
ods from differential and algebraic geometry allows us to reduce the equivalence
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problem to an ideal membership problem. This problem has been solved for the
two cases where the derivatives of all inputs or no derivatives of the inputs are
admitted, but there is still the open problem to minimize the number of inputs,
whose derivatives appear in the normal form. Unfortunately, the latter problem
leads to the test, whether a system of nonlinear partial differential equations
admits a solution or not. To the best of the authors´ knowledge a test for this
problem exists only for the analytic scenario. Therefore, the future research will
be devoted to this problem.
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Abstract. We discuss the use of the formal theory of differential equa-
tions in the numerical analysis of general systems of partial differential
equations. This theory provides us with a very powerful and natural
framework for generalising many ideas from differential algebraic equa-
tions to partial differential equations. We study in particular the exis-
tence and uniqueness of (formal) solutions, the method of an underlying
system, various index concepts and the effect of semi-discretisations.

1 Introduction

The majority of the literature on differential equations is concerned with so-
called normal systems or systems in Cauchy–Kovalevskaya form. However, many
important systems arising in applications are not of this form. As examples
we may mention Maxwell’s equations of electrodynamics, the incompressible
Navier–Stokes equations of fluid dynamics, the Yang–Mills equations describing
the fundamental interactions in particle physics or Einstein’s equations of general
relativity.

For ordinary differential equations, the importance of non-normal systems
has been recognised for about twenty years; one usually speaks of differential
algebraic equations. Introductions into their theory can be found e. g. in [2,8].
Recently, the extension to partial differential systems has found some interest,
see e. g. [5,15]. However, this is non-trivial, as new phenomena appear.

About a century ago the first methods for the analysis of general partial dif-
ferential systems were designed; by now, a number of different approaches exists.
Some of them have already been applied in a numerical context [14,16,20,25].
We use the formal theory [17,23] with its central notion of an involutive system.
In contrast to our earlier works [10,22,24], we take a more algebraic point of view
closely related to the theory of involutive bases [3,6]. For simplicity, we concen-
trate on linear systems, although many results remain valid in the non-linear
case.
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2 Involutive Systems

We consider differential equations in n independent variables x = (x1, . . . , xn)
and m dependent variables u(x) =

(
u1(x), . . . , um(x)

)
, using a multi index

notation for the derivatives: pα,µ = ∂|µ|uα/∂xµ = ∂|µ|uα/∂xµ1 · · · ∂xµn for each
multi index µ = [µ1, . . . , µn] ∈ Nn0 . The dependent variable uα is identified
with the derivative pα,[0,...,0]. We fix the following ranking ≺ on the set of all
derivatives: pα,µ ≺ pβ,ν if |µ| < |ν| or if |µ| = |ν| and the rightmost non-vanishing
entry in ν − µ is negative; if µ = ν, we set pα,µ ≺ pβ,ν , if α < β. The class of
a derivative is the leftmost non-vanishing entry of its multi index: cls(pα,µ) :=
min{i | µi > 0} and cls(uα) := n. The order of pα,µ is the length of its multi
index |µ| =∑µi. The ranking defined above respects classes: if the derivatives
pα,µ, pβ,ν are of the same order but cls(pα,µ) < cls(pβ,ν), then pα,µ ≺ pβ,ν . The
independent variables xi with i ≤ cls(pα,µ) are called multiplicative for pα,µ, the
remaining ones non-multiplicative.

We consider a linear (homogeneous) differential system Φ(x,p) = 0 where
each of the p component functions Φτ has the form

Φτ (x,p) =
m∑
α=1

∑
0≤|µ|≤q

aταµ(x)pα,µ = 0 . (1)

The leader of an equation is the highest occurring derivative with respect to the
ranking ≺. Concepts like class and (non-)multiplicative variables are transfered
to equations by defining them in terms of their leaders. We denote by β

(k)
j the

number of equations of order j and class k contained in the system. Equations
obtained by differentiating with respect to a (non-)multiplicative variable are
called (non-)multiplicative prolongations.

We introduce involutive systems via a normal form and its properties. For
simplicity, we present it only for a first order system. This poses no real restric-
tion, as every system can be transformed into an equivalent first order one. We
may thus write down (after some algebraic manipulations and, possibly, coordi-
nate transformations) each system in its Cartan normal form:

pα,n − φα,n(x,u, pγ,j , pδ,n) = 0 ,
{

1≤α≤β(n)
1 ,

1≤j<n , β
(n)
1 <δ≤m,

(2a)

pα,n−1 − φα,n−1(x,u, pγ,j , pδ,n−1) = 0 ,
{

1≤α≤β(n−1)
1 ,

1≤j<n−1 , β
(n−1)
1 <δ≤m,

(2b)

...

pα,1 − φα,1(x,u, pδ,1) = 0 ,
{

1≤α≤β(1)
1 ,

β
(1)
1 <δ≤m,

(2c)

uα − φα(x, uβ) = 0 ,
{

1≤α≤β(n)
0 ≤m; ,

β
(n)
0 <β≤m.

(2d)

Here, the functions φα,k and φα are linear in the dependent variables and deriva-
tives. The system is in a triangular form where the subsystem in the first line
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comprises all equations of class n, the one in the second line all of class n−1 and
so on. The derivatives on the right hand side have always a class lower than or
equal to the one on the left hand side. The subsystem in the last line collects all
algebraic constraints; their number is denoted by β

(n)
0 . For an involutive system,

we must have 0 ≤ β
(n)
0 ≤ β

(1)
1 ≤ · · · ≤ β

(n)
1 ≤ m, so that the subsystems may be

empty below a certain class.
We deal with a normal system or a system in Cauchy–Kovalevskaya form, if

all equations are of class n, i. e. if β(n)1 = m and and all other β(k)j vanish. An
existence and uniqueness theory (in the real analytic category) for such systems
is provided by the famous Cauchy–Kovalevskaya theorem [21]. More generally,
the system is underdetermined, if and only if β(n)1 < m. If the system is not
underdetermined, then the subsystem (2a) is always normal. In the sequel we
will exclusively study such systems.

These purely structural aspects of the normal form (2) do not yet capture
that our differential system is involutive; they only express that we have chosen a
local representation in triangular form.1 Any differential system can be brought
into such a form. The important point about the Cartan normal form is that
involution implies certain relations between prolonged equations. First of all,
we require that any non-multiplicative prolongation can be written as a linear
combination of multiplicative ones. Thus, if Dk denotes the total differentiation
with respect to xk, then functions Aβij(x), Bβi(x), and Cβ(x) must exist such
that whenever 1 ≤ � < k ≤ n

Dk(pα,� − φα,�) =
k∑
i=1

β
(i)
1∑
β=1

{
i∑

j=1

AβijDj(pβ,i − φβ,i) +Bβi(pβ,i − φβ,i)

}

+
β

(n)
0∑
β=1

Cβ(uβ − φβ) .

(3)

Furthermore, no prolongation of the algebraic equations in (2d) may lead to
a new equation. This implies the existence of functions C̄β(x) such that

∂φα
∂xk

− φα,k +
m∑

β=β(n)
0 +1

∂φα
∂uβ

φβ,k =
β

(n)
0∑
β=1

C̄β (uβ − φβ) . (4)

We cannot go into details here, but this second set of conditions has a geomet-
ric interpretation and is only partially present in purely algebraic approaches like
involutive bases. We will see in Sect. 5 that this geometric ingredient is crucial
for obtaining correct index values. Involution comprises formal integrability : an
involutive system is always consistent and possesses at least formal power series
solutions. They can be computed order by order in a straightforward manner
via the Cartan normal form.
1 In a more algebraic terminology one may say that the equations are head autore-
duced.
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The analysis of the compatibility conditions will later play an important role.
They define (differential) relations between the equations in (2) and correspond
to syzygies in commutative algebra. We introduce for each equation in our system
(2) an inhomogeneity ε(x) on the right hand side. The relations (3) and (4) imply
that the inhomogeneous system possesses solutions, if and only if the functions
ε satisfy the homogeneous linear system

∂εα,�
∂xk

−
k∑
i=1

β
(i)
1∑
β=1

{
i∑

j=1

Aβij
∂εβ,i
∂xj

+Bβiεβ,i

}
−
β

(n)
0∑
β=1

Cβεβ = 0 , (5a)

∂εα
∂xk
− εα,k +

m∑
β=β(n)

0 +1

∂φα
∂uβ

εβ,k −
β

(n)
0∑
β=1

C̄βεβ = 0 . (5b)

Example 1. In vacuum, Maxwell’s equations of electrodynamics are

Et = curlB , Bt = − curlE , (6a)
0 = divE , 0 = divB . (6b)

We have six dependent variables (E1, E2, E3, B1, B2, B3), the components of the
electric and magnetic field, and four independent variables (x, y, z, t). The system
is almost in Cartan normal form; only the Gauß laws (6b) have not been solved
for their leaders. (6a) corresponds to (2a); (6b) to (2b). Thus we find β

(4)
0 =

β
(1)
1 = β

(2)
1 = 0, β(3)1 = 2 and β

(4)
1 = 6.

The relations (3) follow from adding the (non-multiplicative) t-prolongation
of (6b) to the (multiplicative) divergence of (6a). Due to the identity div ◦ curl =
0, they are satisfied and Maxwell’s equations are involutive. Introducing inhomo-
geneities je, jm, ρe, ρm, we get as compatibility equations the familiar continuity
equations relating charge density and current

(ρe)t + div je = 0 , (ρm)t + div jm = 0 . (7)

Example 2. Involution is more than the absence of integrability conditions. Con-
sider the following system for two unknown functions v(x, t), w(x, t):

vt = wx , wt = 0 , vx = 0 . (8)

It arises, if we transform the second order system utt = uxx = 0 to a first order
one. Obviously, no integrability conditions are hidden in this simple system. Thus
it is formally integrable, but it is not involutive. Differentiating the last equation
with respect to the non-multiplicative variable t yields (after a simplification) a
new second order equation: wxx = 0. Such an equation is called obstruction to
involution; we will see later why it is rather important.
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3 Existence and Uniqueness of Solutions

An important notion in the theory of differential algebraic equation is that of an
underlying equation. It refers to an unconstrained ordinary differential system
such that any solution of the given system is also a solution of it. We may
straightforwardly extend this notion to partial differential equations.

Definition 1. An underlying system of a given differential system is any nor-
mal system that is solved by any solution of the original system.

An underlying system exists, if and only if the given system is not underde-
termined. It is of course not unique. For an involutive system in Cartan normal
form (2), an underlying system is given by the subsystem (2a). Thus an under-
lying system for Maxwell’s equations is (6a). Although (8) is not involutive, the
first two equations form an underlying system.

The generalisation of the Cauchy–Kovalevskaya theorem from normal to ar-
bitrary involutive systems is provided by the Cartan–Kähler theorem. It guar-
antees the existence of a unique analytic solution for the system (2) provided
the functions φα,k and the initial data are analytic. For a proof and for more
information on the choice of the initial conditions we refer to [23].

In order to sketch some of the basic ideas behind the proof of the Cartan–
Kähler theorem and to demonstrate how they may be used to prove the existence
and uniqueness of more general solutions than only analytic ones, we consider a
special class of linear systems.

Definition 2. An involutive differential system with Cartan normal form (2) is
weakly overdetermined, if β

(n)
1 = m, β(n−1)

1 > 0 and β
(k)
1 = 0 else.

In the sequel, we are only interested in equations that can be interpreted
in some sense as evolution equations, as we concentrate on initial value prob-
lems. We slightly change our notation and denote the independent variables by
(x1, . . . , xn, t), i. e. we have n+1 variables and write xn+1 as t. We study linear
systems with smooth coefficients of the following form:

ut =
n∑
i=1

Ai(x, t)uxi
+B(x, t)u , (9a)

0 =
n∑
i=1

Ci(x, t)uxi
+D(x, t)u . (9b)

Here u is again the m-dimensional vector of dependent variables. The square
matrices Ai(x, t) and B(x, t) have m rows and columns; the rectangular ma-
trices Ci(x, t) and D(x, t) have r rows and m columns. The system is weakly
overdetermined, if for at least one i we have rankCi(x, t) = r; without loss of
generality, we may assume that this is the case for Cn.
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A straightforward computation shows that (9) is involutive, if and only if
r × r matrices Hi(x, t), K(x, t) exist such that for all values 1 ≤ i, j ≤ n

HiCj +HjCi = CiAj + CjAi , (10a)

HiD +KCi +
n∑
k=1

HkCi,xk
= CiB +DAi +

n∑
k=1

CkAi,xk
+ Ci,t , (10b)

KD +
n∑
k=1

HkDxk
= DB +

n∑
k=1

CkBxk
+Dt . (10c)

Because of our assumption on rankCn, it is not difficult to see that if such
matrices Hi, K exist, they are uniquely determined by (10). We derive the
compatibility conditions of the linear system (9) under the assumption that it is
involutive. We add on the right hand side of (9a) a “perturbation” δ and on the
right hand side of (9b) a “perturbation” −ε. The inhomogeneous system admits
(at least formal) solutions, if and only if these functions satisfy the compatibility
conditions

εt −
n∑
i=1

Hiεxi
−Kε =

n∑
i=1

Ciδxi
+Dδ . (11)

Recall that the system (9a) is hyperbolic in t-direction, if for any vector
ξ ∈ Rn the matrix Aξ(x, t) :=

∑
ξiAi(x, t) has at every point (x, t) only real

eigenvalues and an eigenbasis. It is strongly hyperbolic, if there exists for any
Aξ(x, t) a symmetric, positive definite matrix Pξ(x, t), a symmetriser, depending
smoothly on ξ, x and t such that PξAξ−AtξPξ = 0. The system (9b) is elliptic, if
the matrix Cξ(x, t) :=

∑
ξiCi(x, t) defines for any vector 0 �= ξ ∈ Rn a surjective

mapping.

Example 3. Maxwell’s equations are weakly overdetermined. Their evolution
part (6a), corresponding to (9a), forms a symmetric hyperbolic system, whereas
the constraints (6b), corresponding to (9b), are elliptic. The compatibility con-
ditions (11) are given by (7) with ε = (ρe, ρm) and δ = (je, jm).

A classical result in the theory of hyperbolic systems [12] states that the
smooth, strongly hyperbolic system

ut =
n∑
i=1

Ai(x, t)uxi
+B(x, t)u + F (x, t) (12)

possesses for periodic boundary conditions and smooth initial conditions u(x,0)=
f(x) a unique smooth solution. Furthermore, at any time t ∈ [0, T ] this solution
can be estimated in the weighted Sobolev norm ‖ · ‖P,Hp (the weight depends on
the symmetriser Pξ, see [12] for details) with p ≥ 0 by

‖u(·, t)‖P,Hp ≤ Kp

[
‖f‖P,Hp +

∫ t

0
‖F (·, τ)‖P,Hp dτ

]
. (13)
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We exploit this to obtain an existence and uniqueness theorem for smooth
solutions of (9). If the subsystem (9a) is strongly hyperbolic, then the cited
theorem ensures that it has a unique smooth solution for arbitrary smooth initial
conditions. Let us assume that the initial data f(x) has been chosen such that
they satisfy the constraints (9b) for t = 0. The question is whether our solution
of (9a) satisfies the constraints also for t > 0.

The answer to this question lies in the compatibility condition (11). Entering
our solution into (9b) yields residuals ε(x, t). As we are dealing with an exact so-
lution of (9a), the residuals ε satisfy (11) with δ ≡ 0 so that the system becomes
homogeneous. Furthermore, the choice of our initial data implies ε(x, 0) = 0,
hence ε ≡ 0 is obviously a smooth solution. We are done, if we can show that it
is the only one.

Thus we need a uniqueness result for (11). If the matrices Hi, K were an-
alytic, we could apply Holmgren’s theorem [21]. However, our coefficients are
only smooth. Some linear algebra shows that, provided the constraints (9b) are
elliptic, the compatibility system (11), viewed as system for ε only, inherits the
strong hyperbolicity of the underlying system (9a) with a symmetriser Qξ de-
termined by Q−1

ξ = CξP
−1
ξ Ctξ [24]. Thus we may again apply the above cited

theorem to prove the needed uniqueness.
These considerations lead to a simple approach to the numerical integra-

tion of the overdetermined system (9): we consider the equations (9b) only as
constraints on the initial data and otherwise ignore them, i. e. we simply solve
numerically the initial value problem for (9a) with initial data satisfying (9b).
This integration is a standard problem in numerical analysis.

We must expect a drift off the constraints, i. e. the numerical solution ceases
to satisfy the constraints (9b). Some discussions of this problem for Maxwell’s
equations are contained in [11]. For a numerical solution the residuals δ do not
vanish but lead to a “forcing term” in the compatibility condition (11). Thus the
residuals ε do not vanish either. Their growth depends on the properties of (11).
In the particular case of a strongly hyperbolic system with elliptic constraints
we may estimate the size of the drift via (13):

‖ε(·, t)‖Q,Hp ≤ Kp

∫ t

0

∥∥∥ n∑
i=1

Ciδxi(·, τ) +Dδ(·, τ)
∥∥∥
Q,Hp

dτ (14)

This estimate depends not only on the residuals δ but also on their spatial
derivatives. While any reasonable numerical method controls the size of δ, it is
difficult to control the size of the derivatives.

Example 4. In the case of Maxwell’s equations, the estimate (13) depends only
on the divergence of δ and not on δ itself. Thus a good numerical method for
them should be constructed such that this divergence vanishes.

4 Completion to Involution

If a given system is not involutive, one should complete it to an equivalent
involutive one. “Equivalent” means here that both systems possess the same
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(formal) solution space. In the case of a linear system with constant coefficients,
the completion is in fact equivalent to the determination of a Gröbner basis for
the corresponding polynomial module. We present now a completion algorithm
for linear systems that combines algebraic and geometric ideas. More details on
the algorithm can be found in [9]; an implementation in the computer algebra
system MuPAD is briefly described in [1].

In order to formulate our algorithm, we need some further notations. We sup-
press the zero in (1) and call the remaining left hand side a row. The basic idea is
to restrict computations as much as possible to non-multiplicative prolongations;
multiplicative prolongations are only used for determining a triangular form of
the system. In order to indicate which multiplicative prolongations are present,
we introduce a global level λ, initialised to zero and denoting the number of the
current iteration, and assign to each row one or two non-negative integers, its
initial level and its phantom level. The set of such indexed rows is the skeleton
Sλ of the system and we reproduce the full system S̄λ by replacing each indexed
row by a set of multiplicative prolongations determined by its indices. For a
single indexed row f(k) these are{

Dµf | 0 ≤ |µ| ≤ (λ− k); ∀i > cls(f) : µi = 0
}

(15)

and for a double indexed row f(k,l){
Dµf | (λ− l) < |µ| ≤ (λ− k); ∀i > cls(f) : µi = 0

}
. (16)

Without loss of generality, we assume that the given system of order q is
already in triangular form. We turn it into the skeleton S0 by setting the initial
level of each row to 0. Furthermore, the numbers eSλ,i count how many rows of
order i are present in the system S̄λ. Since S0 = S̄0, the starting values eS0,i are
obtained at once. Finally, we initialise the counter r := 0. Each iteration step
with Sλ being the current skeleton proceeds as follows.

Prolongation. The global level λ is increased by one. This automatically adds
all new multiplicative prolongations to the system S̄λ defined by the skele-
ton Sλ. Concerning the non-multiplicative prolongations, only those single
indexed rows f(k) with k = λ − 1 (these have been created in the last iter-
ation) are computed and become part of the new skeleton with initial level
λ. These changes necessitate to recompute the numbers eSλ,i: for each row
in Sλ−1 they are modified as follows:
– If f(k) is a single indexed row of order t with k = λ − 1, prolongations

in the direction of all independent variables are computed, so eSλ,t+1 =
eSλ,t+1 + n.

– If the initial level of f(k) with order t and class j is less than λ,
((λ−k)+j

j−1

)
new rows of order t+ (λ− k) + 1 enter the system.

– If f(k,l) is a double indexed row of order t and class j, there are
((λ−k)+j

j−1

)
new rows of order t+(λ−k)+1 and

((λ−l)+j
j−1

)
rows of order t+(λ− l)+1

are removed.
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Triangulation. Next, the skeleton Sλ is algebraically transformed such that
S̄λ is in triangular form, i. e. all rows possess different leaders. Starting with
the row with the highest ranked leader, one searches through the rows of
the skeleton and the allowed multiplicative prolongations for a row with the
same leader. If this is the case, reductions are carried out until none are
possible. Then the process is repeated with the next leader.
One slight subtlety has to be watched: if a row is reduced which has already
produced multiplicative prolongations, removing it would mean to lose all
these rows. This is the whole reason behind the introduction of double in-
dexed rows: by adding a phantom level l = λ to f(k), we ensure that in future
iterations new prolongations are still taken into account and prolongations
becoming reducible are removed.
The changes of the eSλ,i are trivial: If a row is reduced, the corresponding
value is decreased by 1 and, if the reduction has not yielded zero, the value
at the appropriate order is increased by 1.

Involution Analysis. We now check whether we have reached an involutive
system. Two conditions must be fulfilled for this:
– No single indexed rows of order q + r + 1 may exist in Sλ.
– The values of eSλ−1,i and eSλ,i coincide for 1 ≤ i ≤ q + r.

If the first condition is violated, we set r := r+1 and proceed with the next
iteration. Otherwise, the new value for r is q′ − q, where q′ is the highest
order at which a row occurs in Sλ. If the second condition was not satisfied,
we continue with the next iteration. Otherwise, we have finished.

Note that the last iteration only serves to check the involution of the system
obtained in the last but one step. Obviously, nothing “new” can happen here,
since otherwise our termination conditions would not hold.

Given the triangulised skeleton Sλ at the end of each iteration step, one
easily determines the numbers β

(i)
q+r of the highest order part of the Cartan

normal form of the corresponding system. A single indexed row f(k) of order t
and class c contributes to them, if and only if λ − k + t ≥ q + r and 1 ≤ i ≤ c;
for a double indexed row with phantom level l, it is additionally required that
λ − l + t < q + r. The contribution is then given by B(c − i + 1, q + r − t, 1),
where B(n, c, q) =

(
n−c+q−1
q−1

)
denotes the number of multi indices of length n,

order q and class c.

Example 5. For the system (8) our algorithm needs only two iterations. In the
first one the equation wxx = 0 is added to the skeleton, as it cannot be reduced
by a multiplicative prolongation. After the second iteration the algorithm stops
with r = 1 as the final system contains a second order equation.

Our algorithm also works for quasi-linear systems provided they remain
quasi-linear during the completion. The application to fully non-linear systems
leads to a number of serious issues which we cannot discuss here.

Example 6. In order to demonstrate an important difference between our com-
bined algebraic-geometric completion algorithm and purely algebraic methods
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like involutive bases we analyse the planar pendulum. The dependent variables
are the positions (x, y), the velocities (u, v) and a Lagrange multiplier λ. We set
all parameters like mass or length to 1. This yields the equations of motion:

ẋ = u , ẏ = v , u̇ = −xλ , v̇ = −yλ− 1 , 0 = x2 + y2 + 1 . (17)

Our algorithm needs four iterations. The first two produce the new equations
0 = xu + yv and 0 = u2 + v2 − y − λ. In the third step, we find no algebraic
constraint, but an equation for λ̇ enters the system. Finally, in the fourth step
nothing further happens, so we have arrived at an involutive system.

A purely algebraic approach would need one iteration less. It would not
determine an equation for the derivative λ̇, as the system contains already an
algebraic equation for λ. The next section shows that this additional iteration
of geometric origin is important for obtaining the correct index values.

5 Indices for Differential Equations

Indices play an important role for differential algebraic equations. They serve as
indicators for the difficulties one has to expect in the numerical integration of the
given system: the higher the index, the more problems arise. Typical problems
are that classical methods exhibit suddenly a lower order of convergence or the
already mentioned drift off the constraint manifold.

The literature abounds with definitions of indices; a partial survey may be
found in [4]. A recent trend is their extension to partial differential equations.
One often speaks of partial differential algebraic equations, but this terminology
is misleading, as in many cases (like Maxwell’s equations) such systems do not
contain any algebraic equations: the non-normality is due to the presence of
equations of lower class and not of lower order.

We distinguish two classes of indices. Differentiation indices count the num-
ber of prolongations needed until the system possesses certain properties. In the
case of “the” differentiation index, the property is that an underlying system
has been found. Perturbation indices are based on estimates on the difference of
solutions of the original system and of a perturbation of it.

Two differentiation indices follow naturally from our completion algorithm.
Recall that it produces a sequence of linear systems in triangular form2 S̄0 −→
S̄1 −→ · · · −→ S̄λf

.

Definition 3. The determinacy index νD of a differential system in n indepen-
dent and m dependent variables is the first λ such that we have β

(n)
q+r = m for the

system S̄λ and the corresponding value of the counter r. The involution index
νI is the first λ for which S̄λ is involutive and thus λf − 1.

The determinacy index corresponds to “the” differentiation index. Its name
reflects that S̄λ is not an underdetermined system. νD has no finite value for
2 The systems are taken at the end of each iteration step.
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an underdetermined system, as then β
(n)
q+r < m for any value of λ. In contrast

to the involution index, the determinacy index cannot be used as a basis of an
existence theory for solutions, as it is does not require the full completion. Thus
it is well possible that the system is in fact inconsistent. The involution index is
equivalent to the strangeness index [13]; one also obtains the same result with
the geometric approaches presented in [18,19].

Example 7. It follows from Ex. 6 that both the determinacy and the involution
index of the pendulum are νI = νD = 3, as an underlying system is obtained
only after an equation for λ̇ is present. A purely algebraic completion would
yield too low values for the indices.

In system (8), we find different values for νI and νD. The determinacy index
is obviously 0, as the first two equations form already an underlying system. But
λf = 2 and hence νI = 1.

The perturbation index was introduced by Hairer et al. [7] for differential
algebraic equations and extended to partial differential equations by Campbell
and Marszalek [5]. We assume that the system lives on a compact domainΩ ⊂ Rn

and choose a norm ‖ · ‖ on some function space F over Ω which is usually either
the maximum norm ‖ · ‖L∞ or the uniform norm ‖ · ‖L1 . In addition, we define
on F for each integer k > 0 a kind of Sobolev norm

‖f‖k =
∑

0≤|µ|≤k

∥∥∥∂|µ|f
∂xµ

∥∥∥ , (18)

i. e. we sum the norms of f and its partial derivatives up to order k. Of course,
the function space F must be such that these norms make sense on it.

Partial differential equations are usually accompanied by initial or boundary
conditions. In order to accommodate for this, we take the following simple ap-
proach. Let Ω′ ⊆ ∂Ω be a subdomain of the boundary of Ω and introduce on
the restriction F ′ of F to Ω′ similar norms denoted by ‖ · ‖′k. The conditions are
assumed to be of the form Ψ(x,p)

∣∣
Ω′ = 0. This comprises most kinds of initial

or boundary conditions in applications. The highest derivative in Ψ determines
the order � of the conditions.

We consider again a linear partial differential system with p equations (1).
We do not require that p = m or that the Jacobian ∂Φ/∂p has any special
properties. Assume that we are given a smooth solution u(x) defined on the
whole domain Ω and satisfying our initial or boundary conditions on Ω′. We
compare it with solutions of the perturbed equation Φ(x,p) = δ(x) with a
smooth right hand side δ.

Definition 4. Let u(x) be a smooth solution satisfying some initial or boundary
conditions of order � on Ω′. The system has perturbation index νP along this
solution, if νP is the smallest integer such that for any solution ũ(x) of the
perturbed equation at every point x ∈ Ω the estimate

|u(x)− ũ(x)| ≤ C
(‖f − f̃‖′� + ‖δ‖νP −1

)
(19)
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holds, whenever the right hand side is sufficiently small. Here f and f̃ represent
the restrictions of the solutions u and ũ, respectively, to Ω′. The constant C
may depend only on the domains Ω, Ω′ and on the function Φ.

In the case of initial value problems for differential algebraic equations this
definition coincides with the one given by Hairer et al. The term ‖f − f̃‖′k takes
there the simple form |u(x0)− ũ(x0)| where Ω′ = {x0}. For partial differential
systems our definition is almost identical with the one given by Campbell and
Marszalek; the only difference is that we do not include the order � of the initial
or boundary conditions in the index.

Whereas it is not so clear why differentiation indices should indicate the dif-
ficulty of the numerical integration of the system, this is rather obvious for the
perturbation index. If we take for ũ(x) an approximate solution, we may inter-
pret δ(x) as the residual obtained by entering it into the system. The estimate
(19) tells us that for an equation with νP > 1 it does not suffice to keep this
residual as small as possible, since also some of its derivatives enter it. Strictly
speaking, this implies that the considered initial or boundary value problem is
ill-posed in the sense of Hadamard!

Obviously, it is much harder to obtain estimates of the form (19) than to
compute a differentiation index, but the perturbation index contains more useful
information. Hence there is much interest in relating the two concepts.

Conjecture 1. For any linear differential system νD ≤ νP ≤ νD + 1.

For differential algebraic equations, a rigorous proof of this conjecture can
be found in [10].3 One first shows that a normal ordinary differential system
has the perturbation index νP ≤ 1 (a consequence of Gronwall’s Lemma). For a
general system, one follows the completion algorithm until an underlying system
is reached. One can prove that its right hand side contains derivatives of the
perturbations of order νD. This yields the estimate above.

For partial differential systems, the situation is much more complicated, as
the perturbation index will depend in general on the chosen norm. A simple case
arises, if the underlying equation can be treated with semi-group theory [21].
Then we may consider our overdetermined system as a differential algebraic
equation on an infinite-dimensional Banach space and the same argument as
above may be applied. Thus we obtain the same estimate.

6 Semi-discretisation

For simplicity, we restrict to first order linear homogeneous systems with con-
stant coefficients in n+ 1 independent variables of the form

n+1∑
i=1

Miuxi +Nu = 0 . (20)

3 In that article non-linear systems are treated where one must introduce perturbed
differentiation indices. For linear systems they are identical with the above defined
indices.
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The matrices Mi and N are here completely arbitrary. Now we discretise the
derivatives with respect to n of the independent variables by some finite differ-
ence method. This yields a differential algebraic equation in the one remaining
independent variable. We are interested in the relation between the involution
indices of the original partial differential system and the obtained differential
algebraic equation, respectively.

Instead of (20) we complete to involution a perturbed system with a generic
right hand side γ(x). For a linear constant coefficients system, the perturbation
does not affect the completion. It only serves as a convenient mean of “book-
keeping” which prolongations are needed during the completion.

Definition 5. The involution index ν� in direction x� of the system (20) is the
maximal number of differentiations with respect to x� in a γ-derivative contained
in the involutive completion of the perturbed system.

For the semi-discretisation we proceed as follows. Assume that x� is the “sur-
viving” independent variable; in other words, afterwards we are dealing with an
ordinary differential system containing only x�-derivatives. In order to simplify
the notation, we rewrite (20). We denote x� by t and renumber the remaining
independent variables as xi with 1 ≤ i ≤ n. Then we solve as many equations
as possible for a t-derivative, as we consider these as the derivatives of highest
class. This yields a system of the form

Eut =
n∑
i=1

Aiuxi
+Bu + δ , 0 =

n∑
i=1

Ciuxi
+Du + ε . (21)

Here we assume that the (not necessarily square) matrix E is of maximal rank,
i. e. every equation in the first subsystem really depends on a t-derivative. But
we do not pose any restrictions on the ranks of the matrices Ci.

In (21) we have introduced perturbations δ and ε which are related to the
original perturbations γ by a linear transformation with constant coefficients. As
we are only interested in the number of differentiations applied to them during
the completion, such a transformation has no effect.

We discretise the “spatial” derivatives, i. e. those with respect to the xi, on a
grid where the points xk are labelled by integer vectors k = [k1, . . . , kn]. uk(t)
denotes the value of the function u at the point xk at time t. We approximate
in (21) the spatial derivative uxi

(xk, t) by the finite difference

δiuk(t) =
bi∑

�i=−ai

α
(i)
�i

u[k1,...,ki+�i,...,kn](t) (22)

with some real coefficients α
(i)
�i
. Thus different discretisations are allowed for

different values of i, but uxi is everywhere discretised in the same way. Entering
the approximations (22) into (21) yields

Eu̇k =
n∑
i=1

Aiδiuk +Buk , 0 =
n∑
i=1

Ciδiuk +Duk . (23)
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Theorem 1. The involution index of the differential algebraic equation (23)
obtained in the described semi-discretisation of (20) with respect to x� is ν�.

The proof is given in [24]; we outline here only the basic idea. We compare
what happens during the completion of the perturbed system (21) and the dif-
ferential algebraic equation (23). One can show that each new equation in the
discretised system corresponds to either an integrability condition or an obstruc-
tion to involution in the original system. Further examination shows that this
only happens for prolongations in t-direction; mere spatial differentiations do
not lead to new equations in the differential algebraic system. Since νl counts
only the number of differentiations with respect to t, the involution index of (23)
must coincide with νl.

This result is somewhat surprising. While one surely expects that integra-
bility conditions of the original partial differential system induce integrability
conditions in the differential algebraic equation obtained by semi-discretisation,
Theorem 1 says that obstructions to involution also turn into integrability con-
ditions upon semi-discretisation. Thus even if the original partial differential
system is formally integrable, the differential algebraic equation might contain
integrability conditions.

Example 8. A semi-discretisation with backward differences for the spatial deri-
vatives of the linear system (8) leads to the differential algebraic equation

v̇n = (wn − wn−1)/∆x , ẇn = 0 , vn − vn−1 = 0 . (24)

It hides the integrability condition wn−2wn−1+wn−2 = 0 obviously representing
a discretisation of the obstruction to involution wxx = 0 by centred differences.
The involution index of (8) in direction t is one which is also the involution index
of (24) in agreement with Theorem 1.

For weakly overdetermined systems, Theorem 1 can be strengthened. For
them the differential algebraic equation obtained by a semi-discretisation with
respect to t is formally integrable, if and only if the original partial differential
system is involutive [24]. This result does not only hold for semi-discretisations
by finite differences but also for spectral methods: assuming periodic boundary
conditions, we make the Fourier ansatz

u(x, t) ≈
∑
k∈G

[ak(t) + ibk(t)] eikx . (25)

Here G is a finite grid of wave vectors, and we split the complex Fourier coef-
ficients into their real and imaginary part. Entering this ansatz into (9) yields
the following differential algebraic equation where the vectors A and C consist
of the matrices Ai and Ci, respectively:(

ȧk

ḃk

)
=
(

B −k ·A
k ·A B

)(
ak

bk

)
, 0 =

(
D −k ·C

k ·C D

)(
ak

bk

)
. (26)

One can show that this differential algebraic equation is formally integrable, if
and only if the weakly overdetermined system (9) is involutive [24].
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Abstract. The article is a contribution to a more efficient computation
of involutive bases. We present an algorithm which computes a ‘sliced
division’. A sliced division is an admissible partial division in the sense
of Apel. Admissibility requires a certain order on the terms. Instead of
ordering the terms in advance, our algorithm additionally returns such
an order for which the computed sliced division is admissible. Our algo-
rithm gives rise to a whole class of sliced divisions since there is some
freedom to choose certain elements in the course of its run. We show that
each sliced division refines the Thomas division and thus leads to ter-
minating completion algorithms for the computation of involutive bases.
A sliced division is such that its cones ‘cover’ a relatively ‘big’ part of
the term monoid generated by the given terms. The number of prolon-
gations that must be considered during the involutive basis algorithm is
tightly connected to the dimensions and number of the cones. By some
computer experiments, we show how this new division can be fruitful for
the involutive basis algorithm.
We generalise the sliced division algorithm so that it can be seen as
an algorithm which is parameterised by two choice functions and give
particular choice functions for the computation of the classical divisions
of Janet, Pommaret, and Thomas.

1 Introduction

Involutive bases have their origin in the Riquier-Janet Theory of partial differ-
ential equations at the beginning of the 20th century. In Riquier’s Existence
and Uniqueness Theorem, a separation of variables into multiplicative and non-
multiplicative ones is essential. Janet was the first to give an algorithm to trans-
form a system of partial differential equations (PDEs) into a canonical form
(passive system) required for Riquier’s Theorem. He also described a particular
separation of variables. Zharkov and Blinkov [8] translated Janet’s algorithm
into a polynomial context where its form is strikingly similar to Buchberger’s
well known Gröbner basis algorithm [3]. In fact, the polynomial Janet algorithm
computes a Gröbner basis, though not a reduced one, but it does this in a
slightly different fashion. Basically, it is also a critical element/completion algo-
rithm, however, instead of S-polynomials, it considers prolongations as critical
elements, and the usual polynomial reduction is applied in a restricted sense.

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 168–182, 2003.
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Later Apel [1] and Gerdt/Blinkov [4] introduced the notion of involutive di-
vision in order to generalise the separation of variables that could be used in
Janet’s algorithm. Unfortunately, two slightly differing notions for involutive di-
vision are now available and it remains to be seen which one is more appropriate.
Our paper follows the ideas of Apel.

The article is structured as follows. We first recall the basic definitions. In
Section 5 we present an algorithm to compute a sliced division and prove termi-
nation and correctness of this algorithm. In Section 6 we show that each sliced
division refines the Thomas division on the same set of terms. Section 7 deals
with a generalisation of the sliced division algorithm. We show that every gen-
eralised sliced division is an admissible partial division. We present the classical
partial divisions as generalised sliced divisions. In Section 8 we show by some
computer experiments how the involutive basis algorithm can benefit from using
the sliced division sub-algorithm.

Parts of the material presented in this article have already been given in a
talk at the ACA 2001 conference, Albuquerque, New Mexico.

2 Preliminaries

For the whole paper let X = {x1, . . . , xn} be a set of indeterminates and K[X]
be the set of polynomials in X over the field K of coefficients. By T we denote
the set of power products of K[X]. Since we are not interested in this paper in
computations with respect to different term orders, we fix a certain admissible
term order. We denote for 0 �= f ∈ K[X] by supp f ⊂ T the set of terms
of f that appear with a non-zero coefficient and by lt f the biggest term of
supp f with respect to the term order. Furthermore, if F ⊆ K[X], let lt(F ) :=
{lt f | 0 �= f ∈ F }.

By degx t we denote the degree of t ∈ T in x ∈ X, whereas deg t is the total
degree of t.

Definition 1. For any set U ⊆ T we define 〈U〉 as the monoid generated by
U , i. e., 〈U〉 := {t ∈ T | ∃u1, . . . , um ∈ U : t = u1u2 · · ·um }. By definition, the
product of m = 0 elements is 1, in particular, 〈∅〉 = {1}.

Definition 2. Let Y ⊆ X, t ∈ T , U ⊆ T . By tU we denote the set {tu |u ∈ U }.
The set t〈Y 〉 is called a cone, t its base point, and the elements of Y its
multipliers. The number of elements of Y is called the dimension of the cone.

Definition 3. The lexicographical order on T is defined by u <lex v iff there
exists an i ∈ {1, . . . , n} such that degxj

u = degxj
v for all 1 ≤ j < i and

degxi
u < degxi

v. The term u is inverse lexicographically smaller than v (denoted
u <invlex v) iff v <lex u.
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3 Partial Divisions

After Zharkov and Blinkov [8] brought the Janet algorithm to a polynomial con-
text (see Chapter 8), Apel and Gerdt/Blinkov realised that the particular choice
of multiplicative and non-multiplicative variables that was used by Janet in his
algorithm could be generalised. They came up with the concept of involutive
division [1], [4], and is called admissible partial division in [2].

In order to get an intuitive picture of a partial division, one should read the
ordinary divisibility relation u | v of two terms u, v ∈ T as v ∈ u〈X〉. That is to
say: to each term t ∈ T we assign the cone of all its multiples. If we restrict these
cones to sub-cones and define divisibility in terms of these restricted cones, we
arrive at the concept of partial division. The word ‘partial’ should suggest that
two terms which are ordinarily divisible might not be divisible with respect to
some partial division. The idea behind ‘admissible partial division’ is that cones
should be disjoint whereas ‘complete’ suggests that a certain region is completely
covered by disjoint cones.

Apel and Gerdt/Blinkov introduced slightly different notions of involutive
division. Since this paper is based on Apel’s version, the definitions below mainly
follow the definitions in [2].

Definition 4. Let (Yt)t∈T be a family of subsets of X. We call the familyM =
(t〈Yt〉)t∈T a partial division. If v ∈ u〈Yu〉, then v is called anM-multiple of
u, and u is an M-divisor of v.

Let U ⊆ T . Each family N = (t〈Yt〉)t∈U induces a partial division M =
(t〈Yt〉)t∈T by setting Yt := X for t �∈ U . We will also call N a partial division
and mean its induced partial division.

Let � be a total order on U ⊆ T . A partial divisionM = (t〈Yt〉)t∈T is called
admissible on (U,�) if for all u, v ∈ U with u � v, one of the conditions

u〈X〉 ∩ v〈Yv〉 = ∅ or (1)
u〈Yu〉 ⊂ v〈Yv〉 (2)

holds.M is admissible on U if there exists a total order � on U such thatM
is admissible on (U,�).

The set U will be called complete if there exists an admissible partial division
(t〈Yt〉)t∈T on U such that ⋃

t∈U
t〈Yt〉 =

⋃
t∈U
t〈X〉.

Remark 1. The first condition of admissibility involves the set X. So it would
have been more precise to speak of X-admissibility. Because of the following
observation, this additional qualification is not needed. Suppose a partial division
(u〈Yu〉)u∈U is X-admissible on (U,�). Then it is also X ′-admissible for all X ′ ⊇⋃
u∈U Yu.

Let u, v ∈ U with u � v and suppose the relation

u〈X〉 ∩ v〈Yv〉 = ∅ (3)
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holds. Then also
u〈X ′〉 ∩ v〈Yv〉 = ∅ (4)

trivially holds for all X ′ ⊂ X. From (3) it follows that degx u > degx v for some
x ∈ X \ Yv. Therefore, (4) holds for X ′ ⊃ X, as well.

The following definition introduces a partial order on the set of all partial
divisions.

Definition 5. Let M = (Mt)t∈T and N = (Nt)t∈T be two partial divisions. If
Mt ⊆ Nt for all t ∈ T we say that N refines M. Let U ⊆ T . M and N are
U-equivalent if Mu = Nu for all u ∈ U (denoted M≡U N ).

4 Classical Partial Divisions

The following three divisions are called ‘classical’ in the literature. We include
them here as examples of admissible partial divisions. Whereas the Thomas
division is important for the termination of the involutive basis algorithm, we
will refer to Janet and Pommaret division in Section 7.

Janet [5] used a particular partial division which is defined as follows.

Example 1 (Janet Division). Let U ⊆ T be a finite set of power products. Define
Yt = X for all t �∈ U and

Yt :=
{
xi ∈ X

∣∣∣ �u ∈ U : degxi
u > degxi

t ∧ ∀ 1 ≤ j < i : degxj
u = degxj

t
}

for all t ∈ U . The division (t〈Yt〉)t∈T is called Janet division on U .

The Thomas division [7] is mainly of theoretical interest. Apel showed in [1]
that the involutive basis algorithm will terminate if one chooses a partial division
which refines the Thomas division.

Example 2 (Thomas Division). Let U ⊆ T be a set of power products. Define
Yt = X for all t �∈ U and Yt := {x ∈ X | ∀u ∈ U : degx u ≤ degx t} for all t ∈ U .
The division (t〈Yt〉)t∈T is called Thomas division on U .

Another division is due to Pommaret [6].

Example 3 (Pommaret Division). Let Y1 := X. If t ∈ 〈x1, . . . , xk〉 and degxk
t >

0 for some k ∈ {1, . . . , n} then let Yt := {xk, . . . , xn}. The division (t〈Yt〉)t∈T is
called Pommaret division.

All of the above divisions are admissible with respect to the inverse lexico-
graphical order on T (cf. [1]).

As one easily recognises, Janet and Pommaret divisions can be defined for
any permutation of the variables.

Gerdt/Blinkov [4] gave further divisions whereas Apel [1] considers the whole
lattice of partial divisions and argues to prefer a maximal (with respect to the
refinement relation, cf. Definition 5) admissible division in each step of the in-
volutive basis algorithm.
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5 Sliced Division Algorithm

In this section we present an algorithm which not only computes an admissible
partial division for a given set U of terms but also a particular order on U so
that the resulting division is admissible on U with respect to that order. This
approach is different from Apel’s sub-maximal refinement of a division with
respect to some given order.

The basic objective for the sliced division algorithm was to find an admissible
partial division on a set U of terms such that the cones attached to elements
of U cover a relatively ‘big’ part of the monoid ideal generated by U . This is
achieved by assigning all variables as multiplicative to a term of minimal total
degree and then applying such an assignment recursively (with fewer variables)
to the remaining terms.

Algorithm 1 slicedDivision
Call: M := slicedDivision(Y, U)

Input: Y ⊆ X finite set of indeterminates
U = {u1, . . . , ur} ⊆ w〈Y 〉 for some w ∈ 〈X \ Y 〉 where r = card U

Output: A list [v1〈Yv1〉, . . . , vr〈Yvr 〉] of Y -cones such that U = {v1, . . . , vr} and ∀i, j =
1, . . . , r : i < j =⇒ (vi〈Y 〉 ∩ vj〈Yvj 〉 = ∅ ∨ vi〈Yvi〉 ⊂ vj〈Yvj 〉)

1: L := [] # empty list
2: if U = ∅ then return L
3: if Y = ∅ then return [w〈Y 〉] # Note that here U = w〈Y 〉 = {w} if Y = ∅.
4: Choose m ∈ U with deg m = min {deg u | u ∈ U }
5: C := (U ∩ m〈Y 〉) \ {m}; LC := slicedDivision(Y, C)
6: V := U \ m〈Y 〉 # same as V := U \ (C ∪ {m})
7: while V �= ∅ do
8: Choose x ∈ Y such that degx(gcd V ) < degx m
9: d := degx(gcd V )

10: S := {v ∈ V | degx v = d}
11: V := V \ S
12: LS := slicedDivision(Y \ {x} , S)
13: L := concat(LS , L)
14: return concat(LC , [m〈Y 〉], L)

5.1 Some Comments to the Algorithm

Informally speaking, one should associate the set U of terms with its monoid
ideal represented in some Nn. As the first step, some element m of minimal total
degree is taken from U and gets the full-dimensional cone assigned to it (a shifted
copy of Nn). All elements which are divisible by m are treated recursively. Any
of the other elements will get a cone which is at most of dimension n − 1. By
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taking hyperplanes perpendicular to the direction of some variable x (chosen in
each iteration step), slices are cut from the ‘outermost’ part of the ideal until
the cone of m is reached. The elements inside such a slice correspond to elements
of V (cf. Algorithm 1) having minimal degree in x. Such slices are of dimension
n− 1 and thus can be treated recursively.

Definition 6. Let U ⊆ T be a finite set of terms and [u1〈Yu1〉, . . . , ur〈Yur 〉] be
an output of slicedDivision(X,U). (u〈Yu〉)u∈U is called a sliced division on
U .

The condition U ⊆ w〈Y 〉, w ∈ 〈X \ Y 〉 in the specification of Algorithm 1
just states that elements of U agree in the ‘non-multiplicative part’.

5.2 Termination and Correctness

Theorem 1. The algorithm slicedDivision (page 172) terminates and meets
its specification.

Proof. One easily verifies that the parameters of recursive calls of the algorithm
fulfil the input specification.

Termination. Because of lines 3, 6, and 7, the choice of x in line 8 is possible.
There can be only finitely many while iterations (lines 7–13), since S contains
at least one element and thus the cardinality of V decreases. In each recursive
call the sum of the cardinality of the input parameters is strictly smaller than
cardY+cardU . Thus the recursion depth is bounded, and hence slicedDivision
terminates.

Correctness. Let Y and U be as specified in the input of Algorithm 1. The
proof will be an induction on the number of elements in the input sets. Obviously,
the algorithm is correct if it is started with empty input parameters. Let us
assume that the algorithm is correct if the sum of the cardinalities of the input
parameters is smaller than cardY + cardU . Let [v1〈Yv1〉, . . . , vr′〈Yvr′ 〉] be the
output of the algorithm for Y and U . Consider the particular run where this
output was produced. Let m, C, and V be as specified before the while loop, and
let s be the number of actual iterations.

In the following let σ range over 1, . . . , s. The values of x, and S after the
σ-th iteration will be denoted by yσ and Sσ.

First, we must show that r′ = r. By induction hypothesis, we have cardC =
cardLC and cardSσ = cardLSσ for all σ. From lines 1, 13, and 14 and the fact
that U is equal to the disjoint union C ∪ {m} ∪ Ss ∪ · · · ∪ S1, we can conclude
r = r′.

Lines 5, 12, and 14 together with the induction hypothesis then imply U =
{v1, . . . , vr}.

Take i, j ∈ {1, . . . , r} with i < j. It remains to show that

vi〈Y 〉 ∩ vj〈Yvj 〉 = ∅ or (5)
vi〈Yvi〉 ⊂ vj〈Yvj 〉 (6)

holds. There are several cases to consider.
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1. vi, vj ∈ C: (5) or (6) follows by induction hypothesis.
2. vi ∈ C, vj = m: We have Yvj = Y and (6) by construction of C.
3. vi ∈ C ∪ {m}, vj ∈ Sσ for some σ ∈ {1, . . . , s}: By construction of m,
C, and Sσ, we have m〈Y 〉 ∩ vj〈Yvj 〉 = ∅, because degyσ

vj < degyσ
m and

yσ ∈ X \ Yvj
. Since c〈Yc〉 ⊂ m〈Y 〉 for all c ∈ C, relation (5) holds.

4. vi ∈ Sσ, vj ∈ Sσ′ for some σ, σ′ ∈ {1, . . . , s}: If σ = σ′ then (5) or (6) follows
from the induction hypothesis and Remark 1. Otherwise, i < j implies σ > σ′

by line 14 and construction of L in line 13. The inequality degyσ′ (vit) >
degyσ′ vj holds for t = 1 by construction of Sσ′ and remains true for any
t ∈ 〈Y 〉. Since yσ′ �∈ Yvj

, we can conclude (5).

By line 14 there cannot be other cases. Thus, the correctness of slicedDivision
is proved. �

Corollary 1. Let W ⊆ T be a finite set of terms, and [w1〈Yw1〉, . . . , wr〈Ywr 〉]
an output of slicedDivision(X,W ). Define � on W by wi � wj ⇐⇒ i < j,
i, j = 1, . . . , r. Then M = (t〈Yt〉)t∈W is admissible on (W,�).

We want to emphasise the fact that instead of giving an order � in advance
and then compute an admissible partial division with respect to that order, our
algorithm only starts with a set of terms and returns a division and an order for
which this division is admissible.

One easily verifies that slicedDivision never calls itself with an empty set
of variables if it is started with a non-empty set Y . Line 3 is only important
if the algorithm is initially called with an empty set of variables or for a gen-
eralisation of the algorithm. In fact, algorithm slicedDivision also meets its
specification if an arbitrary element m ∈ U in line 4 is chosen. For such a gen-
eralisation, however, it can happen that the algorithm calls itself with an empty
set Y . One easily verifies that the proof of Theorem 1 does not depend on the
particular choice of m. For an extensive treatment of the generalised algorithm
see Section 7.

6 Sliced Division Refines Thomas Division

As Apel showed in [1], termination of the involutive basis algorithm (Algo-
rithm 2) is guaranteed if the division used in its while loop refines the Thomas
division.

The following property of the Thomas division is easy to prove.

Lemma 1. Let U, V ⊆ T be two sets with U ⊇ V and (t〈Yt〉)t∈T , (t〈Zt〉)t∈T be
the Thomas divisions on U and V , respectively. Then Yt ⊆ Zt for all t ∈ T .
Proof. For all t ∈ T \ U the equality Yt = Zt = X holds. Trivially, Yt ⊆ Zt = X
is true for all t ∈ U \V . For all t ∈ V and all x ∈ X \Zt there exists t′ ∈ V with
degx t′ > degx t and, therefore x ∈ X \ Yt. Hence, Yt ⊆ Zt. �
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Theorem 2. Let Y ⊆ X be a set of variables, U ⊂ T be a finite set of terms, and
[u1〈Yu1〉, . . . , ur〈Yur 〉] = slicedDivision(Y,U). Then for the Thomas division
(t〈Zt〉)t∈T on U the relation Zu ∩ Y ⊆ Yu holds for all u ∈ U .

Proof. Since for U = ∅ there is nothing to prove, assume that cardU = r > 0
and that the theorem is correct if the number of terms is less than r. Consider
the run of slicedDivision where [u1〈Yu1〉, . . . , ur〈Yur 〉] was computed. Let s be
the number of iterations of the while loop, and let C and m be as defined in the
algorithm. After the σ-th iteration (σ = 1, . . . , s) of the while loop the values of
x and S are denoted by xσ and Sσ, respectively. Then U is the disjoint union
C ∪ {m} ∪ Ss ∪ · · · ∪ S1.

Trivially, Zm ∩ Y ⊆ Ym = Y . From the induction hypothesis it follows that
Zu ∩ Y ⊆ Yu for all u ∈ C. Now consider Sσ for some σ ∈ {1, . . . , s}. Take any
u ∈ Sσ. From the induction hypothesis we get Zu ∩ (Y \ {xσ}) ⊆ Yu (see line 12
of Algorithm 1). By definition of the Thomas division, we have xσ �∈ Zu since
degxσ

u < degxσ
m. Hence, Zu ∩ Y ⊆ Yu as claimed. �

The following corollary is Theorem 2 for the special case X = Y .

Corollary 2. Let U ⊆ T be a finite set of terms. Then a sliced division on U
refines the Thomas division on U .

7 Generalised Sliced Division

The algorithm slicedDivision was designed to construct an admissible partial
division on a set U of terms such that the cones attached to elements of U cover
a relatively ‘big’ part of the monoid ideal generated by U . For theoretical con-
siderations it is interesting to generalise the algorithm such that it can compute
other known admissible divisions.

As we have already seen, the particular choice of m in line 4 of Algorithm 1
does not affect the correctness of Theorem 1. By a further generalised form of
slicedDivision, not only one can compute the Janet division, but also Pom-
maret and Thomas division as we shall see in Section 7.2.

Let us first generalise the sliced division algorithm.

7.1 Every Generalised Sliced Division
Is an Admissible Partial Division

Let U ⊆ T be a finite set of terms. slicedDivision(X,U) always returns a
partial division where at least one term of U has a full-dimensional cone. It
cannot compute, for example, the Pommaret division for the terms

{
x1x

2
2, x

2
1x2
}

since x1 is not Pommaret-multiplicative for both terms. To produce admissible
divisions on a set U where no element of U will get a cone corresponding to all
possible variables, we introduce a distinct symbol ∞ �∈ U and allow to choose
in line 4 of slicedDivsion either an element of U or this symbol depending on
whether or not the final division should contain a full-dimensional cone.
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In order to simplify notation, for m = ∞, Y ⊆ X, and U ⊆ T , we require
that the set U ∩m〈Y 〉 is empty (no matter how m〈Y 〉 is actually defined), and
we declare degx t < degxm for all x ∈ X, t ∈ T .

By using the same specification as that of slicedDivision, the generalised
version of Algorithm 1 is obtained by replacing lines 4, 8, and 14 by

4: m := chooseFirst(Y,U)
8: x := chooseNonMultiplier(Y, V,m)

14: if m ∈ U then return concat(LC , [m〈Y 〉], L) else return L

with two sub-algorithms chooseFirst and chooseNonMultiplier. These al-
gorithms should have the following properties.

S1 If ∅ �= U ⊆ T is a finite set of terms, Y ⊆ X, and m = chooseFirst(Y,U)
then m ∈ U ∪ {∞}.

S2 Let ∅ �= V ⊆ T be a finite set of terms, Y ⊆ X, m ∈ T ∪ {∞},
∀v ∈ V ∃y ∈ Y : degy v < degym

and x = chooseNonMultiplier(Y, V,m). Then

x ∈ Y ∧ ∃v ∈ V : degx v < degxm.

One easily verifies that the input specifications are always satisfied when these
functions are called in the generalised sliced division algorithm. By lines 6 and
7 of Algorithm 1 it follows ∀v ∈ V ∃y ∈ Y : degy v < degym.

Theorem 3. The generalised version of the algorithm slicedDivision termi-
nates and meets its specification.

Proof. The proof of termination and correctness of the generalised version is
similar to the proof of Theorem 1. In fact, our proof of Theorem 1 has been
formulated in such a way that it can even be taken literally. One should note
that the cases 2 and 3 at the end of the proof cannot occur if m = ∞, since in
the proof vi, vj ∈ U , but ∞ �∈ U . �

Remark 2. Given U and Y , one may think of∞ as the termm = lcm(U)
∏
y∈Y y

as it fulfils all conditions that we posed on ∞. Since the cone m〈Y 〉 is never
returned and degy v < degym will be true for all y ∈ Y and v ∈ V , such an
assignment would not cause any problem.

We define a generalised sliced division to be a division which is induced
by the output of a generalised sliced division algorithm.

7.2 Janet, Pommaret, and Thomas Divisions
as Generalised Sliced Divisions

In this section, let W ⊆ T be a finite set of terms and let � =<invlex be the
inverse lexicographical order on W . Let J , P, and T be the Janet, Pommaret,
and Thomas division on W , respectively. They are admissible on (W,�).
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We are going to present particular sub-algorithms such that the generalised
form of Algorithm 1 computes one of the classical divisions if these sub-algorithms
are used.

Definition 7. Let ∅ �= Y ⊆ X and ∅ �= U, V ⊆ W finite sets of terms. Let
m ∈ T ∪ {∞} and assume ∀v ∈ V ∃y ∈ Y : degy v < degym. We define the
following functions.

Janet case: Let cfJ (Y,U) := max<lex U . Let cnmJ (Y, V,m) := xi where i is
the smallest index such that degxi

v < degxi
m for some v ∈ V .

Pommaret case: Let xk be such that k is the smallest index of all variables of
Y and let U ′ := U ∩ 〈(X \ Y ) ∪ {xk}〉 then cfP(Y,U) returns ∞ if U ′ = ∅,
otherwise it returns the element of U ′ of smallest degree. Let cnmP := cnmJ .

Thomas case: Let cfT (Y,U) return l := lcm(U) if l ∈ U and degy t ≤ degy l
for all y ∈ Y and t ∈W , otherwise let it return ∞. Let cnmT (Y, V,m) := xi
where i is the smallest index such that degxi

v < degxi
m and degxi

v <
degxi

(lcmW ) for some v ∈ V .

Definition 8. LetM be a partial division and cfM and cnmM be functions sat-
isfying S1 and S2 in place of chooseFirst and chooseNonMultiplier, re-
spectively. The algorithm which is obtained from Algorithm 1 by replacing lines 4,
8, and 14 by

4: m := cfM(Y,U)
8: x := cnmM(Y,U,m)

14: if m ∈ U then return concat(LC , [m〈Y 〉], L) else return L

is called slicedDivisionM.

It is trivial to check that the functions cfJ , cfP , and cfT fulfil the property
S1. cnmJ and cnmP fulfil S2. For cnmT we must show that there is some y ∈ Y
and some v ∈ V in line 8 such that degy v < degym and degy v < degy(lcmW ).
If m ∈W , this follows by the input specification given in Definition 8. Ifm =∞,
it follows from the definition of cfT .

Since slicedDivisionJ , slicedDivisionP , and slicedDivisionT are gen-
eralised sliced division algorithms, by Theorem 3, they return admissible partial
divisions.

Theorem 4. Let Y ⊆ X, U = {u1, . . . ur} ⊆W . LetM = (t〈Xt〉)t∈T stand for
the Janet division J , the Pommaret division P, or the Thomas division T on
W . Let ∀u ∈ U : Xu ⊆ Y and [v1〈Yv1〉, . . . , vr〈Yvr

〉] = slicedDivisionM(Y,U).
If M = P is the Pommaret division then additionally assume that there exists
k ∈ {1, . . . , n} such that Y = {xk, . . . , xn}. Then Xu = Yu for all u ∈ U .

Proof. The proof goes by induction on the cardinality of the input parameters
Y and U . All line numbers will refer to slicedDivisionM. For empty input
parameters there is nothing to show. Now consider Y ⊆ X and U ⊆ W and
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assume that the theorem is proved for all calls of slicedDivisionM where the
sum of the cardinalities of the input parameters is strictly less than cardY +
cardU . Let m, C, and V be as defined in lines 4–6. Let s be the number of
iterations of the while loop, and let yσ, dσ, Sσ, and Vσ be the values of x, d,
S, and V after the σ-th iteration (σ = 1, . . . , s). By the input specification
of slicedDivisionM, there exists an element w ∈ 〈X \ Y 〉 such that U ⊆ W ∩
w〈Y 〉. For line 12 we find that Sσ ⊆ ydσ

σ w〈Y \ {yσ}〉, thus the input specification
of slicedDivisionM is satisfied. There are two cases to consider.

m ∈ U : By line 14, Ym = Y will be returned, it remains to show Xm = Y . Since
cardC, cardV < cardU , the correct assignment of multiplicative variables
for the elements of U \ {m} follows from the induction hypothesis if we can
show that the assumptions of the theorem are satisfied in lines 5 and 12. For
line 5 this is trivial, since C � U and Y does not change. Note that C = ∅
if M = J .
For the remaining considerations, we treat the various cases separately.
M = J : From the assumption of the theorem, Xm ⊆ Y . By definition of J

and cfJ , we must have Xm = Y . By m = max<lex U , line 6, the choice
of yσ through cnmJ , and from line 10 we conclude degyσ

v < degyσ
m for

all v ∈ Sσ. By definition of the Janet division, yσ is non-multiplicative
for all elements of Sσ. Hence, the theorem is applicable for (Y \{yσ} , Sσ)
in line 12.

M = T : From the assumption of the theorem, Xm ⊆ Y . By definition of T
and cfT , we must have Xm = Y . By m = lcm(U), line 6, the choice of
yσ through cnmT , and from line 10 we conclude degyσ

v < degyσ
m for

all v ∈ Sσ. By definition of the Thomas division, yσ is non-multiplicative
for all elements of Sσ. Hence, the theorem is applicable for (Y \{yσ} , Sσ)
in line 12.

M = P: Let U ′ = U ∩ 〈(X \ Y ) ∪ {xk}〉. By definition of the Pommaret
division,Xu = Y for all u ∈ U ′. By definition of cfP ,m = wxak ∈ U ′ with
the smallest possible a. Note that U ′ ⊆ m〈Y 〉. By the choice of m and
line 6, it follows that for all v ∈ V degxk

v < a and ∃j > k : degxj
v > 0.

Therefore yσ = xk and xk �∈ Xv. Hence, the theorem is applicable for
(Y \ {xk} , Sσ) = ({xk+1, . . . , xn} , Sσ) in line 12.

m =∞: This case does not occur if M is the Janet division. From lines 5 and
6 follows C = ∅ and V = U . Let σ ∈ {1, . . . , s}. Correct assignment of the
multipliers follows from the induction hypothesis applied to (Y \{yσ} , Sσ) in
line 12. We must show that the assumptions of the theorem are applicable.
If M = T then Xv ⊆ Y \ {yσ} for all v ∈ V follows from the definition of
cnmT and the definition of the Thomas division on W .
If M is the Pommaret division, we observe that yσ = xk by cnmP and
that for all v ∈ V there exists j > k such that degxj

v > 0, i. e., Xv ⊆
{xk+1, . . . , xn}.
Hence, all assumptions of the theorem are satisfied in line 12 and we get
Xu = Yu for all u ∈ Sσ and consequently for all u ∈ U .

The theorem is proved. �
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The following corollary states that Janet, Pommaret, and Thomas divisions
are generalised sliced divisions.

Corollary 3. Let M be the Janet, the Pommaret, or the Thomas division on
W . Let [v1〈Yv1〉, . . . , vr〈Yvr 〉] = slicedDivisionM(X,W ). M and the induced
division of (v〈Yv〉)v∈W are W -equivalent.

8 Computer Experiments

The involutive basis algorithm appears in various flavours in the literature, for
example, [8], [1], [4]. Let us give here only a basic treatment which is necessary
to understand our computer experiments. For more details we refer to the papers
above.

In order to make the paper as self-contained as possible, we repeat here
several definitions.

Definition 9. Let G ⊆ K[X] be a set of polynomials. G is called an involutive
basis if G is a Gröbner basis and lt(G) is complete (cf. Def. 4).

A list of equivalent conditions can be found in [1].

Definition 10. Let G ⊆ K[X] be a set of polynomials and let M = (Mt)t∈T be
a partial division. We say that f ∈ K[X] is inM-normal form with respect to
G if supp f ∩Mlt g = ∅ for every g ∈ G \ {0}.

Obviously, this leads to a concept of restricted reduction; elements in G can
only be multiplied by their respective multiplicative variables in order to reduce
some term of f . The sub-algorithm NFM that computes an M-normal form
is similar to a normal form algorithm in a Gröbner basis computation where
divisor and multiple is replaced by M-divisor and M-multiple. For example, if
G =

{
x2, y2

}
and M denotes the Janet division on ltG. Then NFM(xy2, G) =

xy2 since there is no M-divisor of xy2 in ltG.
The basic form of the involutive basis algorithm is given in Algorithm 2.

The different approaches for a definition of an admissible partial division [2] and
an involutive division [4] are reflected in the sub-algorithm partialDivision.
Termination of involutiveBasis is ensured by Apel through the requirement
that M be an admissible partial division on lt(G) that refines the Thomas di-
vision on lt(G). Gerdt and Blinkov require that partialDivision returns a
constructive involutive division (cf. definition in [4]). Our Algorithm 2 incor-
porates already some statements (reflected by the set P in lines 1, 6, and 11)
to avoid multiple reductions of the same prolongation. We refer to [1] for con-
ditions on partialDivision such that Algorithm 2 will be correct. While the
Janet division fulfils these conditions, the algorithm slicedDivision does not.
In order to yield an involutive basis, Algorithm 2 is iterated until all elements of
C from line 3 immediately reduce to zero. Termination follows from the fact that
slicedDivision refines the Thomas division (cf. [1]). We denote this iterated
algorithm by ibsd.
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Algorithm 2 involutiveBasis
Call: G = involutiveBasis(F )

Input: F ⊂ K[X] \ {0} is a finite set of polynomials.

Output: G is an involutive basis of the ideal of F in K[X].

1: G := F ; P := ∅
2: M := (t〈Yt〉)t∈lt(G) := partialDivision(lt G)
3: C := {xg | g ∈ G ∧ x ∈ X \ Ylt g }
4: while C �= ∅ do
5: Choose smallest (w.r.t. the term order) p from C
6: C := C \ {p}; P := P ∪ {p}
7: h := NFM(p, G)
8: if h �= 0 then
9: G := G ∪ {h}

10: M := (t〈Yt〉)t∈lt(G) := partialDivision(lt G)
11: C := {xg | g ∈ G ∧ x ∈ X \ Ylt g } \ P
12: return G

If in Algorithm 2 partialDivision returns the Janet division, it is denoted
by jb. If partialDivision returns a sub-maximally refined (cf. [1]) Janet divi-
sion, we denote Algorithm 2 by jbr.

The algorithm InvolutiveBasis presented in [4] where the Janet division
is used, is denoted by jbc. This algorithm incorporates some improvements to
Algorithm 2, in particular a variant of Buchberger’s chain criterion is applied.
Since the other, above mentioned, algorithms do not use criteria, we denote by
jbw the algorithm jbc without application of criteria.

We have programmed a package Calix1 in the programming language Al-
dor2 to investigate all the above algorithms.

We have selected the well-known Cyclic4 and Cyclic6 examples as they ap-
pear in many collections of polynomial data3. They can also be found in [4].

We computed here involutive bases with respect to the degree inverse lexico-
graphical order where first degrees are compared and ties are broken by <invlex.
With respect to that term order, the (minimal) Janet bases of the above exam-
ples have much more elements than the reduced Gröbner bases which are 7 and
45, respectively.

Let us start with Cyclic4.

1 http://www.hemmecke.de/calix
2 http://www.aldor.org
3 for example: http://www.symbolicdata.org
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Cyclic4 Length Prolong. Reductions Zeros
jbw 37 91 253 51
jb 37 82 254 49
jbr 29 61 198 35
jbc 37 47 63 7
ibsd 7 34 (27) 194 (146) 28 (21)

The first column denotes the algorithm, the second contains the length of
the involutive basis, the third contains the number of prolongations that have
actually been reduced. The fourth column presents the number of elementary
reductions, i. e., head reductions of the form f −→ f − ctg for some coefficient c,
some term t and a simplifier polynomial g. The last column counts the number
of reductions to zero.

As can be seen from the jbr line, a submaximal refinement of the Janet
division can result in a smaller involutive basis. The involutive basis is even
smaller for ibsd. The numbers for ibsd include the fact that 2 iterations of
Algorithm 2 have been performed. The values in parentheses incorporate the
fact that one need not redo zero reductions in the next iteration after the last
polynomial has been added to the basis.

For Cyclic6 the number of involutive basis elements differs even more between
ibsd and the other algorithms.

Cyclic6 Length Prolong. Reductions Zeros
jbw 385 20572 280696 11964
jb 840 3769 200522 2935
jbr 385 2912 106568 2160
jbc 385 9947 66910 1339
ibsd 46 1104 (1044) 48959 (45985) 923 (863)

Surprisingly, the fact that by means of slicedDivision fewer polynomials are
necessary to complete the basis than by using the Janet division, ibsd behaves
better even against the Janet basis algorithm jbc which incorporates a variant
of the chain criterion.

9 Conclusion

Apel suggested in [1] to use a maximally or sub-maximally refined division in
an involutive basis algorithm. Our experiments seem to support this. However,
instead of requiring a � ordering from the beginning and computing a sub-
maximally refined partial division admissible with respect to that order, we
compute with slicedDivision a partial division and an order � for which this
division is admissible.

In our approach we use a sliced division in order to try to minimise the
number of (non-multiplicative) prolongations that must be considered in the
course of the involutive basis algorithm. Take, for example, x7, xy, y7. This is
already an involutive basis with respect to a sliced division. No matter which
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order of the variables we use, in a Janet basis xy will not get the full cone and
thus the basis will contain 8 elements.

One drawback of using slicedDivision is that Algorithm 2 must be iterated.
Since sliced division is actually a whole class of admissible partial divisions, we
will try to impose further conditions such that it is enough to consider each
prolongation only once during an involutive basis computation or to find a con-
nection between the division and the prolongations that must be reconsidered.
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Abstract. An almost invariant set of a dynamical system is a subset
of state space where typical trajectories stay for a long period of time
before they enter other parts of state space. These sets are an important
characteristic for analyzing the macroscopic behavior of a given dynam-
ical system. For instance, recently the identification of almost invariant
sets has successfully been used in the context of the approximation of
so-called chemical conformations for molecules.
In this paper we propose new numerical and algorithmic tools for the
identification of the number and the location of almost invariant sets in
state space. These techniques are based on the use of set oriented numer-
ical methods by which a graph is created which models the underlying
dynamical behavior. In a second step graph theoretic methods are uti-
lized in order to both identify the number of almost invariant sets and for
an approximation of these sets. These algorithmic methods make use of
the notion of congestion which is a quantity specifying bottlenecks in the
graph. We apply these new techniques to the analysis of the dynamics of
the molecules Pentane and Hexane. Our computational results are com-
pared to analytical bounds which again are based on the congestion but
also on spectral information on the transition matrix for the underlying
graph.

1 Introduction

The dynamical behavior of a real world system can consist of motions on different
time scales. For instance, a molecule can stay close to a certain geometric con-
figuration in position space for quite a long time while exhibiting high frequency
oscillations around this configuration. In this case the high frequency oscilla-
tions are irrelevant and it is desirable to identify the corresponding macroscopic
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system – such macroscopic structures in state space are called almost invariant
sets. In this article we propose a new combination of numerical and graph the-
oretic tools for both the identification of the number and the location of almost
invariant sets in state space.

The crucial observation for the developments in this article is the following.
If the underlying dynamics can be represented by a graph then the almost in-
variant sets are subgraphs which show a high coupling inside them and only a
low coupling to other parts of the graph. Thus, paths beginning in a subgraph
representing an almost invariant set will, with high probability, remain in the set
for a long period of time. Having this point of view the identification of almost
invariant sets boils down to the identification of corresponding appropriate cuts
in the representing graph. Using this idea the topic of this paper is to develop a
combination of numerical and graph theoretical methods for the identification of
decompositions of phase space into regions which are almost invariant. Moreover
it is in general a non-trivial task to identify the number of almost invariant sets
and we will also attack this problem in this paper.

As indicated above the main application we have in mind is the identifi-
cation of chemical conformations for molecules, see e.g. [9,40]. However, in this
paper we are not going to address the specific analytical and numerical problems
which arise due to the fact that molecular dynamics is modeled via Hamiltonian
systems. Rather this present work has to be viewed as a first step towards the
efficient combination of graph theory and the numerical analysis for general dy-
namical systems.

Our topic is closely related to the graph partitioning problem in a natural
way. In general this problem consists of the task to partition the vertices of a
graph into a prescribed number of parts such that certain conditions on the
number of edges between the parts are optimized. An enormous amount of work
has been done to analyze the graph partitioning problem, to develop efficient
methods for solving the problem and to design efficient code implementations in
order to be used in several different applications. One important field of applica-
tion is the efficient load balancing of graph-structured tasks on parallel computer
systems.

It is our goal to use results from graph theory and graph algorithms and
apply them in the context of dynamical systems. In this context a crucial ques-
tion is to choose adequate cost functions which makes it necessary to modify
some of the analytical results and to extend several existing algorithms. A first
step in this direction has been made in [18] where greedy algorithms have been
proposed for the identification of almost invariant sets. In our paper we extend
this work significantly, in particular by proposing an algorithm which allows to
approximate all the almost invariant sets by using the congestion of a graph.

A more detailed outline of the paper is as follows. In Section 2 we set the
scene by stating the problem and by introducing the basic definitions. Moreover
we give an overview of analytic bounds on the cost functions which are adequate
for the underlying problem.
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In Section 3 we briefly describe state-of-the-art graph partitioning methods.
There are freely available graph partitioning tools such as our own tool PARTY.
The problem we address here is different to the standard graph partitioning tools.
Thus, we modify and extend some of the algorithms in PARTY. Furthermore, we
implement some new algorithms in order to optimize the cost functions defined
in Section 2.

In Section 4 we introduce the congestion of a graph. This quantity has been
used in graph theory in order to specify bottlenecks within the graph. Since
the computation of the congestion can be very costly we propose a couple of
alternative approaches for approximating this quantity in a faster way.

Also the congestion of a graph can be used for bounding the magnitude of
almost invariance of a subset of state space. In Section 5 we compare the bound
derived by the congestion with the bound based on the spectrum of the graph
and show that the congestion is highly suitable for identifying the quality of
a specific decomposition. Moreover we quantify the increase in the congestion
which is going to be observed if two invariant sets are loosely coupled and become
almost invariant.

Finally, in Section 6 we use the congestion of a graph for the identification of
an appropriate number of almost invariant sets for the given dynamical system.
More precisely the congestion of a graph is used in combination with recursive
bisection methods in order to decide whether or not a subgraph should be further
partitioned. All the algorithms and in particular this partitioning strategy are
illustrated by a number of examples.

2 Background

In this section we present the basic definitions and state the problem of finding
almost invariant sets. The approach that we review here involves the optimiza-
tion of certain cost functions and has already been presented in [18]. In addition
to this review we state well known results on bounds of these cost functions by
using spectral information on the corresponding transition matrix.

2.1 Basic Definitions and Problem Formulations

Dynamical System: Let T : X → X be a continuous map on a compact manifold
X ⊂ Rn. Then the transformation T defines a discrete time dynamical system
of the form

xk+1 = T (xk), k = 0, 1, 2, . . .

on X. In typical applications T is an explicit numerical discretization scheme for
an ordinary differential equation on a subset of Rn.

Measure: In the following we assume that µ is an invariant measure for the
transformation T describing the statistics of long term simulations of the dy-
namical system. That is, the probability measure µ satisfies

µ(A) = µ(T−1(A)) for all measurable A ⊂ X.
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Moreover we assume that µ is a unique so-called SRB-measure in the sense
that this is the only invariant measure which is robust under small random
perturbations. In other words µ is the only physically relevant invariant measure
for the dynamical system T . For a precise definition of SRB-measures see e.g.
[7].

For two sets A1, A2 ⊂ X we define the transition probability ρ from A1
to A2 as

ρ(A1, A2) :=
µ(A1 ∩ T−1A2)

µ(A1)
whenever µ(A1) �= 0.

Almost Invariance: The transition probability ρ(A,A) from a set A ⊂ X into
itself is called the invariant ratio of A. Heuristically speaking a set A is almost
invariant if ρ(A,A) is close to one, that is, if almost all preimages of the points
in A are in A itself. Using this observation we state the optimization problem
for the identification of almost invariant sets as follows.

Problem 1 (Almost Invariant). Let p ∈ N. Find p pairwise disjoint sets
A1, . . . , Ap ⊂ X with

⋃
1≤i≤pAi = X such that

1
p

p∑
j=1

ρ(Aj , Aj) = max!

Observe that in this optimization problem we have assumed that the number
p of almost invariant sets is known. In this article we are going to address the
question of how to identify an appropriate p in Section 6.

Box Collection: In general the infinite dimensional optimization problem 1 can-
not be solved directly. Therefore we have to discretize the problem. Following
[18] we suppose that we have a (fine) box covering of X consisting of d boxes
B1, . . . , Bd such that

X =
d⋃
i=1

Bi.

In practice this box covering can be created by using a subdivision scheme as
described in [6]. The optimization problem 1 is now reduced to all subsets which
are finite unions of boxes, that is, on subsets of

Cd =
{
A ⊂ X : A =

⋃
i∈I

Bi, I ⊂ {1, . . . , d}
}

.

For two sets Ad1, A
d
2 ∈ Cd the box transition probability ρd from Ad1 to Ad2 is

nothing else but

ρd(Ad1, A
d
2) := ρ(Ad1, A

d
2) =

µ(Ad1 ∩ T−1Ad2)
µ(Ad1)

assuming that µ(Ad1) �= 0.
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Transition Matrix / Markov Chain / Undirected Graph: The box collection Cd
can be used to define a weighted transition matrix for our dynamical system.
This is easily accomplished by defining the transition matrix P ∈ Rd×d with
Pij = ρd(Bi, Bj), 1 ≤ i, j ≤ d. By this procedure we have constructed an
approximation of our dynamical system via a finite state Markov chain: the
boxes are the vertices and two vertices i and j are connected by an edge if the
image of box i under the transformation T has a nontrivial intersection with box
j. The transition probability is given by Pij .

By construction the matrix P is stochastic, that is
∑

1≤j≤n Pij = 1, and
by our assumption on the SRB-measure µ it is reasonable to assume that P
is also irreducible. Denote by µd ∈ Rd the corresponding unique stationary
distribution of P and by M the matrix which has the components of µd on its
diagonal. Then it appears very unlikely that P is reversible in the sense that
for all 1 ≤ i, j ≤ d we have

µdiPij = µdjPji .

However, as shown in [19] the value of the cost functions that we are going to
consider remains unchanged if we are going to consider the reversibilization R
of P given by the transformation

R :=
1
2
(P +M−1PTM) .

From now on we denote by P a (not necessarily) reversible stochastic matrix
and by R its corresponding reversible matrix.

The transition matrix R of a reversible Markov chain can be viewed as the
adjacency matrix A of an undirected, edge-weighted graph G = (V,E) with
vertex set V = {v1, . . . , vd}. Since R is reversible it follows that A is symmetric.
The entry Aij = µdiRij = µdjRji denotes the edge weight between two vertices
vi and vj . It is {vi, vj} ∈ E if and only if Aij > 0.

Partition of the Index Set / Graph: Let I = {1, . . . , d} be a set of indices. For
two (not necessarily disjoint) subsets S1, S2 ⊂ I let

ẼS1,S2(P ) =
∑

i∈S1,j∈S2

µiPij

and

ES1,S2(P ) =
ẼS1,S2(P ) + ẼS2,S1(P )

2
.

Clearly, it is ẼS1,S2(R) = ES1,S2(R) for a reversible matrix R. Furthermore,
it is quite easy to see that

ES1,S2(P ) = ES1,S2(R).

In this paper we focus on the two cases when S1 is equal to S2 and when S1
is the complement of S2. Clearly, for any S ⊂ I it is ẼS,S(P ) = ES,S(P ). For a
subset S ⊂ I let S̄ = I\S be the complement of S with respect to I.
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We summarize the observations by defining

ES,S := ẼS,S(P ) = ES,S(P ) = ẼS,S(R) = ES,S(R)

ES,S̄ := ES,S̄(P ) = ẼS,S̄(R) = ES,S̄(R) .

As discussed above, the transition matrix can be viewed as an undirected,
edge-weighted graph G = (V,E). Thus, a partition of the index set I can be
viewed as a partition of V = {v1, . . . , vd}, i.e. a set S ⊂ I represents a subset
SV ⊂ V with SV = {vi ∈ V : i ∈ S}. It is an easy task to rewrite the edge sets
defined above and the cost functions defined below in graph notation.

We have now turned the optimization problem 1 into a problem of finding a
minimal cut in an undirected graph G.

Cost Functions: By a slight abuse of notation we define µ(S) =
∑
i∈S µdi for a

set S ⊂ I. For a set S ⊂ I with S �= ∅ and S �= I let

Cint(S) :=
ES,S
µ(S)

(1)

be the internal cost of S and let

Cext(S) :=
ES,S̄

µ(S) · µ(S̄) (2)

be the external cost of S.
For p ∈ N let π : I → {1, . . . , p} be a partition of I into p ≥ 2 disjoint sets

I = S1 � . . . � Sp with Si �= ∅ for all 1 ≤ i ≤ p. Define

Cint(π) :=
1
p

p∑
i=1

Cint(Si) (3)

to be the internal cost of π and let

Cext(π) :=

∑
1≤i<j≤pESi,Sj∏p

i=1 µ(Si)
(4)

be the external cost of π.

Remark 1. Both the internal and external costs are relevant cost functions. The
following discussion shows that the minimization of the external cost is not
equivalent to the maximization of the internal cost. In fact, the maximization of
the internal cost favors in general parts that are on average very loosely coupled
to the rest of the system. However, the size of these parts can in principle become
very small. On the other hand the minimization of the external cost favors
balanced weighting of the components.

One can easily construct examples for which the decomposition provided
by the optimization of the internal cost is very different to the one given by
the external cost and vice versa, but these examples have a rather artificial
character. We have observed that in our examples, a decomposition with an
optimal or almost optimal internal cost will also have an optimal or almost
optimal external cost.
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We can now state two optimization problems with respect to the internal and
external costs. These have to be viewed as discrete versions of the continuous
optimization problem 1.

Problem 2 (Internal Cost). Let p ∈ N and I = {1, . . . , d} be a set of indices.
Find a partition π : I → {1, . . . , p} of I into p disjoint sets I = S1� . . .�Sp such
that

Cint(π) = max!

Problem 3 (External Cost). Let p ∈ N and I = {1, . . . , d} be a set of indices.
Find a partition π : I → {1, . . . , p} of I into p disjoint sets I = S1� . . .�Sp such
that

Cext(π) = min!

2.2 Spectral Bounds on the Cost Functions

In this section we state some bounds on the internal and external costs of a
partition. These bounds are obtained via part of the spectrum of the underlying
reversible Markov chain R.

Sinclair [43] introduces the conductance of an ergodic, reversible Markov
chain. The bounds on the conductance can be transformed to bounds of the
internal cost of a set. For a set S ⊂ I let

Φ(S) :=
ES,S̄
µ(S)

.

With µ(S) = ES,S + ES,S̄ we have

Cint(S) = 1− ES,S̄
µ(S)

= 1− Φ(S).

The conductance Φ of a Markov chain is defined as

Φ = min
0<|S|<d,µ(S)≤1/2

Φ(S) = min
0<|S|<d

max{Φ(S), Φ(S̄)} .

This value is sometimes also called the isoperimetric value (see e.g. [1]).
Based on the eigenvalues 1 = β1 ≥ β2 ≥ . . . ≥ βd ≥ −1 of R, Sinclair gave a

proof for the bounds

1− 2Φ ≤ β2 ≤ 1− Φ2

2
.

These bounds can be transformed into bounds on the internal cost of a set
S, namely

1− 2
√
1− β2 ≤ max

0<|S|<d
min{Cint(S), Cint(S̄)} ≤ β2 + 1

2
.
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Remark 2. Recently Huisinga [25] has obtained very similar estimates in the
situation where the underlying Markov process is induced by different stochastic
models for molecular dynamics. The crucial difference to the material presented
here lies in the fact that the estimates we are using are valid just for finite
approximations of the underlying process.

A discussion of these bounds can also be found in [19].

Now consider the graph G = (V,E) with adjacency matrix A as described in
Section 2.1, that is in that notation A = M ·R. For a vertex vi ∈ V denote by

deg(vi) :=
d∑
j=1

Aij

the degree of vi and let D be a diagonal matrix with Dii = deg(vi). Then the
matrix L = D − A is called the Laplacian of G. The generalized Laplacian
of G is L = D−1/2LD−1/2 with the entries

Li,j =




deg(vi)−Aii

µd
i

, if i = j

− Aij√
µd

i ·µd
j

, if i �= j and µdi · µdj > 0

0 , otherwise .

It can be shown that the eigenvalues of L are nonnegative. We denote them by
0 = λ1 ≤ λ2 ≤ . . . ≤ λd. In fact, it is λi = 1− βi for 1 ≤ i ≤ d. The multiplicity
of 0 as an eigenvalue is equal to the number of connected components in the
graph. By our irreducibility assumption on the underlying Markov chain we can
conclude that λ2 > 0.

We conclude, based on the work by Fiedler [16], that it can be shown that

λ2 ≤ Cext(S) ≤ λd . (5)

Further discussion on spectral graph partitioning is to be found in e.g. [2,4]
[13,31,37,43].

3 Algorithms for Graph Partitioning

In this section we focus on algorithms for partitioning the vertex set of a graph.
A number of methods and tools for graph partitioning exist. However, they do
not exactly optimize our cost functions mentioned in the previous section. Thus,
in this section we give an overview of the most successful graph partitioning
methods and implementations and point out the necessary modifications to such
tools to optimize our cost functions.

For the remainder of this section we assume that we partition into a given
number of p parts. In Section 6 we will show how to identify this number.

We want to calculate a partition of the vertex set V of a graph G = (V,E)
into p parts V = S1 ∪ . . . ∪ Sp such that either one of our cost functions of
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Fig. 1. The multilevel approach with several coarsening steps, a partitioning of the
smallest graph and the local refinements.

equations (3) or (4) is optimized. However, the calculation of an optimal solution
of either cost functions is NP-complete. Another widely discussed partitioning
problem is to minimize the cut size cut(π) =

∑
1≤i<j≤pESi,Sj of the partition

π under the constraint that all parts have an equal (or almost equal) number of
vertices. This problem is sometimes called Balanced Partitioning Problem and is
NP-complete, even in the simplest case when a graph with constant vertex and
edge weights is to be partitioned into two parts [20].

In recent years, efficient graph partitioning strategies have been developed
for a number of different applications. Efficiency and generalizations of graph
partitioning methods strongly depend on specific implementations. There are
several software libraries, each of which provides a range of different methods.
Examples are CHACO [22], JOSTLE [44], METIS [26], SCOTCH [35] or PARTY
[38]. The goal of the libraries is to both provide efficient implementations and to
offer a flexible and universal graph partitioning interface to applications. These
libraries are designed to create solutions to the balanced partitioning problem.
We first describe the most significant methods of these tools and then describe
how we modified parts of the code in order to optimize the cost functions in the
previous section.

The tool PARTY has been developed by the second author and we have
used it for partitioning the graphs in this paper. PARTY, like other graph parti-
tioning tools, follows the Multilevel Paradigm (Figure 1). The multilevel graph
partitioning strategies have been proven to be very powerful approaches to effi-
cient graph-partitioning [3,21,23,27,28,34,36,39]. The efficiency of this paradigm
is dominated by two parts: graph coarsening and local improvement.

The graph is coarsened down in several levels until a graph with a sufficiently
small number of vertices is constructed. A single coarsening step between two
levels can be performed by the use of graph matchings. A matching of a graph is
a subset of the edges such that each vertex is incident to at most one matching
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Partition graph G0 = (V0, E0) into p parts
i = 0;
WHILE (|Vi| > p)

calculate a graph matching Mi ⊂ Ei;
use Mi to coarse graph Gi = (Vi, Ei) to a graph Gi+1 = (Vi+1, Ei+1);
i := i+ 1;

END WHILE
let πi be a p-partition of Gi such that each vertex is one part;
WHILE (i > 0)

i := i − 1;
use Mi to project πi+1 to a p-partition πi of Gi;
modify the partition πi on Gi locally to optimize Cint(πi);

END WHILE
output π0.

Fig. 2. Calculating almost invariant sets with the multilevel approach.

edge. A matching of the graph is calculated and the vertices incident to a match-
ing edge are contracted to a super-vertex. Experimental results reveal that it is
important to contract those vertices which are connected via an edge of a high
weight, because it is very likely that this edge does not cross between parts in a
partition with a low weight of crossing edges. PARTY uses a fast approximation
algorithm which is able to calculate a good matching in linear time [39].

PARTY stops the coarsening process when the number of vertices is equal to
the desired number of parts. Thus, each vertex of the coarse graph is one part
of the partition. However, it is also possible to stop the coarsening process as
soon as the number of vertices is sufficiently small. Then, any standard graph
partitioning method can be used to calculate a partition of the coarse graph.

Finally, the partition of the smallest graph is projected back level-by-level to
the initial graph. The partition is locally refined on each level. Standard methods
for local improvement are Kernighan/Lin [29] type of algorithms with improve-
ment ideas from Fiduccia/Mattheyses [15]. An alternative local improvement
heuristic is the Helpful-Set method [11] which is derived from a constructive
proof of upper bounds on the bisection width of regular graphs [24,32,33].

As mentioned above, the tools are designed for solving the balanced graph
partitioning problem. Thus, the optimization criteria is different from our cost
functions of Section 2. The coarsening step of the multilevel approach does not
consider the balancing of the weights of the super-vertices. It is the local refine-
ment step which not only improves the partition locally but also balances the
weights of the parts. Thus, we have to modify the local improvement part of the
multilevel approach. We therefore modified the Kernighan/Lin implementation
in PARTY such that it optimizes the cost-function Cint.

Overall, we use the algorithm of Figure 2 to calculate almost invariant sets.
As an example to illustrate the partitioning we take the graph of a Pentane

molecule from [9]. Figure 3 (left) shows the box collection and all transitions. As
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Fig. 3. Partition of the Pentane300. Left: Graph with all transitions. Center: Partition
into 5 parts with Cint = .980. Right: Partition into 7 parts with Cint = .963.

we will see in section 6, it is adequate to partition the graph into 5 or 7 parts.
These are shown in Figures 3 (center/right). The resulting internal costs are .980
for the 5-partition and 0.963 for the 7-partition.

4 The Congestion

The congestion of a graph can be used to spot bottlenecks in the graph. It
is based on an all-to-all routing or a multi-commodity flow on the graph (see
e.g. [30,43]). We are going to make use of the congestion both for bounding the
external cost of subgraphs S (Section 5) and for the identification of the number
p of almost invariant sets (Section 6).

4.1 The Definition

Let G = (V,E) be an undirected graph with vertex weights vw(vi) = µdi , for
vi ∈ V and edge weights ew({vi, vj}) = Aij for {vi, vj} ∈ E (i, j = 1, 2, . . . , d).

Let vs ∈ V be a source and vt ∈ V be a target vertex in G. Let c ∈ R be
a single-commodity which has to flow from vs to vt along the edges in G. A
single-commodity flow f of the commodity c on G is a function f : V ×V → R

such that

i. f(v, w) = 0 for all {v, w} /∈ E (flow on edges only),
ii. f(v, w) = −f(w, v) for all v, w ∈ V (symmetry),
iii.

∑
w∈V

f(v, w) = 0 for all v ∈ V \{vs, vt} (flow conservation) and

iv.
∑
w∈V

f(vs, w) =

{− ∑
w∈V

f(vt, w) = c if vs �= vt (from source to target)

0 if vs = vt (within source/target)

Now let cs,t ∈ R, 1 ≤ s, t ≤ d, be multi-commodities. Each commodity
cs,t has to flow from the source vs ∈ V to the target vt ∈ V along the edges
in G. A multi-commodity flow F of the commodities cs,t on G is a function
F : V ×V ×V ×V → R such that F (s, t, v, w) is a single-commodity flow of the
commodity cs,t on G for each fixed pair s, t ∈ V .
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Remark 3. In our context we use the multi-commodities

cs,t = vw(vs) · vw(vt)
for each pair of vertices vs, vt ∈ V for the definition of the congestion.

The flow F causes a traffic on the edges in G. For an edge {v, w} ∈ E the
edge congestion of {v, w} in F on G is

cong({v, w}, F ) =
∑

1≤s,t≤d |F (s, t, v, w)|
ew({v, w}) .

We will see in the following that high edge congestion occurs at bottlenecks of
the graphs.

The flow congestion of F on G is

cong(F ) = max
{v,w}∈E

cong({v, w}, F ) ,

and finally the congestion of the graph G is

cong(G) = min
F is multi-commodity flow

cong(F ) .

Intuitively it is clear that a low congestion of the graph ensures that the
graph is very compact. For illustration we list the congestion for a couple of
specific graphs. The proofs can be found in [30].

Example 1.

a. For the specific case where the graph G is a line consisting of n vertices
connected by n− 1 edges it is obvious that the congestion is given by

cong(G) = 2
⌈n
2

⌉
·
⌊n
2

⌋
.

b. Suppose that the graph G is given by a z-dimensional torus with nz grid
points (n even). Then the congestion is

cong(G) =
nz+1

4
.

In particular for the circle we have z = 1 and obtain cong(G) = n2

4 .
c. For the hypercube G of dimension k the congestion is given by

cong(G) = 2k.

d. For the complete graph with n vertices – that is a graph where there is an
all-to-all coupling between the vertices – the congestion is given by

cong(G) = 2.

Further discussion of the congestion and a listing of congestions of further graph
classes can be found in e.g. [30,39].
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4.2 Heuristics for Calculating a Flow

The computation of the congestion can be costly. We will see in Section 5.1 that
the congestion can be used to bound the external cost of a partition. However,
that bound holds for the congestion of any flow. Thus, a sub-optimal flow pro-
duces a sub-optimal, but still valid bound. In this section we discuss heuristics
for calculating a flow with a small flow congestion.

There are some hints of how to construct a flow with a small flow congestion.
Clearly, cycles in the flow should be avoided. Furthermore, the flow should - not
always, but primarily - go along shortest paths between the pairs of vertices.
Here, the length of a path is the sum of the reciprocal values of the edge weights
along the path.

A straightforward method is to send the flow along shortest paths only. If
more than one shortest paths exist, the flow value can be split among them.
If the edge weights are constant, all shortest paths can be calculated in time
O(|V | · |E|). This can be done by |V | independent Breath-First searches in time
O(|E|) each. If the edge weights are non-negative, all shortest paths can be
calculated in time O(|V | · (|V | · log |V | + |E|)), e.g. with |V | runs of the single-
source shortest path Dijkstra algorithm using Fibonacci heaps. We refer to [5]
for a deeper discussion of shortest paths algorithms.

A different method is to consider n commodities at a time. For each vertex
vs, 1 ≤ s ≤ n, consider the commodities cs,t, 1 ≤ t ≤ n, i.e. all commodities
with vs as the source. For each source vs we calculate a flow Fs which transports
all commodities from vs to all other vertices, i.e. it replaces n single-commodity
flows such that Fs(v, w) =

∑n
t=1 F (s, t, v, w). Fs is a single-source, multiple-

destination commodity flow. Definitions (i.) and (ii.) for the single commodity
flow (Section 4.1) remain unchanged whereas the definitions of (iii.) and (iv.)
are replaced by

v.
∑
w∈V

Fs(vt, w) = −cs,t for all t �= s (from source s to target t) and

vi.
∑
w∈V

Fs(vs, w) =
n∑
t=1

cs,t− cs,s (from source s to all targets t except to source

s itself).

It is left to show how we calculate a single-source flow Fs. We use algorithms
from diffusion load balancing on distributed processor networks for this task, see
e.g. [10,12,14]. Here, the problem is to balance the work load in a distributed
processor network such that the volume of data movement is as low as possible.
We use these algorithms in the setting that the vertex vs models a processor
with load

∑n
t=1 cs,t and all other vertices model a processor with no load. Fur-

thermore, the processors are heterogeneous with a capacity of cs,t for processor
vt [14]. The diffusion algorithms calculate a balancing flow such that each ver-
tex/processor vt gets a load of cs,t. That is exactly what we need in our context.
The resulting balancing flow has a nice property: it is minimal in the l2-norm,
i.e. the diffusion algorithms minimize the value

√∑
1≤v,w≤n |Fs(v, w)|. This en-

sures that there are no cycles in any flow Fs. Furthermore, the flows are not
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Fig. 4. Congestion of the Pentane. Left: all transitions. Center: only transitions with
a low congestion. Right: only transitions with a high congestion.

restricted along shortest paths and can avoid high traffic along shortest paths.
However, the flows are still favored to be along reasonably short paths. Thus, it
is expected that the overall edge congestion of the resulting flow is reasonably
small and that the flow congestion is close to the congestion of the graph.

The PARTY library includes efficient code of a variety of diffusion algorithms.
We use them to calculate the single-source, multiple-destination flows for each
source s and then add up the values to get the multi-commodity flow. We will
see in Section 5.2 that the resulting flow congestion is very small.

4.3 An Example: Pentane

We now illustrate the meaning of the congestion in the context of dynamical
systems. For this we use data from [9] in which a reversible stochastic matrix
has been generated by simulations of an ODE-based model of the n-Pentane
molecule. Those computations made use of two dihedral angles as the essential
variables. The graph corresponding to this dynamical system is illustrated in
Figure 4 (left) and the edges with low (middle) resp. high (right) congestion are
also shown.

Furthermore, the boxes in Figure 4 (center) and Figure 4 (right) are col-
ored according to a partition into seven almost invariant sets. It will be shown
in Section 6, in which way the number of almost invariant sets has been de-
termined. This decomposition has been calculated using the graph partitioning
tool PARTY. Note that the partitioning was calculated independently from the
congestion.

It can be observed that – as expected – edges with low congestion can mainly
be found inside the almost invariant sets. On the other hand edges between
different almost invariant sets have a large congestion. Thus, a high congestion
indicates that there are at least two regions in the phase space which are only
loosely coupled. As we will see in Section 6, this observation is the basis for using
the congestion as an identifier for the number of almost invariant sets which have
to be approximated.
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5 The Congestion and Almost Invariant Sets

In this section we show how the congestion can be used in order to obtain
quantitative estimates on the magnitude of almost invariance for a given set.
Moreover we derive estimates on the decrease of the congestion if two almost
invariant sets are decoupled. Obviously these estimates have to depend on the
structure of the graph inside the almost invariant sets. These results have to be
viewed as a first step in using graph theoretic notions for the identification of
dynamical properties in multiscale dynamical systems.

5.1 The Congestion Bound

The congestion can be used to derive a lower bound on Cext(S) for any S ⊂ I
– recall the definitions (1) and (2) of the two different cost functions. As before,
see Section 4.1, we use multi-commodities cs,t = vw(vs) · vw(vt) for each source
vs ∈ V and each destination vt ∈ V .

Clearly, at least µ(S) · µ(S̄) units have to cross the cut from S to S̄ and the
same amount has to cross in the opposite direction. However, a congestion of
cong ensures that there are at most cong · ES,S̄ units crossing the cut. Thus,
2 · µ(S) · µ(S̄) ≤ cong · ES,S̄ , and we have shown the following inequality

Cext(S) ≥ 2
cong

. (6)

Obviously, a high and tight lower bound can only be achieved with a small
congestion. Although the computation of the congestion can be done in poly-
nomial time, it remains to be very costly. Nevertheless, the congestion can be
approximated by the congestion of any flow. Heuristics for calculating a small
congestion were discussed in Section 4.2 above.

Remark 4. It is known that an optimal setting for the lower bound (6) occurs
if all flows are along shortest paths and the amount of flow is equal on all edges
(with respect to their weights). Unfortunately, this ‘optimal’ case does not exist
for arbitrary graphs. Moreover, it can be shown that there are graphs for which
such an ‘optimal’ setting exists, but for which the equation (6) is not tight [39].
Nevertheless, the comparisons in the following section show that the congestion
is highly suitable for the type of graphs which are induced by the underlying
dynamical systems.

Further discussion of lower bounds based on different variations of multi-
commodity flows can be found in [41].

5.2 Comparison of Bounds

In this section we experimentally compare the lower bounds on the external costs
of a partition. We compare the bound based on the congestion (see (6)) and the
bound based on the second eigenvalue (see (5)).
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As mentioned in the previous section, there are examples of graphs for which
the congestion bound is not tight although there exists an optimal setting for the
calculation of the multi-commodity flow (Remark 4). Furthermore, the examples
for which the spectral bound is tight are also very limited, see e.g. [2]. A com-
parison of the two bounds on some structured graphs can be found in [39]. It is
very interesting to know how the two bounds perform on the examples resulting
from dynamical systems. We use the heuristic described in the previous section
to calculate a flow f which should result in a very low congestion. A comparison
of bounds for some examples is shown in Table 1.

Table 1. Example Graphs. The number |V | of vertices is given as the total number of
vertices and the number of vertices with nonvanishing discrete measure. The selfloops
indicate transitions within a box and are listed with total number and total weight.
The congestion cong(f) is calculated from a heuristic flow f as described in Section 4.2.

Graph |V | |E| selfloops λ2 cong(f) 2
cong(f)

Pentane200 400/181 1127 56 .244 .001591 1168.441628 .001712
Pentane300 400/255 3328 96 .170 .014069 139.939697 .014292
Pentane600 400/330 13016 171 .068 .103959 23.558954 .084893
Hexane 729/397 4258 295 .625 .010174 208.911692 .009573
Logistic 512/512 1501 1 .002 .067301 20.728386 .096486
Lorenz 5025/4842 37284 8 .000 .019535 58.842596 .033989
E32 82/80 676 41 .021 .003164 487.721222 .004101
E33 90/90 731 39 .022 .011117 113.961640 .017550
E34 92/92 760 37 .022 .015016 73.138238 .027345
E35 92/92 766 38 .022 .017796 62.112404 .032200
E36 96/96 795 34 .022 .020236 46.650151 .042872
E37 102/102 858 34 .022 .021510 38.152007 .052422
E38 104/104 892 34 .020 .023039 44.240662 .045207
E39 104/104 917 34 .020 .023933 42.678191 .046862
E40 106/106 937 37 .020 .024319 44.689798 .044753
E41 106/106 948 36 .020 .024771 44.692308 .044750
E42 116/116 1024 35 .020 .024545 45.899904 .043573
E43 124/124 1077 33 .019 .025073 46.176803 .043312
E44 128/128 1139 33 .019 .025813 44.759473 .044683
E45 128/128 1174 32 .019 .025643 44.865978 .044577
Butterfly 888/888 4752 16 .001 .003175 168.883748 .011842

The names in the first column in Table 1 refer to the following dynamical
systems:

– The first three examples Pentane200, Pentane300 and Pentane600 are dif-
ferent models of the n-Pentane molecule with two dihedral angels [9]. An
example of Pentane300 can be found in Figure 3 and in Figure 4.

– Hexane is created from data for a model of the Hexane molecule. Again this
data is taken from [9]. (An illustration of Hexane can be found in Figure 10
below.)
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– The example Logistic refers to the Logistic Map which is given by the trans-
formation

T (x) = bx(1− x)

on the interval [0, 1]. We have chosen the parameter value b = 4.
– Lorenz represents the celebrated Lorenz system which is given by the ordi-
nary differential equation

ẋ = −σx+ σy

ẏ = ρx− y − xz

ż = −βz + xy.

We have chosen the standard set of parameter values σ = 10, ρ = 28 and
β = 8

3 .
– All the examples Exx refer to simulations for different energy levels of the
Hamiltonian system with the potential

V (q) =
(
3
2
q41 +

1
4
q31 − 3q21 −

3
4
q1 + 3

)
· (2q42 − 4q22 + 3) .

For instance, E45 refers to the case where the sum of the kinetic and the
potential energy is equal to xx = 45. This example has previously been
analyzed in [8]. An illustration of the potential function is shown in Figure 5
(left) and the invariant measure for the corresponding dynamical behavior
is shown in Figure 5 (right).
In Figure 6 we illustrate computations of the congestion for the example
E45.

– Finally the example Butterfly is based on a simulation of the Hamiltonian
system given in (7). An illustration of the corresponding graph can be found
in Figure 7.

Fig. 5. Left: Contour plot for the potential function of Exx. Right: Typical invariant
measure for Exx.
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Fig. 6. Example E45 with all edges (left), edges with congestion at least 20 (center)
and edges with congestion at most 10 (right).
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Fig. 7. Partition and congestion of Butterfly. Left: all transitions. Center: only transi-
tions with a low congestion. Right: transitions with a high congestion. The phase space
is partitioned into 3 parts.

The results of Table 1 show that the congestion bound 2
cong(f) is superior

to the spectral bound λ2 in most of the examples. Furthermore, we approxi-
mated the congestion cong(G) with a flow congestion cong(f) calculated by the
heuristic described above. The computational results indicate that our heuris-
tic approach produces a flow congestion which is at least close to the correct
congestion of the graph.

5.3 Decoupling Almost Invariant Sets

In this section we investigate the change in the congestion when almost invariant
sets are decoupled. For simplicity we restrict our attention to graphs where the
weight of the vertices are all equal. More refined investigations will be done
elsewhere.

For motivational purposes we compute the congestion for the following Ha-
miltonian system

q̇ = p
ṗ = −4q(q2 − 1) .

(7)

This system has a saddle point in (q, p) = (0, 0) and two homoclinic or-
bits connecting this saddle point with itself. Figure 7 (left) shows the dis-
cretized system with all the transitions in the corresponding graph. Figure 7
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(center/right) shows a partition of phase space into three parts. We calculated a
multi-commodity flow f in the graph with the heuristics described in Section 4.2.
The congestion of our flow is cong(f) = 166.31. Figure 7 (center) shows only the
transitions with a low congestion and Figure 7 (right) shows only the transitions
with a high congestion.

A more detailed inspection shows that the edges with the highest edge con-
gestion are precisely those which are closest to the saddle point. In fact, this is
precisely what has to be expected. Thus, roughly speaking we have the following
rule of thumb:

High congestion identifies saddle points.

On the other hand one has to expect that the partition of phase space into
almost invariant sets – in particular for Hamiltonian systems – takes place at
precisely such saddle points. We now examine the change of the magnitude of
the congestion if two invariant sets exhibiting complicated dynamics are coupled
and become almost invariant. For this the following observation is crucial.

Proposition 1. Let G be a graph and denote by H the graph consisting of two
copies of G which are connected by m additional edges. Let n be the number of
vertices in G. Then we have the following estimate on the congestion of H:

cong(H) ≥ 2n2

m

Proof. The result follows from the fact that at least 2n2 commodities have to
cross the m connecting edges. ��

Let us apply Proposition 1 to the particular cases which have already been
listed in the Examples 1

Corollary 1.

a. Suppose that G is a z-dimensional torus with n vertices. Then cong(G) =
n(z+1)/z

4 and the coupling of two such graphs leads to an increase of the con-
gestion by a factor of at least 8

mn(z−1)/z.
b. Suppose that G is a k-dimensional hypercube with n = 2k vertices. Then

cong(G) = n and the coupling leads to an increase of the congestion by a
factor of at least 2n

m .
c. If G is a complete graph with n vertices then cong(G) = 2. Thus, the con-
gestion of the coupled graph will increase by a factor of at least n2

4m .

A couple of remarks are in order.

Remark 5.

a. Observe that in applications typically m will be very small in comparison to
the number of vertices of G.
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b. From the application point of view Corollary 1 can be interpreted in the fol-
lowing way. Suppose that the dynamics inside two almost invariant sets can
adequately be modeled by a z-dimensional torus, a k-dimensional hypercube
or a complete graph. Then the congestion will roughly drop by a factor of
8
mn(z−1)/z, by a factor of 2n

m or by a factor of n2

4m if two almost invariant
sets are separated by a cut through m edges. Thus, this result has to be
viewed as a tool for the identification of the internal dynamics inside almost
invariant sets.

c. Observe that the torus and the hypercube are realistic models for the de-
scription of complicated dynamics inside the almost invariant sets. However,
in the computations in the following section we sometimes even observe a
more drastic decrease in the congestion than predicted by Corollary 1. This
indicates that in those cases a model with an (almost) all-to-all coupling
for the dynamical behavior, i.e. the complete graph, would be even more
appropriate.

6 Identification of the Number of Almost Invariant Sets

We want to partition the system into almost invariant sets. In this section we
discuss the problem of identifying the number of almost invariant sets.

Again, we cover the relevant dynamics by a box collection and deal with the
graph G = (V,E) represented by the transition matrix as described in Section 2.
We want to determine a number p ∈ N such that there is a partition π of V
into p parts V = S1 ∪ . . . ∪ Sp with the internal cost of π being high. In order
to explore the macroscopic dynamics of the system, π should not contain a part
which could further be partitioned into sub-parts while maintaining or improving
the internal cost. In other words, any further partition of any part of π should
lower the internal cost of π. We will refer to this characteristic of a part as being
compact, i.e. we want to find all compact almost invariant parts in the graph.
This leads us to a strategy of how to determine the number of compact parts.
It can be phrased as a general method:

Recursively bisect the graph into 2 parts until all parts are compact.

One needs to solve two tasks in order to follow this strategy. Firstly, one has
to define the compactness of a graph and has to be able to decide whether a part
is compact or not. Secondly, one needs a bisection method which bisects a non-
compact part into two sub-parts such that the bisection preserves compact areas
within a sub-part, i.e. the cut does not intersect compact areas of the graph.

Many graph partitioning methods were originally designed as graph bisection
heuristics. Some of them are easy generalizable to partition the graph into any
number p of parts. However, some methods are very difficult to generalize. It
is a common approach to use bisection heuristics recursively to get a partition
into more than two parts. Several experiments have been performed to compare
the direct p-partitioning approach with the recursive bisection approach. An
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analyses on this comparison is to be found in [42]. We will use the methods
described in Section 3 to recursively calculate bisections of a graph.

There are several graph theoretical areas which define some sort of compact-
ness of a part. Thus, there are several criteria which can be used as indicators
for a compact part. As some examples, a part is called compact if

1. it has a large internal cost (equation 1) and there is no bisection of the part
into 2 sub-parts with a similar or higher internal cost.

2. the sub-graph representing the part has a large gap between the first and
the second eigenvalue (e.g. [17]).
In this case, equation (5) indicates that the external cost of any further cut
is large and, thus, a further bisection would decrease the internal cost.

3. the Markov chain representing the part has a high conductance.
The conductance is defined in Section 2.2. It is also referred to as the isoperi-
metric value of the graph (see e.g. [1]). Clearly, if the part has a high conduc-
tance, any further bisection of the graph would lead to a high connectivity
of the two sub-parts.

4. small congestion.
As stated in Section 5.1, a small congestion ensures a high external cost of
any sub-part. Thus, any further bisection will decrease the internal cost of
the partition.

Clearly, if a graph is considered compact with respect to one measure, it is
also considered compact with respect to the other measures.

These characteristics are not only important in the analyses of dynamical sys-
tems, but they are also important in the explicit construction of compact graphs.
Compact graphs have been studied for the construction of efficient topologies of
communication networks for multi-processor systems. The main objective here
is to construct a network such that the information flow in the network is as fast
as possible and that there is no bottleneck within the network which could slow
down the information flow.

We now illustrate the identification of the number of almost invariant sets
on some examples.

Figure 8 illustrates the partitioning of the Pentane molecule from [9] which
we already used in Section 3. As we can observe in the left most picture, the
first bisection results in one part of 43 boxes and a very low congestion of 0.88.
However, the other part consisting of 212 boxes has a high congestion of 168.82 .
We continue to bisect parts with a congestion of more than 5. Thus, after a total
of 4 bisection levels we get a partition into 7 parts and the highest congestion of
any part is 3.67 .

A different method to derive the number of reasonable parts is to look at
the sorted list of the eigenvalues of the Laplacian. A large gap in the value of
two neighbored eigenvalues λi and λi+1 is an indication to partition the graph
into i parts. Figure 9 (left) shows the 20 smallest eigenvalues of the Pentane200,
Pentane300 and Pentane600 graphs. As one can observe, there is a large gap
between λ7 and λ8. This suggests to partition the Pentane300 into 7 parts and
is conform with our calculation above using the congestion.
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Fig. 8. Recursive bisection of the Pentane300. The values indicate: number of boxes
/ invariant measure / internal cost Cint / congestion of subgraph. The graph has 255
vertices and a congestion of 139.67.

Figure 9 (right) shows the 20 smallest eigenvalues of the Laplacian of ‘Hex-
ane’. The large gap between λ17 and λ18 suggests to partition the graph into 17
parts. Table 2 shows the recursive bisection of Hexane by using the congestion
as bisection criteria. Again, we recursively bisected the parts of the partition
until all parts have a congestion of at most 5. This was achieved after 5 levels
of recursion. The result is a partition into 17 parts with 1.65 being the highest
congestion of any part. As we can see, the lowest internal cost of any of the 17
parts is .93.

Figure 10 shows a partition of Hexane into 17 parts. The example is 3-
dimensional and the 3-dimensional boxes are drawn with a smaller size in order
to be able to get a better visualization.
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Fig. 9. Laplacian eigenvalues of Pentane200, Pentane300 and Pentane600 (left) and
Hexane (right).

Table 2. Partitioning of Hexane into 17 parts with recursive bisection using the con-
gestion as bisection criteria. The values in the first 6 columns indicate: number of boxes
/ congestion. The last two columns list the invariant measure and the internal cost of
each of the resulting parts.

level 0 level 1 level 2 level 3 level 4 level 5 µ(S) Cint(S)
397/208.91 162/174.51 84/145.80 47/7.61 15/.05 .009 .95

32/.63 .086 .98
37/.71 .087 .98

78/5670.31 51/1044.50 19/.12 .023 .98
32/216.01 24/.21 .021 .98

8/.01 .001 .93
27/1.65 .320 .98

235/506.16 90/139.35 38/214.00 10/.02 .002 .94
28/.68 .092 .98

52/8.23 17/.05 .010 .94
35/.73 .090 .98

145/141.11 46/5.88 29/.76 .085 .98
17/.04 .009 .94

99/30.13 59/16.68 26/.18 .026 .97
33/1.32 .100 .98

40/569.80 21/.12 .010 .94
19/.15 .030 .98

7 Conclusion

The macroscopic behavior of a dynamical system can be analyzed by an identifi-
cation of almost invariant sets in phase space. The calculation of almost invariant
sets requires an appropriate partitioning of the phase space. We have addressed
this topic by an application of graph partitioning theory in this context and use
graph partitioning algorithms to calculate almost invariant sets of the system.
We have shown that the congestion of the system is an appropriate measure of
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Fig. 10. Partition of Hexane into 17 parts

the quality of a partition. Furthermore, the congestion can be used to identify
the number of almost invariant sets.

We view the results of this paper as an important step towards the application
of graph theoretical results and algorithms in the field of dynamical systems
exhibiting multiscale dynamics. So far, only a limited number of aspects are
considered. For instance, it would be an interesting question to develop methods
for the identification of appropriate graph models representing the dynamics
inside the almost invariant sets. Then one could obtain even stronger statements
about the change in congestion by an application of Proposition 1.

Finally the algorithmic methods presented eventually have to be combined
with multilevel subdivision techniques which are used for the construction of
the box coverings. This way a more efficient identification of the macroscopic
structure of the dynamical behavior can be accomplished.
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invariant aggregates in reversible nearly uncoupled markov chains. Lin. Alg. Appl.,
315:39–59, 2000.

10. R. Diekmann, A. Frommer, and B. Monien. Efficient schemes for nearest neighbor
load balancing. Parallel Computing, 25(7):789–812, 1999.

11. R. Diekmann, B. Monien, and R. Preis. Using helpful sets to improve graph bi-
sections. In D.F. Hsu, A.L. Rosenberg, and D. Sotteau, editors, Interconnection
Networks and Mapping and Scheduling Parallel Computations, volume 21 of DI-
MACS Series in Discrete Mathematics and Theoretical Computer Science, pages
57–73. AMS, 1995.
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17. A. Fischer, Ch. Schütte, P. Deuflhard, and F. Cordes. Hierarchical uncoupling-
coupling of metastable conformations. In Schlick and Gan, editors, Proc. of the
3rd International Workshop on Algorithms for Macromolecular Modeling, LNCSE
24, 2002.



208 Michael Dellnitz and Robert Preis

18. G. Froyland and M. Dellnitz. Detecting and locating near-optimal almost-invariant
sets and cycles. Technical report, DFG-Priority Program 1095: ”Analysis, Modeling
and Simulation of Multiscale Problems”, 2001.

19. G. Froyland and M. Dellnitz. µ almost-invariant sets and adaptive boundary re-
finement. manuscript, 2003.

20. M.R. Garey and D.S. Johnson. Computers and Intractability - A Guide to the
Theory of NP-Completeness. Freemann, 1979.

21. A. Gupta. Fast and effective algorithms for graph partitioning and sparse matrix
reordering. IBM J. of Research and Development, 41:171–183, 1997.

22. B. Hendrickson and R. Leland. The chaco user’s guide: Version 2.0. Technical
Report SAND94-2692, Sandia National Laboratories, Albuquerque, NM, 1994.

23. B. Hendrickson and R. Leland. A multilevel algorithm for partitioning graphs. In
Proc. Supercomputing ’95. ACM, 1995.
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Abstract. Datagraphs are combinatorial graphs having database items
at their vertices and geometric relationships along their edges. I describe
their applicability to lists of examples in algebraic geometry generated
by computer algebra, and illustrate this with a list of K3 surfaces as
the database items. The main point is that when analysing a single sur-
face during construction of the database, the datagraph makes available
its close relations, and that very often these provide extra information
required to complete the analysis.

1 Introduction: Lists in Algebraic Geometry

Beautiful lists of examples pervade algebraic geometry. Sometimes they com-
prise genuine classifications, such as the list of Du Val singularities in Table 1,
see [D] for instance. At other times they are simply a list of known examples
making no pretence of being comprehensive. In either case one expects there to
be relationships between items on the list. A datagraph is a device to record
geometric objects together with these relationships as separate pieces of data
supporting one another. There are a lot of mathematical issues, but here I focus
on the symbolic calculations that make the general method work.

Perhaps the best list of all is that which constitutes the statement of the
classification of surfaces: if S is a nonsingular projective algebraic surface, defined
over C say, then S is birational to a nonsingular surface S̃, a minimal model of
S, in exactly one of the classes listed in Table 2. The Kodaira dimension κ is
the order of growth of sections of nKS with n, that is h0(nKS) ∼ nκ with a
conventional κ = −∞ when no multiple has any sections. See Beauville [B] or
Reid [R2] for an account of this classification.

The key example studied here is a list of K3 surfaces, described in detail
below. But the general methods used can be applied to many similar situations

Table 1. Du Val surface singularities

(An) x2 + y2 + zn+1 = 0 for n ≥ 1
(Dn) x2 + y2z + zn−1 = 0 for n ≥ 4
(E6) x2 + y3 + z4 = 0
(E7) x2 + y3 + yz3 = 0
(E8) x2 + y3 + z5 = 0

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 210–224, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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in algebraic geometry. Certainly many aspects of each class of surface in Table 2
have appeared in lists. For example, Reid [R1] worked out the case of a partic-
ular type of surface of general type. In fact, the approach described here has
evolved from Reid’s work over 20 years starting with this calculation. Lists of
subcanonical curves and Enriques surfaces are in progress. Szendrői [Sz] has lists
of Calabi–Yau 3-folds, three-dimensional analogues of K3 surfaces, and physi-
cists have many more [KS]. And there are plenty of other lists of K3 surfaces
from different points of view, the extremal elliptic fibrations of Shimada and
Zhang [SZ] for instance, or [KS] again.

Table 2. The classification of surfaces

κ class of minimal surfaces
2 surfaces of general type
1 certain elliptic fibrations
0 Abelian, K3, Enriques or bielliptic surfaces

−∞ ruled or rational surfaces

As well as being enjoyable in their own right, these lists are very useful.
Belcastro [BC] computes the Picard lattices of a list of K3 hypersurfaces known
as the famous 95, described below, in a study related to mirror symmetry. Corti,
Pukhlikov and Reid [CPR] use the same famous 95 as a hunting ground for
examples of birational links, the basic birational maps between 3-folds. Although
their results are for 3-folds, much of the calculation occurs on a hyperplane
section, which in this case is a K3 surface.

Let me clarify the main point. The aim is to construct databases, exploiting
relationships between objects of the final database during the construction. First
one accumulates a lot of plausible but rather raw data that is implicit in the
problem: collections of singularities that are expected to appear on the objects
is a typical example. Then refinement steps apply geometrical constructions to
the raw data to construct the desired objects, or perhaps to prove that they
don’t exist. If X and Y appear in the database and we have a map X → Y
between them, then the construction of X may be able to inherit calculations
used in the construction of Y . In fact, this is exactly what happens in the K3
case discussed here. Section 4 below illustrates this point with a naive example,
while Section 5 works out the K3 case. In the final section we glimpse the Magma
[Ma] implementation, at least enough to see how it follows the model.

As an application, the main theorem, discussed in Section 2, uses a trivial
computer analysis of the datagraphs to identify K3s that are ‘primitive’ from the
point of view of projection. It is worth remarking that although many computer-
generated lists exist in the geometry literature, I cannot think of a single one
that is available in a format to be analysed seriously using a computer, rendering
them pointless if they are at all large.
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2 K3 Surfaces and Polarisation

A K3 surface is a simply-connected projective surface having only An singu-
larities and trivial canonical class. (This is a slight modification of the usual
definition, but it suits the discussion here and does no harm.) If S is a K3 sur-
face in this sense, then the minimal resolution of singularities S̃ of S appears in
the list of Table 2. But the definition of K3 is not so important here: we don’t use
it directly at all. It appears only implicitly in the Riemann–Roch formula (1) of
Section 5. A favourite example of K3 is the Kummer surface of a curve of genus
2, a surface of degree 4 in P3 with sixteen A1 singularities coming from the fixed
points of the involution −1 on the Jacobian.

In 1979, Reid wrote down the complete list of 95 weighted hypersurfaces that
are K3 surfaces, the ‘famous 95’ (see them in [Fl] or [K3]). An example is

X30 ⊂ P(5, 6, 8, 11)

that is, the locus of zeros of a general homogeneous polynomial of degree 30 in
variables x, y, z, t, which themselves have weights 5, 6, 8, 11 respectively. After a
change of coordinates, any such surface can be written as

f30 = 0 where f30 = x6 + y5 + yz3 + zt2 + λxyzt

for some λ ∈ C. Notice then that although one refers to the K3 surface X30, it
actually denotes a whole family of K3 surfaces parametrised by λ. Implicitly one
usually has in mind only the general elements of this family, although special
members of the family will be interesting too.

Notice that such K3 surfaces are automatically polarised. That is, they come
as a pair X,A of a K3 surface X together with an ample Weil divisor A. The
class A contains the divisors of rational functions of weight 1. Consider the
example X30. The divisor of y/x lies in the class of A but it is clearly not an
effective divisor. In fact, the smallest monomial weight is 5 so H0(nA) = 0 for
n = 1, 2, 3, 4 whileH0(5A) is 1-dimensional with basis x. Nonetheless, A is ample
since multiples of it really do embed X and we still refer to A as the hyperplane
section, even though there is no effective divisor in its class.

One calculates that the general X30 has singularities A1, A7 and A10. These
singularities are also polarised. For example, A7 ∈ X30 is the singularity at the
point pz = (0:0 :1 :0). Since z = 1 near pz, f30 describes y as an implicit function
and we can eliminate y there, realising the A7 singularity as a Z/8 quotient of
C2. Such a quotient can happen in several ways. In this case, the global functions
x, t restrict to the local axes u, v of the quotient and, modulo 8, the weights of
x, t are 5, 3. This polarised singularity is often denoted 1

8 (3, 5). As a reasonable
shorthand for computer input we denote such singuarities by a pair of coprime
integers [r, a] with 1 ≤ a ≤ r/2 where r is the order of the cyclic group, called
the index of the polarised singularity, and a is the smaller of its weights. So the
A7 singularity on X30 is denoted [8, 3]. Fletcher’s paper [Fl] contains a tutorial
on these calculations.
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One can project away from either of the singularities A7 and A10. After
projection from A7 the resulting surface is again a K3 surface, this time

X66 ⊂ P(5, 6, 22, 33).

Such a projection is called a Gorenstein projection. The definition is rather in-
volved so suffice it to say that a Gorenstein projection from a singularity 1

r (a, b)
where a+ b = r results in a surface with two singularities 1

a (r,−r) and 1
b (r,−r).

(If a = 1 then the 1
a point is nonsingular so we omit it; similarly for b.) The

singularities of X66 are 1
2 (1, 1),

1
3 (1, 2),

1
5 (2, 3) and

1
11 (5, 6) so this projection

calculus works, breaking up the 1
8 (3, 5) into two singularities.

It is often the case that Gorenstein projection is simply elimination of a single
variable, as is the case with usual projection. This is called Type I Gorenstein
projection. It occurs when the local polarising weights a, b are also the weights
of global variables, that is, when a, b appear among the weights of the ambient
weighted projective space. The A10 singularity above is actually 1

11 (5, 6) ∈ X30
— the monomial zt2 eliminates z at this point — so projection from there is
Type I, whereas projection from 1

8 (3, 5) ∈ X30 is not. Projections of other types
are also defined.

Since the famous 95 were computed, a number of Reid’s students have ex-
tended the list to higher codimension: Fletcher [Fl] found 84 codimension 2 cases
and Altınok [A] found more in codimension 3 and 4. In total these lists contain
391 K3 surfaces. (A tentative list of 162 codimension 5 K3s is now at [K3].)

There are interesting questions of verification for these lists. Reid’s list of
hypersurfaces is known to be complete — for instance, Johnson and Kollár [JK]
have a proof (and a list of several thousand Fano 4-folds). This means that if
X ⊂ P(a, b, c, d) is a K3 hypersurface then it is one of the famous 95 (although
not necessarily a general element of the family). In higher codimension there is
no such proof, although the lists have survived for several years and are probably
correct if one rules out certain degenerations which were deliberately overlooked.
A more immediate problem is to prove that every element on these lists actually
exists. This is easy for the famous 95 since one can write down equations and
compute. Similar explicit calculations work in codimensions 2 and 3. But in
codimension 4 one has no structure theorem explaining how to write down the
equations. So Altınok [A] resorts to a clever trick, called unprojection, to justify
much of her list. The idea is that if a variety exists one can make a Gorenstein
projection from one of its singularities, as in the example X30 ��� X66 above.
With luck the result will be a K3 surface in lower codimension. If one can identify
that K3 in advance and make certain polynomial calculations it is sometimes
possible to reverse the projection process and view it as a construction. Thus
while some items on Altınok’s lists are not described as explicitly as X30, they
certainly all exist and carry implicit methods for their construction.

I will describe a model for constructing such lists as part of a computer al-
gebra package. This model has been realised to build lists of K3 surfaces in the
Magma system [Ma]. The current version 2.9 of Magma contains the database
of 391 known K3 surfaces in codimension at most 4. I will discuss a substantial
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revision of this which already exists in prototype. (See [K3] for the most re-
cent information.) Of course one benefits at every step from extra mathematical
knowledge, but even if that is hard to come by one can make progress. This is
typified by the amazing examples of [BR] which were found even before we knew
about the unprojections involved. Or consider the K3 datagraphs themselves.
Anyone who knows about K3 surfaces will have noticed that there is no mention
of Picard lattices, one of the basic pieces in the theory of K3 surfaces. Indeed
they play no role in the initial construction of the database, although it would
be possible to use them. Subject specific details like these can be applied to basic
datagraphs at a later stage.

As an application of the K3 datagraphs I prove the following theorem.

Theorem 1. Let X,A be a polarised K3 surface having Du Val singularities and
no Gorenstein projection to another polarised K3 surface. Let g = dimH0(A)−1
and assume in addition that g ≤ 2. Then X,A has the same Hilbert series as
one of the following:

g X
−1 codimX ≤ 4 and X is one of the 36 cases in Table 4
0 codimX = 1 and X is one of the 6 cases in Table 3
1 X = X12 ⊂ P(1, 1, 4, 6)
2 X = X6 ⊂ P(1, 1, 1, 3)

In Tables 3 and 4, each K3 surface X is identified by its number in the K3
datagraph of the same genus: 1

r is shorthand for
1
r (1, r − 1) and equation (2) in

Section 5 determines A2. More detailed Magma output is at [K3].

Table 3. K3 surfaces with g = 0 and no Gorenstein projections

No. K3 Basket B Degree A2

1 X42 ⊂ P(1, 6, 14, 21) 1
2 , 1

3 , 1
7 1/42

12 X36 ⊂ P(1, 5, 12, 18) 1
5 (2, 3),

1
6 1/30

23 X30 ⊂ P(1, 4, 10, 15) 1
2 , 1

4 , 1
5 1/20

77 X24 ⊂ P(1, 3, 8, 12) 2 × 1
3 , 1

4 1/12
249 X18 ⊂ P(1, 2, 6, 9) 3 × 1

2 , 1
3 1/6

794 X10 ⊂ P(1, 2, 2, 5) 5 × 1
2 1/2

What is this theorem about? If a general K3 surface X,A has g = 3 then
the sections of A embed X (modulo −2 curves) as a hypersurface X4 ⊂ P3. The
generality assumption in this case is exactly the same as asking that a genus 3
curve be nonhyperelliptic: indeed, X,A is general in this sense if and only if the
general element of the linear system of A is a nonhyperelliptic curve of genus
3. If g > 3 then again with some generality hypothesis A already embeds X in
an ordinary projective space. One could view these g ≥ 3 cases as satisfactory.
The theorem studies the other cases, those for which A does not have enough
sections to embed X, assuming in addition that X cannot be constructed by
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Table 4. K3 surfaces with g = −1 and no Gorenstein projections

No. K3 Basket B Degree A2 cod
1 X24,30 ⊂ P(8, 9, 10, 12, 15) 1

2 , 1
3 , 1

4 , 1
5 (2, 3),

1
9 1/180 2

4 X50 ⊂ P(7, 8, 10, 25) 1
2 , 1

5 (2, 3),
1
7 (3, 4),

1
8 1/280 1

5 X36 ⊂ P(7, 8, 9, 12) 1
3 , 1

4 , 1
7 (2, 5),

1
8 1/168 1

9 X18,30 ⊂ P(6, 8, 9, 10, 15) 2 × 1
2 , 2 × 1

3 , 1
5 , 1

8 1/120 2
12 X ⊂ P(6, 6, 7, 8, 9, 10, 11) 2 × 1

2 , 2 × 1
3 , 1

6 , 1
7 1/42 4

18 X40 ⊂ P(5, 7, 8, 20) 1
4 , 2 × 1

5 (2, 3),
1
7 1/140 1

21 X66 ⊂ P(5, 6, 22, 33) 1
2 , 1

3 , 1
5 (2, 3),

1
11 (5, 6) 1/330 1

22 X38 ⊂ P(5, 6, 8, 19) 1
2 , 1

5 , 1
6 , 1

8 (3, 5) 1/120 1
24 X27 ⊂ P(5, 6, 7, 9) 1

3 , 1
5 , 1

6 , 1
7 (2, 5) 1/70 1

26 X16,...,20 ⊂ P(5, 6, 7, 8, 9, 10) 1
2 , 1

3 , 1
5 , 1

5 (2, 3),
1
7 1/42 3

33 X ⊂ P(5, 6, 6, 7, 8, 9, 10) 1
2 , 1

3 , 1
5 (2, 3), 2 × 1

6 1/30 4
42 X14,...,18 ⊂ P(5, 5, 6, 7, 8, 9) 1

5 , 2 × 1
5 (2, 3),

1
6 1/30 3

48 X34 ⊂ P(4, 6, 7, 17) 2 × 1
2 , 1

4 , 1
6 , 1

7 (2, 5) 1/84 1
50 X16,18 ⊂ P(4, 6, 7, 8, 9) 2 × 1

2 , 1
3 , 2 × 1

4 , 1
7 1/42 2

59 X54 ⊂ P(4, 5, 18, 27) 1
2 , 1

4 , 1
5 (2, 3),

1
9 (4, 5) 1/180 1

61 X32 ⊂ P(4, 5, 7, 16) 2 × 1
4 , 1

5 , 1
7 (2, 5) 1/70 1

64 X30 ⊂ P(4, 5, 6, 15) 2 × 1
2 , 1

3 , 1
4 , 2 × 1

5 1/60 1
68 X14,16 ⊂ P(4, 5, 6, 7, 8) 1

2 , 2 × 1
4 , 1

5 (2, 3),
1
6 1/30 2

130 X12,14 ⊂ P(4, 4, 5, 6, 7) 2 × 1
2 , 3 × 1

4 , 1
5 1/20 2

162 X24 ⊂ P(3, 6, 7, 8) 1
2 , 4 × 1

3 , 1
7 1/42 1

167 X48 ⊂ P(3, 5, 16, 24) 2 × 1
3 , 1

5 , 1
8 (3, 5) 1/120 1

170 X21 ⊂ P(3, 5, 6, 7) 3 × 1
3 , 1

5 (2, 3),
1
6 1/30 1

184 X42 ⊂ P(3, 4, 14, 21) 1
2 , 2 × 1

3 , 1
4 , 1

7 (3, 4) 1/84 1
191 X24 ⊂ P(3, 4, 5, 12) 2 × 1

3 , 2 × 1
4 , 1

5 (2, 3) 1/30 1
200 X18 ⊂ P(3, 4, 5, 6) 1

2 , 3 × 1
3 , 1

4 , 1
5 1/20 1

269 X10,12 ⊂ P(3, 4, 4, 5, 6) 1
2 , 2 × 1

3 , 3 × 1
4 1/12 2

420 X15 ⊂ P(3, 3, 4, 5) 5 × 1
3 , 1

4 1/12 1
544 X30 ⊂ P(2, 6, 7, 15) 5 × 1

2 , 1
3 , 1

7 1/42 1
551 X42 ⊂ P(2, 5, 14, 21) 3 × 1

2 , 1
5 , 1

7 (2, 5) 1/70 1
555 X26 ⊂ P(2, 5, 6, 13) 4 × 1

2 , 1
5 (2, 3),

1
6 1/30 1

580 X22 ⊂ P(2, 4, 5, 11) 5 × 1
2 , 1

4 , 1
5 1/20 1

608 X30 ⊂ P(2, 3, 10, 15) 3 × 1
2 , 2 × 1

3 , 1
5 (2, 3) 1/30 1

627 X18 ⊂ P(2, 3, 4, 9) 4 × 1
2 , 2 × 1

3 , 1
4 1/12 1

820 X12 ⊂ P(2, 3, 3, 4) 3 × 1
2 , 4 × 1

3 1/6 1
1611 X14 ⊂ P(2, 2, 3, 7) 7 × 1

2 , 1
3 1/6 1

2577 X6,6 ⊂ P(2, 2, 2, 3, 3) 9 × 1
2 1/2 2

unprojection from some other K3 surface. To avoid the question of generality,
the theorem is phrased in terms of Hilbert series, as explained in Section 3. The
(families of) K3 surfaces listed in the theorem each comprise an open subset
of their Hilbert scheme, so X itself will lie in these families if it is sufficiently
general.

Let me be clear about the proof of this theorem: one simply reads the result
from the datagraphs of K3 surfaces for each g ≤ 2 — I use a computer routine,
but it could be done by hand. It could be viewed as fortunate that the result
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does not involve high codimension K3 surfaces that I would not be able to
analyse, although the two codimension 4 surfaces in Table 4 — Altınok’s two
most difficult examples — are already mysterious. In Section 6, I indicate how
the K3 datagraph is used in this proof: it could even be used to help to find a
construction of these two surfaces by locating useful projections.

3 Varieties, Graded Rings and Hilbert Series

I outline briefly the geometric background from [ABR]. Let R be a finitely gen-
erated graded ring. We usually assume that R0 = C and that R =

⊕
n≥0Rn

with Rn · Rm ⊂ Rn+m and each Rn a finite dimensional vector space over C.
The Hilbert series of R is the formal power series

PR(t) =
∞∑
n=0

(dimRn) tn.

Let X,A be a polarised variety, that is a projective variety X together with
an ample Weil divisor A. (In practice both will be required to satisfy additional
hypotheses.) It is common to take some very ample multiple nA of A and consider
X in its embedding by the sections H0(nA) of nA. The classical example is when
X is a nonhyperelliptic curve and A is its canonical class. Then A is already
very ample and the embedding is the canonical embedding of X. Even if X is
hyperelliptic, one can take 2A or 3A to embed it.

It is often better not to restrict to a single multiple of A, but to take them
all at once. To do this, one embeds X by all generators of the finitely generated
ring

R(X,A) =
⊕
n≥0

H0(nA)

in some weighted projective space. Then X = ProjR(X,A) and A is the natural
OX(1). Again there is a classical example, the embedding of a hyperelliptic
curve (y2 = f(x)) ⊂ P(1, g + 1, 1) by all multiples of A = 2p where p ∈ X is a
Weierstraß point. The weights of the projective space are the same as the degrees
of the generators of R(X,A) (to fix up the homogeneity of the embedding). In
this case, the two 1s are the degrees of the functions defining the pencil g12 = |A|
while the g + 1 is the degree of the first section of a multiple of A which is not
a power of the g12 .

So there is a general setup as follows:

polarised variety graded ring Hilbert series
X,A ←→ R(X,A) −→ PR(t)

.

where the arrows are natural translations. In an attempt to construct varieties we
will work from right to left. The obvious problem is that there is no translation in
that direction. Nonetheless, we will prescribe some invariants — ones that appear
in the Riemann–Roch formula — of varieties X,A and use Riemann–Roch to
compute h0(nA) = dimH0(nA) for each n. We package all these values in a
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Hilbert series P (t). (It is true that we have to concern ourselves with the higher
cohomology, but often we work with varieties having good vanishing results for
cohomology.) The challenge is then to construct X,A from the Hilbert series.
This is not an exact science, but many tricks are known, most of which can be
applied mechanically to a datagraph.

4 Computer Generated Lists and Datagraphs

The point of datagraphs comes from the experience of building lists in algebraic
geometry. Here I explain what datagraphs are and give a simplistic example. In
Sections 5 and 6 I will work through the main example of this paper and show
how they work in practice.

4.1 Datagraphs

To build a list of polarised geometric objects one first classifies the possible
invariants that appear in a Riemann–Roch formula associated to the geometry.
Each such piece of input generates a Hilbert series. The second stage, and the
main problem, is to realise this as the Hilbert series of a suitable geometric object
or even just show that such an object exists.

One thinks of the first part of the problem as being an easy combinatorial step
(even when it is not) and the second part as being a difficult geometrical step. In
the case of K3 surfaces, although we may have a plausible-looking Hilbert series,
we have no general reason why there should be a surface X,A whose coordinate
ring has this Hilbert series. And even if there is such an X, it may be difficult
for us to prove that or to construct it.

Rather than regarding a database as being a list, we take it to be a directed
combinatorial graph, the datagraph. It comprises a collection of vertices and a
collection of directed edges, or arrows, between them. The basic skeleton of such
a graph will be built at the combinatorial stage. Its vertices are in bijection with
Hilbert series, while the directed edges correspond to Gorenstein projections
between the corresponding K3 surfaces if they exist. The work required to prove
existence, or deduce any other property of K3 surfaces does not then happen
surface by surface, but for the most part inherits information from other surfaces
by pulling it back along directed edges.

4.2 A Naive Example of the Method

Suppose I present you with a set V of n numbered points in the plane, no three
of which are collinear, and ask for a list of the combinatorial graphs having the
points of V as vertices and straight lines as edges. This is an active problem, not
one which any fixed database you might already own will answer directly.

It is certainly easy to write down a list of all possible graphs Ln on n num-
bered vertices (having at most one edge between any two vertices). This is a raw
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pre-database. Some items on it may be realised as planar graphs and some may
not, and it may be hard to decide which.

The graph with no edges and also graphs having exactly one edge can all be
realised on vertices V . So we attempt an induction on the number of edges. We
check whether a graph in Lk with k edges can be realised by removing an edge,
answering the question for the resulting graph on k − 1 edges and then trying
to redraw the edge. So there are two steps. The first is to identify in Lk−1 those
graphs which arise by removal of a single edge from a graph in Lk. This is part
of the combinatorial step. The second is an algorithm which checks whether or
not a new edge can be added to a given graph. This is the geometrical step.

The combinatorial step can be solved right at the beginning once and for all.
Rather than taking the initial database of graphs to be a list of graphs ∪Ln,
take it to be a directed graph Gc. The vertices of Gc are the graphs. There is a
separate edge from any graph to each of the graphs which result by removing
an edge. If you can implement an algorithm that checks whether a particular
proposed edge can be added to a planar graph with result another planar graph,
then you can set it working on Gc starting from the unique terminal vertex, the
graph with no edges, creating the full subgraph G of Gc of all planar graphs, as
required. The graph G is then a datagraph.

This datagraph certainly solves the initial problem — it lists all planar
straight-line graphs on vertices V . And it already solves plenty of other prob-
lems. It is interesting to find maximal planar graphs, and in this context they
are simply the vertices of G which have no edges directed into them. (For K3
surfaces, the interesting question is the complementary one of finding minimal
vertices: this is Theorem 1.) Moreover, there are plenty of modifications to the
question for which Gc is already useful. If I change the position of one of the n
points, you only need to repeat the second geometrical step to Gc with the new
points as basic data. Or maybe I relax the condition that edges must be straight
lines, in which case one needs to re-implement the edge-adding algorithm before
running it through Gc.

Presumably this is not a terribly effective approach to databases of graphs:
such databases are usually large so the graph Gc would be unwieldy. But this
approach is very effective for lists occurring in birational geometry: every feature
of the process just described has a substantial counterpart there.

5 Building a Datagraph of K3 Surfaces

We will construct a datagraph of pairs X,A where X is a K3 surface and A is
an ample Weil divisor (which we assume generates the analytic local class group
at each singular point of X). The edges of the datagraph will be Gorenstein
projections from the An singularities of X to other K3 surfaces.

5.1 The Combinatorial Step

Each K3 surface X,A is characterised by two pieces of data. The first is an
integer g ≥ −1, called the genus, equal to h0(A) − 1 as in Theorem 1. The
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second is a basket B of singularities. A basket is a sequence of the polarised Ar−1
singularities of X, 1

r (a, r − a) denoted by a pair of coprime integers [r, a] with
1 ≤ a ≤ r/2 as in Section 2.

The Riemann–Roch formula for K3 surfaces then computes h0(nA) for every
n ≥ 1. For any pair (g,B), we collect these computations in a Hilbert series
P (t) =

∑∞
n=0 h

0(nA)tn:

P (t) =
1 + t
1− t +

t(1 + t)
2(1− t)3A

2 −
∑

[r,a]∈B

1
2r(1− tr)

r−1∑
i=1

bi(r − bi)ti (1)

where b is the reciprocal of a modulo r and c denotes the smallest residue of c
modulo r. This is completed by the formula

A2 = 2g − 2 +
∑

[r,a]∈B

b(r − b)
r

. (2)

Both formulas are worked out in Altınok’s paper [A2].
There is one standard condition coming from the geometry of K3 surfaces

which the basket of any K3 surface must satisfy:∑
[r,a]∈B

(r − 1) ≤ 19.

The point is that resolving the An singularities produces a nonsingular K3 sur-
face. Such a surface has at most 20 linearly independent divisors lying on it.
One is the hyperplane section A. Each An singularity contributes a further n−1
curves all independent of one another and of A. Imposing only this condition
(and K3 experts will be aware of others), it is easy to check that there are ex-
actly 6640 possible baskets that any K3 surface might have. So the collection
of all possible combinatorial input is the infinite collection of pairs (g,B) where
g ≥ −1 is an integer and B is one of the 6640 possible baskets. Since A is ample,
it must be true that A2 > 0 which is expressed by equation (2) as a condition on
the pair (g,B). One checks that this condition reduces the number of allowable
baskets as follows:

genus number of baskets
−1 4293
0 6491
1 6639
≥ 2 6640

.

The simple tricks one uses to try to construct a variety from a Hilbert series
are far more effective when working with low genus so restricting our attention
to pint-sized g, less that 2 say, is the better part of valour for now.

The combinatorial solution Gc is a directed graph as follows. First fix a small
genus g. The graph Gc will have vertices in bijection with the collection of all
baskets B for which A2 > 0. For each pair (g,B) we compute the Hilbert series
hB. These power series have a natural order: hB1 < hB2 if and only if the leading
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coefficient of hB2 − hB1 is positive. We number the vertices v1, v2 . . . of Gc in
this order.

We now define a surgery operation on baskets. Let [r, a] be any singularity
in a basket B and let r = a+ b. Make a new basket by replacing [r, a] with the
two singularities [a, b′] and [b, a′], where b′ is b mod a and a′ is a mod b. The
notation is a bit unhelpful here: we must interpret each of these new singularities
correctly. If r = 2 we simply delete [r, a]. If a = 1 then we do not include [a, b′]
at all. If b′ > a/2 then write [a, a− b′] rather than [a, b′]; similarly for [b, a′].

There is an edge from vertex vi to vj if and only if Bj can be constructed from
Bi by a single such basket surgery operation. Gorenstein projection is decreasing
with respect to the order on Hilbert series so one only needs to search for images
among vj with j < i.

5.2 Geometrising the Vertices

At this stage we have a directed graph Gc which is the skeleton of our datagraph.
Its vertices correspond to plausible Hilbert series for the graded homogeneous
coordinate rings of polarised K3 surfaces, although we have only checked two
simple conditions on the series so we must expect that sometimes no such surface
actually exists. Its edges correspond to surgery operations on baskets that will
be realised by Gorenstein projections if the corresponding surfaces exist. Now
we begin to turn this into a datagraph of K3 surfaces.

Suppose given a Hilbert series P (t) =
∑
n≥0 h

0(A)tn. This power series can
be written as a rational function

P (t) =
p(t)

(1− td1) · · · (1− tdr )
(3)

where p(t) is a polynomial in t and d1, . . . , dr are positive integers. As described
in [R3] Section 3.6, if X is embedded in P(d1, . . . , dr) with hyperplane section A
and Hilbert series P (t) then a minimal free resolution of the graded ring R(X,A)
determines a rational expression for P (t) in the form of equation (3) with Hilbert
numerator

p(t) = 1−
∑

tej + · · · ± tk (4)

where the integers ej are the weights of the equations ofX and k is the adjunction
number of X. (Unfortunately the syzygies between the equations will contribute
positive terms in t, some of which might well mask some of the tej . But that is
not the immediate problem.) How does one find this expression in advance?

In fact it is rather easy to generate expressions like (3). For example, if g = −1
and the basket B comprises [2, 1], [8, 3], [11, 5] then one sees that

P (t) =
t30 − 1

(1− t5)(1− t6)(1− t8)(1− t11) . (5)

One way is to write down the rational form of equation (1) immediately and ma-
nipulate that, giving a rational expression for P (t): one constructs the unique
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minimal expression by cancelling common factors from numerator and demoni-
nator. To understand P (t) as a variety in weighted projective space we want to
see the form of equation (3). There are many such expressions. To make one, we
simply need to ensure that there are enough factors 1− td in the denominator to
absorb all the cyclotomic factors in the minimal denominator. When the target
variety X,A is a complete intersection, there is a unique minimal choice of such
di; in codimension 3 or more complete intersections are rare so we must expect
things to be more complicated.

The 1 − td factors in the denominator are there to account for the periodic
contributions arising from the singularities so the index of each singularity must
divide the d occuring in some factor. For X30 this gives a first guess for a de-
nominator of (1− t8)(1− t11). The ring R(X,A) is 3-dimensional so we need to
include another factor before the numerator becomes a polynomial. The factor
1− t is harmless since it is a factor any 1− td. We compute then that

(1− t)(1− t8)(1− t11)P (t) = t20 − t19 + t15 − t13 + t10 − t7 + t5 − t+ 1.

Reading this Hilbert numerator, we see that there is an equation in degree 1.
There is no point having a generator and an equation in degree 1 so the factor
1− t isn’t quite right. We increase this power of t. Repeating the same reasoning
reveals 1 − t5 as the first sensible choice. Multiplying out again shows that a
generator is needed in degree 6 and we are done.

We seek a projective variety whose homogeneous coordinate ring has the
Hilbert series (5). Guided by the rule of thumb (4) we considerX30⊂P(5, 6, 8, 11).
Any such variety has the right Hilbert series and as in the introduction one checks
that if the equation defining X30 is general, then X30 is indeed a K3 surface with
singularities as encoded by B. Success!

5.3 Improving the Datagraph: Unprojection

By this stage we have a datagraph with candidates for K3 surfaces at its vertices
and we would like to determine which really exist and which do not. They are
not all as clear-cut as X30 above. In codimension higher than 3 we cannot simply
write down equations and calculate. We will use the edges of the datagraph to
guide an alternative construction process called unprojection.

Consider a special case of the main theorem of [PR]:

Theorem 2. If Y ⊂ P = P(d1, . . . , dn) is a quasi-smooth K3 surface and one
of the coordinate lines D = P(a, b) ⊂ P lies on Y then there is a K3 surface
X ⊂ P(d1, . . . , dn, r) containing a singularity p of index r = a + b and type
1
r (a, b). Moreover, Y is the Type I Gorenstein projection of X from p.

One views this theorem as an implicit construction of X from the pair Y ⊃ D,
an unprojection. Most K3 surfaces admit a Type I projection, especially when
g �= −1, so this approach promises some success. But Theorem 2 has a condition
that needs to be checked. It is easy to find D = P(a, b) as a coordinate line,
but we must also find an element of the family Y which contains this line. This
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is a monomial condition on the equations of Y so is easy to check if we know
their degrees. But there is tension: too many conditions and the surface Y may
acquire bad singularities and not be K3.

With this in mind, suppose we have a pair of candidate K3 surfaces with a
Gorenstein projection between them X ��� Y and suppose inductively that we
have a description of Y embedded in some weighted projective space. Now if X
actually exists, and if the projection is Type I from a singularity 1

r (a, b) ∈ X
then there is a curve D ⊂ Y as in Theorem 2 and the weights of X are same
as those of Y together with a new variable s of weight r. The projection is then
simply the elimination of the variable s from the homogeneous coordinate ring
of X and a, b are also weights of Y . (The surfaces have one trick up their sleeve.
It can happen that some generators of Y are expressed in terms of the others
once s is included so that not all the weights of Y are visible on X. In practice
this only happens in codimension 1. The projection from 1

11 (5, 6) ∈ X30 is of
this tricky Type I.)

So immediately we can tell whether there is any hope of realising X as a
Type I unprojection of Y : the confirmed weights of Y should include a, b and
the Hilbert series of X must be compatible with the weights of Y together with
a + b, in the sense that an expression of the form (3) must be possible with
these weights. When these conditions are satisfied we say that the projection
X ��� Y is a numerical Type I projection. We also record the predicted weights
of X. The task of proving that suitable Y exists remains — it is essentially a
Gröbner basis problem, so something symbolic which could also be run through
the datagraph — but already we expect to have a better collection of candidates.
The experience of an analogous calculation in [BR] is that suitable Y often exist,
but may do so in several distinct ways.

With datagraphs in hand, it is easy to write code to carry out this analysis.
For example, one sees that

Proposition 1. If g = 1 then there are unique weights for each of the 6639
possible K3 baskets so that each of the 20721 projections are either known Type
I or numerical Type I projections with the single exception:

P(1, 1, 3, 5) ⊃ X10 ��� X12 ⊂ P(1, 1, 4, 6),

one of two projections to the g = 1 surface of Theorem 1.

In fact, all but six of the Type I projections are simply the elimination of a single
variable. Apart from the exceptional case of the proposition, there are five other
projections from K3s in codimension 1, which are necessarily the slightly tricky
Type I. And let me emphasise again: there is no prima facie reason why any of
these 6639 pieces of data should be realised by K3 surfaces, even though I expect
most of them will be.

6 The Magma Implementation

Datagraphs for K3 surfaces are implemented in prototype on Magma, see [K3] or
[Ma] for information. A version that can be tailored to other geometric situations
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will be made in the future. Here we build the datagraph for K3 surfaces of genus
−1 from scratch and then find the 36 surfaces of Table 4. The Magma com-
mentary describes the steps discussed above. The > sign is the Magma prompt:
the line following that is input, the rest is output. I leave you to work out the
Magma syntax for yourself.

> G := K3BuildDatabaseGraph(-1);
There are 4293 baskets with genus -1 ... Time 108s
Computing RR for baskets ... Time 173s
Sorting the Hilbert series ... Time 229s
Building a graph from the numerical data ... Time 496s
Analysing vertices of the graph ... Time 830s
Datagraph complete.

> K3PrintDatabase(G);
Database graph of 4293 K3 surfaces and 13078 projections
> #[ X : X in K3Surfaces(G) | #K3Projections(X) eq 0 ];
36

And that’s it! The K3 surfaces that have no projection are exactly those on the
datagraph with no arrows pointing away from them. And the number of these is
exactly what the last line of input requested: remove the # to get the sequence
of them all. Precisely, the result has identified Hilbert series of polarised K3
surfaces which cannot have a Gorenstein projection.
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Abstract. In this paper the concept of neighborhood of a polynomial
is analyzed. This concept is spreading into Scientific Computation where
data are often uncertain, thus they have a limited accuracy. In this con-
text we give a new approach based on the idea of using resultant in
order to know the common factors between an empirical polynomial and
a generic polynomial in its neighborhood. Moreover given a polynomial,
the Square Free property for the polynomials in its neighborhood is in-
vestigated.

1 Introduction

In Computer Algebra and Symbolic Computation we deal with exact data, but
in many real life situations data come either from physical measurements or
observations or they are the output of numerical computations. Moreover com-
puters work with Floating Points, i.e. with finite arithmetic, so a real number is
represented approximately because of the limited number of available digits. For
these reasons it is growing up the necessity of combining methods in computer al-
gebra and numerical analysis. This led to a new branch of the classic polynomial
algebra, the numerical polynomial algebra [2,11], whose aim is to accommodate
the presence of inaccurate data and inexact computations. Since a polynomial
is not exact, we consider a family of polynomials called neighborhood. For in-
stance, given a polynomial p(x) = 1.23x3 + 5.78x2 + 12x+ 11.98, if we suppose
that the last decimal digit is off by one, then the coefficient 1.23 does not mean
a precise rational number but rather any real number from a sufficiently small
neighborhood, i.e. a real number belonging to the interval [1.22, 1.24]. Therefore
computations with polynomial neighborhoods involve some notions of interval
analysis [1].

The paper is organized as follows. In Section 2 the basic definition of poly-
nomial neighborhood as in [9] is introduced, while the notion of pseudozero, as
in [9,11], is introduced in Section 3. In Section 4 the problem of finding the
nearest polynomial with a given zero is briefly discussed. In Section 5 we give a
new definition for the neighborhood imposing stronger conditions by means of
the resultant. In Section 6 the Square Free property for the polynomials in the
neighborhood is the object of our interest. Finally in Section 7 it is shown the
geometric meaning of the problems previously discussed.
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Many definitions can be given for multivariate polynomials and the results in
the paper can be extended in the future to multivariate polynomials case. The
author has used two computer algebra packages: Maple 6 [3] and Mathemat-
ica 4.1 [12]. The use of Mathematica 4.1 is essential because this package
works with interval arithmetic.

2 Polynomial Neighborhoods

Let C be the field of complex numbers and let p(x)=p(x1, . . . , xs) in C[x1, . . . , xs]
be a multivariate polynomial in the variables x1, . . . , xs with deg(p) = n. Let
xj = xj11 · · ·xjss with j = (j1, . . . , js) ∈ N

s
0. The polynomial p(x) can be written

as
p(x) =

∑
j=0,...,k

ajx
j

with aj ∈ C, k =
(
n+s
n

)
and

∑
h=1,...,s jh ≤ n for all j.

The tolerance e associated with p(x) is a non negative vector e = (ek, . . . , e0)
such that

ej ∈ R ej ≥ 0 for j = 0, . . . , k

Let p(x) be a polynomial with at least one coefficient having limited accuracy,
i.e. a p(x) such that there exists j ∈ {0, . . . , k} with ej > 0. p(x) will be called
an empirical polynomial.

Let us give some different definitions for the polynomial neighborhood. We
start introducing the definition given by Stetter as in [9].

Definition 1. The neighborhood N (p, e) of an empirical polynomial p with
tolerance e is the family of polynomials p̃ ∈ C[x1, . . . , xs], p̃ =

∑
ãjx

j, having
vector of coefficients ã = (ãk, . . . , ã0) ∈ R

k+1, such that

ãj = aj if ej = 0, i.e. aj is exact

‖(. . . , |ãj − aj |
ej

, . . .)‖∗ ≤ 1 (1)

with ‖ · ‖∗ a generic norm over R
k+1.

For instance if the polynomial p(x) ∈ R[x] and choosing ‖(. . . , bj , . . .)‖∗ =
maxj |bj | as norm, the (1) becomes

|ãj − aj | ≤ ej for j = 0, . . . , k (2)

This means that the exact value ãj ∈ [aj − ej , aj + ej ], i.e. ãj = aj + δj such
that |δj | ≤ ej . Each δj , for j = 0, . . . , k, is called perturbation and the generic
polynomial p̃(x) in the neighborhood is called perturbed polynomial.

Another definition of polynomial neighborhood is the following as in [5].
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Definition 2. Let p(x) =
∑

ajx
j ∈ C[x1, . . . , xs] be an empirical polynomial.

The neighborhood N (p) of p is the family of polynomials p̃ in C[x1, . . . , xs],
p̃ =

∑
ãjx

j such that ‖p − p̃‖ ≤ ε, with ε ≥ 0, ε ∈ R, and with ‖ · ‖ a generic
coefficient vector norm.

A special case of the Definition 1 is the following definition as in [8].

Definition 3. Let p(x1, . . . , xs) ∈ C[x1, . . . , xs] be a multivariate polynomial
with tolerance e. Let ≺ be a term ordering on PP (x1, . . . , xs) = {xt11 · · ·xtss :
(t1, . . . , ts) ∈ N

s
0}. We say that a polynomial p̃ ∈ C[x1, . . . , xs] is a lower-order

perturbed of p if p̃ ∈ N (p, e) and HTerm≺(p̃− p) is less than HTerm≺(p).

In the sequel of the paper we will use the notion of neighborhood as in Definition
1 using the maximum norm and somewhere we will compare the results for
different definitions.

3 Pseudozero

We are interested in finding meaningful solutions for algebraic problems with
polynomial data of limited accuracy. The treatment of data with limited accuracy
is based on the backward error principle. An approximate result is meaningful
if it is the exact result for a problem within a tolerance neighborhood of the
specified problem. Whenever we have an empirical polynomial the notion of zero
must be replaced by the notion of “pseudozero”.

Definition 4. A value z ∈ C
s is a pseudozero of an empirical polynomial p

with tolerance e if it is a zero of some polynomial p̃ ∈ N (p, e).

Definition 5. A pseudozero domain of an empirical polynomial p with tolerance
e is the set of all pseudozeros

Z(p, e) = {z ∈ C
s : ∃ p̃ ∈ N (p, e) : p̃(z) = 0}

For further details about pseudozeros see [9,10,11].

3.1 Univariate Case

Our aim is studying the behaviour of the pseudozero domain of a polynomial,
i.e. where the zeros lie. A simple case occurs when we work in R[x] and we
choose the maximum norm (obtaining (2)). Let p(x) =

∑n
j=0 ajx

j ∈ R[x] be an
empirical polynomial and let e = (en, . . . , e0) be its tolerance vector. A perturbed
polynomial in the neighborhood is p̃(x) =

∑n
j=0(aj + δj)xj ; if we define the

polynomial p∆(x) =
∑n
j=0 δjx

j , then p̃(x) = p(x) + p∆(x). It holds

∀z : p̃(z) = 0⇒ p(z) + p∆(z) = 0⇒ p(z) = −p∆(z) (3)

and then |p∆(z)| = |
∑n
j=0 δjz

j | ≤∑n
j=0 |δj ||zj | ≤

∑n
j=0 ej |z|j , i.e.

−
n∑
j=0

ej |z|j ≤ p∆(z) ≤
n∑
j=0

ej |z|j (4)
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We can distinguish 3 cases:

1. z = 0: trivially a0 + δ0 = 0 and then −e0 ≤ a0 ≤ e0;
2. z > 0: the inequalities (4) become

∑n
j=0(−ej)zj ≤ p∆(z) ≤

∑n
j=0 ejz

j , and
from (3) z has to satisfy the following inequalities:

n∑
j=0

(aj + ej)zj ≥ 0
n∑
j=0

(aj − ej)zj ≤ 0 (5)

3. z < 0: from (3) and (4) z has to satisfy the following inequalities:

n∑
h=0

(ah + (−1)heh)zh ≥ 0
n∑
h=0

(ah + (−1)h+1eh)zh ≤ 0 (6)

In this way we can find where all pseudozeros lie; the pseudozeros are distributed
into disjoint components named pseudozero components.

Example 1. Let p(x) = 1.1x2 + 2.3x + 1 be an empirical polynomial and let
e = (10−2, 10−2, 10−1) be the tolerance vector. We look for the pseudozero com-
ponents. From equations (5) and (6), we have to solve these two systems:{

1.11x2 + 2.31x+ 1.1 ≥ 0
1.09x2 + 2.29x+ 0.9 ≤ 0

{
1.11x2 + 2.29x+ 1.1 ≥ 0
1.09x2 + 2.31x+ 0.9 ≤ 0

By solving the former system we obtain the components [−1.57,−1.34] and
[−0.73,−0.52]; since z > 0 by hypothesis (case 2) we can say that there are
not positive pseudozeros; from the latter system we obtain [−1.60,−1.30] and
[−0.76,−0.51], that are the ranges where all pseudozeros lie.

There is a different way of checking where all pseudozeros lie. It is sufficient
to consider a perturbed polynomial p̃(x) = (1.1+δ2)x2+(2.3+δ1)x+1+δ0 in the
neighborhood. We substitute the interval [−ej , ej ] to each δj and we solve the
equation p̃(z) = 0 in the variable z by using interval arithmetic. If we perform
all these computations with Mathematica 4.1, then we obtain the pseudozero
components [−1.60,−1.30] and [−0.78,−0.49], i.e. components larger than the
previous ones, that we have obtained by using formulas (5) and (6). It follows that
the computation based on these formulas is more careful than the computation
involving intervals (i.e. interval polynomials), which is affected by a bad interval
arithmetic.

Roughly speaking, it seems that small perturbations in the coefficients of the
polynomial give small variations of the roots, but it is not always true.

Example 2. Let p(x) = (x − 1)(x − 2) · · · (x − 20) = x20 − 210x19 + · · · + 20!.
This is a well-known polynomial in numerical analysis, named the Wilkinson’s
polynomial. If we change the coefficient −210 with −210 + 10−7, then the roots
1, 2, . . . , 20 of the polynomial change dramatically (in fact there are a lot of
complex roots).
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A polynomial as in Example 2 is said to be sensitive, which means that the
relative error in the result is much greater than the relative error in the data,
i.e. it is ill-conditioned (or similarly ill-posed). Pseudozeros searching analysis
can be very useful for investigating more accurately this class of cases and for
checking the sensitivity of a polynomial.

4 Nearest Polynomial with a Given Zero

Given an empirical polynomial with tolerance vector e and an approximate zero
we want to investigate how we can check that it is a pseudozero, i.e. an exact
zero of a polynomial that we can not distinguish from the specified one because
of the indetermination in its data.

Assigned an empirical polynomial p(x) ∈ R[x], p(x) =
∑n
j=0 ajx

j , with
deg(p) = n, and a value z ∈ R, we look for a polynomial p̃(x) =

∑n
j=0 ãjx

j

in N (p, e) such that p̃(z) = 0. We can find more than one of such polynomials,
but there is only one of these polynomials whenever we look for the nearest one,
i.e. the polynomial with the smallest perturbations from the original coefficients.

The problem of finding the nearest polynomial with a given zero can be
formulated in two different manners depending on the chosen definition for the
polynomial neighborhood. The former case occurs when the distance between
the two polynomials p(x) and p̃(x) is measured by using a norm as in Definition
2. In this case the concept of nearest depends on the chosen norm. The problem
is the following: we want to compute

δj ∈ R, j = 0, . . . , k, such that ‖p− p̃‖ is minimized for a given norm ‖ · ‖

If we choose the Euclidean norm, i.e. ‖p − p̃‖2 = (
∑
(aj − ãj)2)

1
2 , then it is

straightforward to find the δj ’s such that p̃(z) = 0 and ‖p− p̃‖2 is minimized. In
fact we have the following theorem

Theorem 1. Let p(x) be an empirical polynomial with deg(p) = n. Let ‖ · ‖2
be the Euclidean norm and let z ∈ R. ‖p − p̃‖2 is minimized whenever the δj’s
satisfy the following conditions:

δj =
−zjp(z)

z2n + z2n−2 + . . .+ z2 + 1
j = 0, . . . , n (7)

Proof. The formula can be obtained minimizing a quadratic form as in [6].

If p(x) ∈ C[x] and z ∈ C, then the formula for the δj ’s is the following

δj =
−z̄jp(z)∑n
i=0(zz̄)i

j = 0, . . . , n (8)

where z̄ is the conjugate of z; a complete proof of formula (8) can be found in
[4]. There are similar results using ‖ · ‖∞ [5].
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The latter case is obtained using Definition 1 for the polynomial neighbor-
hood. Whenever we impose that the perturbed polynomial p̃(x) =

∑n
j=0(aj +

δj)xj has a zero z, we locate a hyperplane in the space (δ0, . . . , δn):

δnz
n + . . .+ δ1z + δ0 + p(z) = 0 (9)

that is a linear manifold of codimension 1 in the space (δ0, . . . , δn). The value for
the δj ’s such that the distance between the origin (0, . . . , 0) and the hyperplane
is minimum can be computed as follows. The straight line perpendicular to the
hyperplane and crossing the origin has parametric equation


δn = znt
...
δ1 = zt
δ0 = t

(10)

Computing the intersection between the hyperplane and the straight line, after
simple manipulations, we obtain

t =
−p(z)

z2n + z2n−2 + . . .+ z2 + 1

and then

δj =
−zjp(z)

z2n + z2n−2 + . . .+ z2 + 1
j = 0, . . . , n (11)

Example 3. Given the polynomial p(x) = 1.1x2 + 2.3x + 1 and its tolerance
e = (10−2, 10−2, 10−1) we look for the nearest polynomial in N (p, e) having
z = −1.5 as a zero. Using formula (9) we obtain the hyperplane 2.25δ2− 1.5δ1+
δ0 + 0.025 = 0. The straight line as in formula (10) becomes


δ2 = 2.25t
δ1 = −1.5t
δ0 = t

(12)

Using the method previously described we find the point (δ2 = −0.0068, δ1 =
0.0045, δ0 = −0.003) belonging to the hyperplane and having minimum distance
d = 0.00866 from the origin. Then the polynomial p̄(x) = 1.0932x2 + 2.3045x+
0.997 is the nearest polynomial in N (p, e) having z = −1.5 as a zero.

Remark 1. Actually the formula as in (11) is correct only if every coefficient
of the empirical polynomial has a nonzero tolerance. For instance if we know
by hypothesis that the leading coefficient of the empirical polynomial is exact,
the equation (9) becomes δn−1α

n−1 + . . . + δ1α + δ0 + p(α) = 0, then, after
computations as above, we find the following formula for the perturbations:

δj =
−αjp(α)∑n−1
k=0 α2k

j = 0, . . . , n− 1
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In a more general case, given a tolerance vector e = (en, . . . , e0), let us denote
by Ω(p) = {j ∈ {0, . . . , n} | ej > 0}. Now it is simple to prove that the formula
for the perturbations can be written as:

δj =
−αjp(α)∑
k∈Ω(p) α

2k j ∈ Ω(p) (13)

5 New Properties by Using Resultants

Sometimes beside the acceptable variations for the coefficients of the empirical
polynomial p(x), we know (often experimentally) more properties of the exact
polynomial. For instance, we can know a zero of the exact polynomial we are
looking for. So we construct p(x), such that it has the same zero but its coef-
ficients have limited accuracy. Similarly we can know more than one zero or a
common factor between p(x) and the generic p̃(x). In these cases we use the
notion of resultant.

The resultant of a polynomial p(x) =
∑n
j=0 ajx

j and a generic perturbed
polynomial in the neighborhood p̃(x) =

∑n
j=0(aj + δj)xj is computed. By defi-

nition the resultant is the determinant of the Sylvester matrix of the two poly-
nomials; in our case we work with the following (n+ n)× (n+ n) matrix:

S(p, p̃) =




an . . . a0 0 . . . 0
0 an . . . a0 0 . . .
...

. . . . . . . . .
. . . . . .

0 . . . 0 an . . . a0
an + δn . . . a0 + δ0 0 . . . 0

0 an + δn . . . a0 + δ0 0 . . .
...

. . . . . . . . .
. . . . . .

0 . . . 0 an + δn . . . a0 + δ0




and Res(p, p̃) = det(S(p, p̃)).
It is well known in linear algebra that the determinant of the matrix does

not change (and the resultant too), when we substitute the (n+ 1)-th row with
the difference between the (n + 1)-th row and the first row, the (n + 2)-th row
with the difference between the (n + 2)-th row and the second row and so on
until the 2n-th row that we substitute with the difference between the 2n-th row
and the n-th row. We obtain a new matrix:

S1(p, p̃) =




an . . . a0 0 . . . 0
0 an . . . a0 0 . . .
...
. . . . . . . . .

. . . . . .
0 . . . 0 an . . . a0
δn . . . δ0 0 . . . 0
0 δn . . . δ0 0 . . .
...
. . . . . . . . .

. . . . . .
0 . . . 0 δn . . . δ0



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Since det(S(p, p̃)) = det(S1(p, p̃)), we can write the resultant between p(x) and
p̃(x) as the resultant between p(x) and a new polynomial p∆(x) =

∑n
j=0 δjx

j .
Next theorems on resultants are well known in the literature and they are

very useful for our purposes. They hold in the general case of polynomials with
coefficients in a U.F.D. (Unique Factorization Domain).

Theorem 2. Let R be a U.F.D., let A(x) =
∑n
i=0 aix

i, B(x) =
∑m
j=0 bjx

j be
primitive polynomials in R[x], then

Res(A,B) = 0⇔ GCD(A,B) �= 1

By Theorem 2 p(x) and p̃(x) have a common factor if and only if Res(p, p̃) = 0.
The resultant between p̃ and p is a polynomial in the indeterminates δ0, . . . , δn
hence Res(p̃, p) = 0 is equivalent to give some conditions on the δj ’s.

We can give the following two new definitions.

Definition 6. Let p(x) ∈ R[x] be an empirical polynomial and let e be a vector
of tolerance. The polynomial p̃(x) ∈ R[x] is a k common-factor perturbed of
p(x) if p̃(x) ∈ N (p, e) and it has at least a common factor of degree k with p(x).

Definition 7. Let p(x) ∈ R[x] be an empirical polynomial and let e be a vector
of tolerance. A k common-factor neighborhood Nk(p, e) of a polynomial p(x) is
the set of all k common-factor perturbeds.

Let us see two very important theorems about resultants [7]:

Theorem 3. Let R be a U.F.D. and let A(x) =
∑n
i=0 aix

i and B(x) =
∑m
j=0 bjx

j

be primitive polynomials in R[x]. Let D = GCD(A,B). If the rank of the Sylvester
matrix is m+ n− k then deg(D) = k.

Theorem 4. Let R be a U.F.D. and let A(x) =
∑n
i=0 aix

i and B(x) =
∑m
j=0 bjx

j

be primitive polynomials in R[x]. Let Sd(A,B) be the matrix obtained by the
resultant matrix S(A,B) when we put it in triangular echelon form by using
row transformations only. The first nonzero row from the bottom of the matrix
Sd(A,B) gives the coefficients of a GCD of A(x) and B(x).

Once the resultant matrix is given, then we can put it in triangular echelon form
by using row transformations only. By using the Laidacker’s result, the entry in
the 2n-th row and column is the resultant of the two polynomials. If the first
nonzero row from the bottom is the (2n − h)-th, then the entries of such row
are the coefficients of the polynomial q(x)= GCD(p, p̃), having degree h. For
example, if Res(p, p̃) = 0, then the polynomials have, at least, a common linear
factor. Res(p, p̃) is a homogeneous polynomial of degree 2n in the δj ’s and aj ’s
and a homogeneous polynomial of degree n as polynomial in the only δj ’s.

Remark 2. A trivial case Res(p, p̃) = 0 occurs when the coefficients of the poly-
nomials are the same up to a nonzero constant. This case occurs when we have
the following choice for the perturbations:

δn ∈ [−en, en], δj = aj
δn
an

j = 0, . . . , n− 1 (14)
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where an �= 0, since n = deg(p). In order to guarantee that for any choice of δn
the corresponding values of each δj belong to their intervals, we have to compute

τ = min
j=0,...,n−1

{∣∣∣∣ejanaj

∣∣∣∣
}

with aj �= 0

Now if δn ∈ [−τ,+τ ]∩ [−en, en] by applying (14) we can find all polynomials in
the neighborhood, whose coefficients are proportional to the coefficients of p(x).

In the general case we have the following: if p(x) and p̃(x) have at least a k
degree common factor, with 1 ≤ k ≤ n, then all entries from the (2n− k+1)-th
row to the 2n-th row of the resultant matrix Sd(p, p̃) must vanish. Furthermore,
denoted by Sd[2n− k, 2n− k] the entry in the (2n− k)-th row and (2n− k)-th
column of the matrix Sd(p, p̃), if Sd[2n − k, 2n − k] is different from zero, then
p(x) and p̃(x) have exactly a k degree common factor and Sd[2n − k, 2n − k]
is its leading coefficient. We find a system of k(k+1)

2 homogeneous equations in
the δj ’s. We observe that, by construction of the matrix Sd, if the entries in the
(2n− k+1)-th row vanish then all entries from the (2n− k)-th row to the 2n-th
row vanish too; then the system of k(k+1)

2 equations in the δj ’s is equivalent to a
system of only k equations. If k = n then the only solution is given by (14), i.e.
p(x) and p̃(x) have proportional coefficients. Otherwise we find the conditions
on the δj ’s in order to satisfy that p̃(x) is a k common-factor perturbed of p(x).

5.1 An Example: Polynomials of Degree Two

Let p(x) = a2x
2 + a1x + a0 be a generic polynomial of degree two and let

p̃(x) = (a2+ δ2)x2+(a1+ δ1)x+(a0+ δ0) be a perturbed polynomial in N (p, e),
for a given tolerance e. Their Sylvester matrix in triangular form (using the
Fraction Free Gaussian Elimination) is


a2 a1 a0 0
0 a22 a1a2 a0a2
0 0 δ1a

2
2 − a1a2δ2 δ0a

2
2 − a2a0δ2

0 0 0 R




By Laidacker’s theorem R = Res(p, p̃) = −a22δ20−a0a2δ
2
1+2a2a0δ0δ2+a1a2δ0δ1+

a0a1δ1δ2− a20δ
2
2 − a21δ0δ2. If we impose the condition Res(p, p̃) = 0 then we have

to satisfy
(a1δ2 − a2δ1)(a0δ1 − a1δ0)− (a2δ0 − a0δ2)2 = 0 (15)

Moreover if δ1a22−a1a2δ2 �= 0, i.e. δ1a2−a1δ2 �= 0 since a2 �= 0 because deg(p) =
2, then p and p̃ have exactly the following common linear factor

(δ1a22 − a1a2δ2)x+ δ0a
2
2 − a2a0δ2 (16)

If p̃(x) is a lower-order perturbed as in Definition 3, with deg(p̃ − p) = 1, then
we impose e2 = 0, and in (15) and (16) we have to substitute the value δ2 = 0.
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Example 4. We compute the resultant between the empirical polynomial p(x) =
1.1x2+2.3x+1 and a generic polynomial in its neighborhood p̃(x) = (1.1+δ2)x2+
(2.3+ δ1)x+(1+ δ0). We choose the tolerance vector e = (10−2, 10−2, 10−1) and
we assume to work with 3 digits after the point. Res(p, p̃) = (2.3δ2− 1.1δ1)(δ1−
2.3δ0)−(1.1δ0−δ2)2 = 0 in order to have at least a common factor. This condition
gives the following choice of the perturbations: δ1 ∈ [−e1, e1], δ2 ∈ [−e2, e2], δ0 =
23
22δ1− 309

242δ2± 1
242

√
89(−23δ2+11δ1). For instance if we choose δ0 = −0.025, δ1 =

−0.002, δ2 = 0.01, then we find the polynomial 1.11x2 + 2.298x + 0.975 in the
neighborhood having the common root −1.474 with the initial polynomial.

Remark 3. In the paper the notion of polynomial neighborhood is introduced
using the standard basis {1, x, x2, . . . , xn} for polynomials, but other bases can
be used, e.g. Bernstein polynomials, Lagrangian polynomials, etc. Unfortunately
some problems can be found in order to define the resultant with respect to a
different basis. Since there is a transformation matrix from the standard basis to
a new basis, then a procedure to define a corresponding resultant can be given.

6 Square Free Property

Let p(x) be a univariate polynomial in R[x]. p′(x) will denote the usual derivative
of p(x) with respect to x.

Definition 8. A polynomial p(x) is square free if GCD(p, p′) = 1, i.e. it has no
factors with multiplicity greater than one.

For instance, square free property is important in order to use the Sturm’s algo-
rithm for finding the zeros of a polynomial in a given real interval (a, b). Given
an empirical polynomial p(x) =

∑n
j=0 ajx

j ∈ R[x], we suppose that it is square
free (respectively not square free). Our aim is to investigate if this property
holds for any perturbed polynomial in the neighborhood of p(x). We compute
the resultant between p(x) and its derivative p′(x). If p(x) is square free then,
by Theorem 2, Res(p, p′) �= 0. Similarly given p̃(x) we compute Res(p̃, p̃′). p̃(x)
is square free if Res(p̃, p̃′) �= 0.

Theorem 5. Let p(x) =
∑n
j=0 ajx

j ∈ R[x] be an empirical polynomial with
deg(p) = n and let e be its tolerance vector. Let p̃(x) =

∑n
j=0(aj + δj)xj be a

generic perturbed in the neighborhood of p(x). We have

Res(p̃, p̃′) = Res(p, p′) + φ(δ0, . . . , δn) (17)

where φ(δ0, . . . , δn) is a polynomial in the indeterminate δj’s of degree less or
equal than 2n− 1.
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Proof. By definition, the resultant Res(p̃, p̃′) is the determinant of the following
(2n− 1)× (2n− 1) matrix




an + δn . . . a1 + δ1 a0 + δ0 0 . . . 0
0 an + δn . . . a1 + δ1 a0 + δ0 0 . . .
...

. . . . . .
. . . . . .

. . . . . .
0 . . . 0 an + δn . . . a1 + δ1 a0 + δ0

n(an + δn) . . . a1 + δ1 0 0 . . . 0
0 n(an + δn) . . . a1 + δ1 0 0 . . .
...

. . . . . . . . .
. . . . . .

...
0 . . . 0 0 n(an + δn) . . . a1 + δ1




Applying a well known property of the matrices to the first row, and iterating
this process, we obtain

Res(p̃, p̃′) = det




an . . . a1 a0 0 . . . 0
0 an . . . a1 a0 0 . . .
...

. . . . . .
. . . . . .

. . . . . .
0 . . . 0 an . . . a1 a0

nan . . . a1 0 0 . . . 0
0 nan . . . a1 0 0 . . .
...

. . . . . . . . .
. . . . . .

...
0 . . . 0 0 nan . . . a1




+ . . .

i.e. Res(p̃, p̃′) = Res(p, p′) + r, where r is the sum of the other 22n−1 − 1 deter-
minants and it is a polynomial function of the δj ’s.

Since by hypothesis |δj | ≤ ej for j = 0, . . . , n, then we can identify each δj with
an interval δj = [−ej , ej ]. By using interval arithmetic let [ρ, η] be the interval
obtained by substituting δj = [−ej , ej ] as interval in the formula of φ. If we look
at Res(p, p′) as a degenerate interval [Res(p, p′),Res(p, p′)], then

Res(p̃, p̃′) = [Res(p, p′) + ρ,Res(p, p′) + η]

By working with intervals, whenever we ask Res(p̃, p̃′) �= 0, it must hold that
0 �∈ [Res(p, p′) + ρ,Res(p, p′) + η], i.e. we have to guarantee that either

{
Res(p, p′) + ρ > 0
Res(p, p′) + η > 0 or

{
Res(p, p′) + ρ < 0
Res(p, p′) + η < 0 (18)

On the other hand if we want that p̃(x) is not square free, we must impose

{
ρ+Res(p, p′) < 0
η +Res(p, p′) > 0 (19)
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so 0 ∈ [Res(p, p′) + ρ,Res(p, p′) + η]. If we know that p(x) is square free and
Res(p, p′) > 0 (respectively Res(p, p′) < 0), then we can evaluate (17) in δj = 0
for all j = 0, . . . , n. We find

Res(p̃, p̃′)|{δ0=0,...,δn=0} = Res(p, p′) + φ(δ0, . . . , δn)|{δ0=0,...,δn=0} = Res(p, p′) > 0.

By using Bolzano’s theorem, there is a neighborhood of the point (0, . . . , 0) in
the space of (δ0, . . . , δn) where all perturbed polynomials in the neighborhood
are square free.

Let us see some numerical examples performed with Mathematica 4.1.

Example 5. Let p(x) = 1.1x2 +2.3x+1 be an empirical polynomial with vector
of tolerance e = (10−2, 10−2, 10−1). p(x) is square free, in fact Res(p, p′) =
−0.979 �= 0. A perturbed polynomial in N (p, e) is p̃(x) = (1.1 + δ2)x2 + (2.3 +
δ1)x+ (1 + δ0), with |δ2| ≤ 10−2, |δ1| ≤ 10−2 and |δ0| ≤ 10−1. By working with
the δj ’s as intervals we compute Res(p̃, p̃′) = [−1.852,−0.087], and then we can
assert that every polynomial in the neighborhood of p(x) is square free.

Example 6. Let q(x) = 0.03x2 − 0.4x + 1.4 be an empirical polynomial with
vector of tolerance e = (10−2, 10−1, 10−1). Let us work with four digits after
the point. q(x) is square free because Res(q, q′) = 0.0002, but for a perturbed
q̃(x) = (0.03 + δ2)x2 + (−0.4 + δ1)x + 1.4 + δ0 ∈ N (q, e) we have Res(q̃, q̃′) =
[−0.016, 0.016]. So there exist non-square free polynomials in the neighborhood;
for instance if we choose δ2 = 0.01, δ1 = −0.08 and δ0 = 0.04 we obtain the
polynomial p̄ = 0.04x2 − 0.48x + 1.44 = (0.2x − 1.2)2, i.e. a non-square free
polynomial.

6.1 Nearest Non-square Free Polynomial

Given an empirical polynomial p(x) =
∑n
j=0 ajx

j and its tolerance vector e, we
suppose that p(x) is square free. We are interested in computing the minimal
values (δ̄n, . . . , δ̄0) for the perturbations δj ’s with |δ̄j | ≤ ej , for j = 0, . . . , n, such
that the polynomial p̄(x) =

∑n
j=0(aj + δ̄j)xj ∈ N (p, e) is not square free, i.e.

Res(p̄, p̄′) = 0. Let p̃(x) =
∑n
j=0(aj + δj)xj be a generic perturbed polynomial

in the neighborhood. The equation Res(p̃, p̃′) = 0 gives an hypersurface in the
space (δ0, . . . , δn). In order to find the minimum values for the perturbations
we have to minimize the distance between the origin (0, . . . , 0) and a generic
point (δ0, . . . , δn) belonging to the hypersurface, then we have to minimize the
value δ20 + . . .+ δ2n under the constraint Res(p̃, p̃′) = 0. A well-known method to
determine the minima and maxima of a function under given constraints is the
Lagrange Multipliers Method. In our case, we have the function D = δ20+ . . .+δ2n
to minimize and the constraint Res(p̃, p̃′) = 0. We construct a new function in
the indeterminates δ0, . . . , δn with a new indeterminate λ:

F (δ0, . . . , δn, λ) = δ20 + . . .+ δ2n + λRes(p̃, p̃′)
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and we compute the solution of the following system:


∂F (δ0,...,δn,λ)
∂δ0

= 0
...
∂F (δ0,...,δn,λ)

∂δn
= 0

∂F (δ0,...,δn,λ)
∂λ = 0

(20)

Example 7. For the polynomial q(x) = 0.03x2 − 0.4x + 1.4 as in Example 6,
using the Lagrange Multipliers Method, we find the following assignment for the
perturbations: δ2 = −0.0014, δ1 = −0.0002, δ0 = −0.00003. The correspondent
polynomial q̄(x) = 0.286x2 − 0.4002x + 1.39997 = (0.1691x − 1.183203)2 is not
square free.

Let us give a final example 1 where we use all concepts till now discussed.

Example 8. Let p(x) = x4 − 2.83088x3 + 0.00347x2 + 5.66176x− 4.00694 be an
empirical polynomial and let e = (0, 10−5, 10−5, 10−5, 10−5) be its tolerance vec-
tor. We look for the zeros of p(x). Using the method as described in Sect. 3.1, we
find the interval [−1.4142168,−1.4142104], that gives the value −1.41421 as a
good approximation of a zero of p(x). For the other three zeros of the polynomial
the situation becomes more complicated, in fact we can find three distinct real
zeros or a real zero and a complex conjugate pair. In this case it is not possible
to attribute individual pseudozero sets to each of the three zeros, but it must be
considered as a single cluster.
Computing the resultant between a generic perturbed p̃ ∈ N (p, e) and its deriva-
tive p̃′, we obtain Res(p̃, p̃′) = [−18.8098, 18.8098] and Res(p, p′) = 9.96352 ×
10−16. This means that p(x) is square free by an algebraic point of view, but “nu-
merically” p(x) is not square free because Res(p, p′) is zero with respect to the
precision we are working to. For instance the polynomial p̃1(x) = (x−√2)3(x+√
2) belongs to N (p, e) and it is not square free. This is why we cannot assign

individual pseudozero sets to the other three zeros of p(x).

7 Geometric Interpretation

In this section we analyze the geometric meaning of the concept of polynomial
neighborhood and we focus geometrically the conditions discussed in the previous
sections.

Let p(x) =
∑n
j=0 ajx

j be an empirical polynomial, let e be its tolerance
vector and let p̃(x) =

∑n
j=0(aj+δj)xj ∈ N (p, e) be a perturbed polynomial. We

have two possibilities.

(i). Let us consider the affine (n+1)-dimensional space over R given by the
(n+1)-tuples (ã0, . . . , ãn). This means that we identify the initial polyno-
mial p(x) with the point (a0, . . . , an) and the neighborhood with the poly-
tope having points (a0 + δ0, . . . , an + δn), with |δj | ≤ ej for all j = 0, . . . , n.

1 Found in [11].
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(ii). Let us consider the affine (n+1)-dimensional space over R given by the
(n+1)-tuples (δ0, . . . , δn). This means that we identify the initial polyno-
mial p(x) with the point (0, . . . , 0) and the neighborhood with the polytope
having points (δ0, . . . , δn), with |δj | ≤ ej for all j = 0, . . . , n.

We obtain case (ii) from case (i) by the linear isomorphism of affine spaces
defined by Tj = tj − aj for j = 0, . . . , n, where tj is a coordinate system in the
space as in (i) and Tj is the coordinate system of the space as in (ii). Let denote
by ∆n+1 the space of (n+1)-tuples (δ0, . . . , δn). In our case we prefer the space
∆n+1 because, as in Sections 5 and 6, we find algebraic conditions on the δj ’s.

In Section 5 if we impose Res(p, p̃) = 0, then we require more conditions on
the δj ’s. If deg(p) = n then the resultant is a homogeneous polynomial of degree
n in the δj ’s. It represents a hypersurface in the space ∆n+1. The points where
the polytope intersects this hypersurface are in one to one correspondence with
the perturbed polynomials having at least a linear common factor with p(x).
Similarly when we ask for a k common-factor neighborhood, with 1 ≤ k ≤ n,
we have k homogeneous equations in the δj ’s. All common points between these
hypersurfaces and the polytope are the (n + 1)-tuple (δ0, . . . , δn)’s, that are in
one to one correspondence with the p̃(x) and have at least a common factor of
degree k with p(x).

Finally, in Section 6 we study the case when the polynomial p(x) is square
free. If the polynomial p̃ has no multiple factors, then we must have Res(p̃, p̃′) �=
0. If deg(p) = n then Res(p̃, p̃′) is a polynomial of degree 2n− 1 in the δj ’s. The
condition Res(p̃, p̃′) = 0 locates a hypersurface in the space ∆n+1. If the hyper-
surface intersects the polytope, then we can find the values of δj ’s, with |δj | ≤ ej ,
such that Res(p̃, p̃′) = 0, i.e. such that the polynomial p̃ is not square free.
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Abstract. The classical Newton polygon method for the local resolution
of algebraic equations in one variable can be extended to the case of
multi-variate equations of the type f(y) = 0, f ∈ C|| [x1, . . . , xN ][y]. For
this purpose we will use a generalization of the Newton polygon - the
Newton polyhedron - and a generalization of Puiseux series for several
variables.

1 Introduction

Starting with the local analysis of non linear differential equations[2], we were
induced to study equations f(y) = 0, where f is a polynomial in y, whose
coefficients involve logarithms and exponentials[4].To solve such equations, we
proposed to consider each independent transcendental function as a new vari-
able, and so we were brought to solve equations where the coefficients of f are
polynomials (or formal Laurent series) in several variables.

For this, we have used the well-known Newton method in one variable in
an iterative way. For example, let f ∈ C|| [[u, v]][y], we can apply the process
considering f ∈ C|| ((u))((v))[y] and obtain solutions in C|| ((u

1
m ))((v

1
q )), m, q ∈

IN∗, or considering f ∈ C|| ((v))((u))[y] and obtain solutions in C|| ((v
1
m ))((u

1
q ))

(for some other m and q). In both cases, the ramifications are bounded, but in
the first case, the series solutions can involve arbitrary large negative powers of
u

1
m , and of v

1
q in the second. This leads to some difficulties to define a notion of

convergence for such objects.
In this paper, we propose an other approach to solve polynomial equations

in N variables (f(y) = 0, with f ∈ C|| [x1, . . . , xN ][y]), which gives a construction
of series expansions with exponents in a cone. This construction is based on
the Newton polyhedron of f and the algorithm exposed in [5] and has been
implemented in Maple. The major improvment lies in the fact that the algorithm
we will present provides a full set of solutions without the choose of an irrational
vector. Furthermore, the cones in which lie the series solutions are known from
the beginning on. Finally, we will explain how this construction can be used
to reduce the non linearity of differential equations f(t, y, y′) = 0 with f ∈
C[[t]][y, y′].

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 240–254, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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2 Regular Case for Multi-variate Equations

In this section, we will extend the notion of Regular case for equations in one
variable [4] to multi-variate equations:

f(y) = 0 with f ∈ C|| [[x1, . . . , xN ]][y]. (1)

We note x = (x1, . . . , xN ), C|| [[x]] = C|| [[x1, . . . , xN ]] and we define the expression
f mod x by f mod I where I is the ideal generated in the ring C|| [[x]][y] by
x1, . . . , xN . In the same way, for all n ≥ 1, we define f mod xn by f mod In.

With these definitions we will say that the equation (1) satisfies the regular
case if there exists y0 ∈ C|| such that:

{
f(y0) = 0 mod x
f ′(y0) �= 0 mod x.

Then we can define: ∀n ∈ N∗, yn = yn−1 − f(yn−1)
f ′(yn−1)

mod x2
n

. By induction
on n, it can be proved that: ∀n ∈ N, f(yn) = 0 mod x2

n

.
Conclusion: if ŷ is the element of C|| [[x]] such that ŷ = yn mod x2

n

,∀n ∈ N,
then f(ŷ) = 0.

This result, also known as lifting theorem [14] is interesting for two reasons:
first, it proves the existence of a solution of the equation f(y) = 0 as a formal
power series in the variables x1, . . . , xN and second, it produces a practical algo-
rithm for computing the coefficients of the series in an efficient way. Of course,
there is no reason for having exactly d solutions of this form, if d is the degree
of the polynomial equation. So, in order to obtain a complete set of solutions,
we have to look for more general solutions and to introduce a generalization of
both the Newton polygon and the Puiseux series.

3 A First Resolution Algorithm

The first resolution algorithm appearing in the literature using a polytope in
RN+1 is due to John McDonald in [5]. In order to understand our algorithm’s
improvment, we first summarize this work. In this section, f is supposed to
be polynomial in all the variables, f ∈ C[x][y] and we will use the following
notations:

f(x1, . . . , xN , y) =
d∑
k=0

aky
k, where ad �= 0, ak =

∑
K∈NN

akKx
K, akK ∈ C

and xK = xk11 . . . xkN

N , if K = (k1, . . . , kN ).

The ring of fractional power series in the variables x1, . . . , xN with exponents in
the cone σ will be denoted by C[[Sσ]], and more generally, the ring of fractional
power series with exponents in some translate of σ by C((Sσ)).
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3.1 A Total Order on QN

The first important idea in [5] is to put a total order on QN , by fixing an irrational
vector w ∈ RN . If α ∈ QN , we define the order of α

©w(α) = 〈w,α〉 =
N∑
i=1

wiαi.

This order induces a total order on the monomials xα, α ∈ QN , and induces the
definition of the order of a non null series ξ =

∑
α∈QN cαxα:

©w(ξ) = inf
cα �=0

©w(α) and ©w (0) = −∞.

3.2 The Newton Polytope

The algorithm that we will describe in the next paragraph is based on P(f), the
Newton polytope of f , which is the convex hull of its support (in RN+1).

We will use the vocabulary defined in [5] and add the definition of some terms
which will be usefull in the description of the resolution algorithm.
– The characteristic polynomial, Φe, of an edge, e, will be defined as in [2].
– The barrier cone associated to a monotone coherent edge path is by definition

the cone: CE =
∑r
i=1 Cei

, where Cei
denotes the barrier cone of the edge ei.

– An admissible edge of the Newton polytope is said simple if its characteristic
polynomial has only simple roots. A monotone edge path of the Newton
polytope is said simple if the edges which compose it are all simple.

3.3 The Newton Algorithm

In fact the principle of this algorithm is very close to the one exposed in [3]
for the case of the algebraic equations in two variables. The common idea of
these algorithms is to look for solutions under the form y = cxα + ỹ where α
is the opposite of the slope, se = (p1q1 , . . .

pN

qN
), of an admissible edge e of the

Newton polytope of f and c a root of the associated characteristic polynomial
Φe(Xq) where q = lcm(qi). We consider then the following change of unknown
f̃(x, ỹ) = f(x, cxα + ỹ), and search a series ỹ solution of f̃(x, ỹ) = 0 such that
©w(α) <©w(ỹ).

The first result of [5] is to say that this process can be iterated infinitly if
the given irrational vector w ∈ C∗

e .
By this way it is possible to associate to each admissible edge e of P(f) and

to each irrational vector w ∈ C∗
e a strongly convex polyhedral rational cone Cw,e

such that w ∈ C∗
w,e and le solutions (counting multiplicity) φ ∈ C((SCw,e)) such

that ©w(φ) = −se.
Then it is shown in [5] that for each monotone coherent edge path E =

{e1, . . . , er} and for each irrational vector w ∈ ∩ri=1C∗
ei
, we can find a strongly

convex polyhedral rational cone Cw such that w ∈ C∗
w and d solutions (counting

multiplicity) in C((SCw)).
Furthermore, if P(f) possesses a simple coherent edge path, Cw =

∑r
i=1 Cei

is suitable in the result above.
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Example. Let us consider the following equation1:

f(x, y) = y2 + 2x1y2 + 2x1y + x21y
2 + 2x21y + x21 + x22. (2)

The associated Newton polytope is represented on the figure 1 below. It has four
coherent edge paths E1 = {e1}, E2 = {e2}, E3 = {e3}, E4 = {e4}.

y
0

P2

P1

P3

e2

x1

x2

P4

e1

e3

e4

Fig. 1. Newton polytope of f .
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Fig. 2. Choice of w.

Suppose that we are interested in the computation of the series solutions
associated to the path E2. We have then to choose a vector w in the dual of the
barrier cone of the admissible edge e2, w ∈ C∗

e2 . The associated characteristic
polynomial is Φe2(X) = X2 + 1. This polynomial has two simple roots α1 = i
and α2 = −i. So we can define two begining of solutions ψ1 = ix2 and ψ2 = −ix2
(se2 = (0,−1), q = 1) and compute the solutions with the algorithm presented
in the previous section{

φ1 = ix2 − x1 − ix1x2 + x21 + ix21x2 + . . .
φ2 = −ix2 − x1 + ix1x2 + x21 − ix21x2 + . . .

Furthermore, since the edge e2 is simple, we can make precise that φi∈x2C[[SCe2
]]

with Ce2 = Pos
(
(1, 0), (1,−1)

)
.

Let us now have a look at the edge e1. Let us choose an irrational vector w
in the dual of the barrier cone of e1.We can choose it as on the figure 2.

The characteristic polynomial associated to e1 is Φe1(X) = 1 + 2X + X2 =
(1 + X)2. This polynomial has −1 as root of multiplicity 2. This path is not
simple. So we define ψ1 = −x1 (se1 = (−1, 0), q = 1) and compute

f1(x1, x2, y) = f(x1, x2, ψ1 + y) = y2 − 2x21y + 2x1y2 + x41 − 2x31y + x21y
2 + x22

The Newton polytope associated to f1 (fig. 3) has again four coherent edge paths:
two composed of an unique simple edge e1,2 and e1,4, and two others composed of
an edge, e1,1 and e1,3, whose characteristic polynomial has a root of multiplicity
two. The barrier cones are represented on figure 4.
1 Of course, we know a “closed-form” of the solutions: y = ±ix2−x1

1+x1
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0

x1

x2

y

e1,4

e1,2

e1,3

e1,1

Fig. 3. Newton polytope of f1.
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Fig. 4. Barrier cones of
the edges e1,1, and e1,2.

Since w ∈ C∗
e1,1

, we continue the process with the edge e1,1. This edge is not a
simple edge, so we will again have a multiple root for the associated characteristic
polynomial and we are not yet able to define the cone of the series solution at
this step. We can remark that the normal cone of the edge e1,1 has shrunk and
it will continue if we carry on the algorithm. At the opposite, the normal cone
of the edge e1,2 is increasing. So there will be a step n0 for which the chosen
vector w will belong to C∗

en0,2
. This time, we will continue the process with the

edge en0,2 which is simple. The (unique at this step) beginning of solution will
split into two simple solutions whose supports are included in a translate of the
cone Cen0,2 .

We see through this example that the choice of w can strongly influence the
number of steps we will have to compute until we are able to separate the two
solutions. In this example, the more the vector w is close to the x2-axes, the
more steps we have to compute in the algorithm.

Suppose for example that n0 = 3: we obtain the set of solutions{
ϕ1 = −x1 + x21 − x31 + ix2 + x41 − ix1x2 + . . .
ϕ2 = −x1 + x21 − x31 − ix2 + x41 + ix1x2 + . . .

In fact, since Cen0,2⊂Ce2 and f has at most two solutions in C((SCe2
)), {ϕ1, ϕ2}=

{φ1, φ2}.
For example, ϕ1 = φ1, only the order of the terms depends on the order on

QN , that is to say on the choice of the vector w.
The main drawback of this version of the Newton algorithm lies in the fact

that we have an infinite possibility to choose the vector w, and in the impossi-
bility of determining a priori if the solutions obtained with two vectors w1 and
w2 are equal or not.

We will now see that it is possible to improve all points and particularly to
determine the cones of the series solution from the begining, even in the case of
non simple edges. For that we will use some theoretical results due to Perez ([7])
that we will expose in the next section.
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4 Theoretical Results on the Cones of the Solutions

Up to now we consider a strongly convex rational polyhedral cone ρ of dimension
N and a non constant polynomial f (of degree d) with coefficients in C((Sρ)),

f(y) = 0 with f ∈ C((Sρ))[y]. (3)

4.1 Newton ρ-Polyhedron

The Newton ρ-polyhedron of a non null series φ ∈ C((Sρ)) is the Minkowski sum
of the convex hull of its exponents and the cone ρ.

The Newton ρ-polyhedron of a polynom f ∈ C((Sρ))[y], is the Minkowski
sum of the convex hull of its exponents and the cone ρ× {0}.

The Newton ρ-polyhedron of φ (resp. f) is noted Nρ(φ) (resp. Nρ(f)).
When ρ = (R+)N , we will just call it Newton polyhedron of φ (resp. f) and

simply denote it by N (φ) (resp. N (f)).
From an algorithmic point of view, the construction of the Newton ρ-

polyhedron of a polynom f is based on the fact that it is a polyhedral set
in RN+1. This result can be found in [8] in the case ρ = (IR+)N and extended
in the general case. So it can be represented by a matrix A with N +1 columns
and a vector d such that z ∈ Nρ(f) ⇐⇒ Az ≥ d. In the particular case of the
Newton ρ-polyhedron, we will isolate the last coordinate of z, and separate A
in a matrix M (the N first columns) and a vector b (the last column) so that:

Nρ(f) =
{
(x, y) ∈ RN × R | Mx+ yb ≥ d (3)

}
.

Each line of the inequation (3) Mi1x1 + . . . + MiNxN + biy ≥ di defines a
supporting hyperplane of a facet from the Newton ρ-polyhedron, with integer
coefficients Mij , bi, di.

4.2 Newton Algorithm

The algorithm described briefly in the above section can be transposed in this
context and gives the following result:

Theorem 1. [7] For all irrational vector w ∈ ρ∗, there exists a strongly convex
rational cone Cw of dimension N such that w ∈ C∗

w ⊂ ρ∗ and f admits d solutions
in C((SCw

)).

More interesting for our purpose is the relation between the cones of the series
solutions and the fan of the discriminant of the polynomial f .

4.3 Results on the Cones of Series Solutions

We consider a primitive polynomial of degree d ≥ 1 and the equation

f(x, y) =
d∑
k=0

aky
k = 0 with ak ∈ C{{Sρ}}. (4)
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For the discriminant, we use the definition of [10]. If A is an integral domain,
and P in A[y], the discriminant of P is: ∆y(P ) = Resultanty (P, P ′).

A great deal of information concerning the Newton polytope of the discrim-
inant is given in [11]. Here we will use the following precise result:

Theorem 2. [7] For each cone σ of dimension N of the fan associated to the
Newton ρ-polyhedron Nρ(∆y(f)), f can be decomposed in the ring C{{S−σ∗}}.

4.4 Example

Consider the equation: f(x, y) = x2y
2+y2+x22y+x21y+x21x2y−x21x2.Its Newton

polyhedron is graphically represented on figure 5
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(5)

Moreover

∆y(f) = −(x2 + 1)(x42 + 2x21x
3
2 + 6x21x

2
2 + x41x

2
2 + 2x41x2 + 4x21x2 + x41).

The Newton polyhedron of this series and the associated fan is represented on
the figure 6. In this case, there are three cones of dimension 2 in the fan, the
cones σ1, σ2 and σ3 represented on figure 6. The theorem 2 says us that we can
find d = 2 series solution with exponents in a translate of each cone −σ∗

1 , −σ∗
2

and −σ∗
3 . The full set of solutions we are looking for will be composed of three

cones and two series solutions with support in a translate of each cone.
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4.5 Full Set of Solutions

By definition, the full set of solutions of the equation (4) is the union, when σ is
any cone of dimension N of the fan of the ρ-polyhedron Nρ(∆y(f)), of the sets
of the d solutions computed in C((S−σ∗)). We will now justify the term of “full
set” of solutions.2 For this purpose, we state the following lemma:
Lemma 1 Let σ ⊂ RN be a rational cone. The following propositions are equiv-
alent:

– (a) There exists an irrational vector, w, in σ.
– (b) dim(σ) = N .

This lemma permits to demonstrate the theorem:
Theorem 3. Let w ∈ ρ∗ be an irrational vector. Denote by {φi} the set of d
solutions existing in C((SCw)) (Th 1).

Then, for i = 1 . . . d, φi appears in the full set of solutions.
Proof: Since the fan Σ (Nρ(∆y(f))) = −ρ∗, there exists a rational cone σ ∈
Σ (Nρ(∆y(f))) such that w ∈ −σ. By the previous lemma, this cone is of di-
mension N , and we denote by {ϕi} the set of d solutions in C((S−σ∗)) (Th. 2).
By definition, the solutions ϕi belong to the full set of solutions.

The fact that w ∈ (−σ)∩C∗
w implies with the previous lemma that dim((−σ)∩

C∗
w) = N . That means that the cone τ = ((−σ) ∩ C∗

w)∗ = (−σ)∗ + Cw is strongly
convex ([9]). But {φi} ⊂ C((Sτ )) and {ϕi} ⊂ C((Sτ )) and then we can conclude
that {φi} = {ϕi}. ✷

5 Computation of the Full Set of Solutions

In this section, we consider an equation f(x, y) = 0 where f ∈ C[[Sνρ ]][y], where
ν ∈ N∗ and Sνρ = ρ ∩ 1

νZN .

5.1 Paths Associated to a Cone of the Fan of Nρ(∆y(f))

Let us consider σ an N dimensional cone of the fan of Nρ(∆y(f)). Let us take
w an irrational vector in −σ. We know ([7]) that this vector defines a monotone
coherent edge path E in Nρ(f), which permits to compute d solutions of the
equation with exponents in a translate of a cone Cw.

We give now a criterion which associates to each cone σ a set of monotone
coherent edge paths capable of furnishing solutions in C((S−σ∗)).

The monotone coherent edge path E with barrier cone CE is associated to
the cone σ ∈ Σ (Nρ(∆y(f))) if:

dim((CE + (−σ)∗)∗) = dim(C∗
E ∩ (−σ)) = N

2 Notice that this term does not have the same meaning as in [5]
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Theorem 4. A path E with barrier cone CE, associated to the cone σ of the fan
Σ (Nρ(∆y(f))), will permit to compute d solutions of the considered equation in
C((S−σ∗)).

Proof: Let w be an irrational vector in (CE + (−σ)∗)∗. Since CE + (−σ)∗ is
a strongly convex rational polyhedral cone, containing ρ, we have that f ∈
C((SCE+(−σ)∗)). Then we apply theorem 1, ∃Cw such that (−σ)∗ + CE ⊂ Cw
with d solutions of the equation in C((SCw)). Since −σ∗ ⊂ Cw we conclude
with theorem 1 that these d solutions computed in C((SCw

)) are the d solutions
existing in C((S−σ∗)). ✷

In the next section we will detail the resolution process for an edge. We will
use the same notations as in section 5.

5.2 Solutions Associated to an Edge

The main idea is to bring the equation to the regular case through iterative
changes of unknown and changes of variables. After what we can easily find, as
we have seen it in section 2, the associated series solution.

1. Consider an admissible edge e of the Newton ρ-polyhedron, Nρ(f). By
definition of an admissible edge, the line supporting the edge intersects
the null hyperplane: let B be this intersection point, B = (β, 0) with β =
(β1, . . . , βN ). So the edge is supported by the line of equation: x = β + yse.
Besides this line is also the intersection of supporting hyperplanes of the
Newton ρ-polyhedron. So we can extract from the matrix and vectors defin-
ing Nρ(f) a full rank matrixMe, and two vectors be and de ∈ RN such that
a point P = (K, h) belongs to the edge if and only if MeK+ hbe = de.
The fact that B is the intersection with the null hyperplane can be expressed
byMeβ = de and the barrier cone Ce of the edge is the set of points K ∈ RN

such that MeK ≥ 0.
2. Let us calculate the associated characteristic polynomial Φe.
3. Let c be a (non null) root of Φ(Xq) in C|| , of multiplicity r. We put:

Φ(Xq) = (X − c)rψ(X), ψ ∈ C|| [X] and ψ(c) �= 0.
4. We make a change of unknown, putting y = x−se(c+ ỹ) and we calculate

f̃(ỹ) = x−βf(x−se(c + ỹ)). In this transformation, a monomial ahKx
Kyh

becomes
h∑

m=0

(
h
m

)
ahKcmxK−β−hse ỹh−m.

Geometrically, this means that the point P = (K, h) gives rise to h+1 points
of coordinates (K − β − hse, h − m). In the following, we will denote by
P ′ = (K′, h′) an arbitrary point obtained from P by the above computation.
If P belongs to the edge e, P ′ lies on the y-axis. Else, MeK + hbe ≥ de
implies that MeK′ ≥ 0.
This means that f̃ ∈ C|| [[SνqCe

]][y]. Moreover, for all w irrational vector in C∗
e ,

the terms of null order with respect to w are coming from∑
(K,h)∈e∩S(f)

ahK(c + ỹ)h = (c + ỹ)jΦ((c + ỹ)q) = (c + ỹ)j ỹrψ(c + ỹ).
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Then we can write f̃ = b0 + b1ỹ + . . . + bdỹ
d, with ©w(bi) > 0 for i =

0, . . . , r − 1 and ©w(br) = 0.

So two cases are to be considered:

– c is a simple root: we do a change of variables, introducing new variables
x̃1, . . . , x̃N such that f̃ ∈ C|| [[x̃1, . . . , x̃N ]][ỹ].
This transformation can be built in two steps:

• first we introduce the intermediate variables ti = x
1

νq

i ; a monomial xK
′

becomes tqK
′
, so that the exponents are integers.

• next we calculate the Hermite normal form of Mt
e, that is to say an

upper triangular matrix H and a unimodular matrix U such that:

H = UtMt

e

Hii ≥ 0 ∀ 1 ≤ i ≤ N
Hij < 0 ∀ i < j.

Now we ask the monomial tK to become x̃K̃, where K = UK̃. For that,
we have to put x̃i = ta1i

1 . . . taNi

N , where (a1i, . . . , aNi) is the ith column
of U.
Finally, we can see easily that MeK ≥ 0 implies HtK̃ ≥ 0, and then
that all coordinates of K̃ are positive integers.

Conclusion: the vectors of exponents K̃ are in INN .
Then f̃ ∈ C|| [[x̃]][ỹ]. Moreover ỹ0 = 0 satisfies the hypothesis of the regular
case for f̃ :
• f̃(ỹ0) = 0 mod x̃
• f̃ ′(ỹ0) �= 0 mod x̃.

So we can compute a solution ỹ ∈ C|| [[x̃]] of the equation f̃(x̃, ỹ) = 0, which
gives rise to a solution y = x−se(c + ỹ) ∈ x−seC[[SνqCe

]] of f(x, y) = 0.
Remark: the matrix Me is not unique (up to the order of the lines), so the
matrix U is not unique. The different choices lead to different orderings of
the terms of the solution ỹ, but do not induce the computation of different
solutions. This part of the algorithm could have been replaced by a choice
of an irrational vector w in Ce and the developpement of the solution with
respect of ©w. In the same manner, the choice of w is not unique and leads
to different orderings of the terms of the solution.

– if c is a root of multiplicity r > 1: we go to step 1 above, with f̃ in place
of f , taking into account only the part of the Newton Ce-polyhedron of f̃
located between the hyperplanes ỹ = 0 and ỹ = r.

5.3 Description of the Algorithm

Even if the theoretical algorithm has been presented in the frame of polynomials
with power series coefficients, the effective implementation deals withs multi-
variate polynomials. So we consider f(y) = 0 with f ∈ C[x1, . . . , xN , y].
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1. First of all, we perform the squarefree factorization of f :

f =
h∏
i=1

fαi
i with fi ∈ C[x1, . . . , xN ][y] and αi ∈ N∗

We will solve separately each simplified equation fi = 0 with fi squarefree.
Each root of the equation fi = 0 will then be a root of multiplicity αi for
the equation f = 0. From now on, we suppose that f is squarefree.

2. We calculate the discriminant ∆y(f) of f with respect to the variable y and
construct its Newton polyhedron.

3. We construct the Newton polyhedron of f .
4. To each N -dimensional cone σ of the fan of N (∆y(f)), we associate a

(nonempty) set of coherent monotone edge paths. If this set contains a simple
path, we will consider this one else we take one path in the set. For the con-
sidered path E = {e1, . . . , er}, we build the set of solutions in the following
way: for each edge in the path, we iterate the transformations as described in
the above paragraph. Simple roots (if there exists any) give rise to solutions
in C((S−σ∗)). We stop the process when the set of solutions associated to
the path is complete (that is to say, contains a number of solutions equal to
the length of the considered edge). The fact that f is squarefree assures that
this situation will be reached after a finite number of steps.

The algorithms presented here can be summarized in the following way:

algorithm Newton-Puiseux(f , n)
input:
– f ∈ C[x][y]
– n, an integer for the number of terms in the solutions expansions
output:
– A set of cones and associated truncated generalized Puiseux series.
Begin

Squarefree factorization(f)
d := Degree(f, y)
ρ := (R+)N

ν := 1
Sol := Compute-NP(f, n, ρ, ν, d)
Return(Sol)

End.

The procedure Compute-NP computes the solutions expansions of f by
considering only the part of the Newton-ρ-polyhedron located between the two
hyperplanes of equation y = 0 and y = r. This procedure will be used recursively.

procedure Compute-NP(f , n, ρ, ν, r)
input:
– f ∈ C[Sνρ ][y]
– n, an integer for the number of terms in the solutions expansions
– ρ, the set of vectors {u1, . . . , up} defining the cone
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– ν, an integer defining the ramification of the expansions solutions
– r, an integer defining the equation of the hyperplane y = r
output:
– A set of cones and associated truncated generalized Puiseux series.
Begin

Sol := ∅
∆ := Discriminant(f, y)
Nρ(∆) := Newton ρ-polyhedron of ∆
Nρ(f) := Newton ρ-polyhedron of f between the
hyperplanes y = 0 and y = r
E(Nρ(f)) := Set of monotone coherent paths of Nρ(f)
Σ(Nρ(∆)) := Associated fan of Nρ(∆)
For each σ ∈ Σ(Nρ(∆)) of dimension N do

E(σ) := Paths of E(Nρ(f)) associated to the cone σ
Choose a path E in E(σ) (simple if possible)
For each e ∈ E do

Sole := Compute-Edge-Solution(f, n, ν, e)
Sol := Sol union Sole

Return(Sol)
End.

The procedure Compute-Edge-Solution computes the solutions associated to
an edge by iterating the transformations described in the section 7.2.

procedure Compute-Edge-Solution(f , n, ν, e)
input:
– f ∈ C[Sνρ ][y]
– n, an integer for the number of terms in the solutions expansions
– ν, an integer defining the ramification of the expansions solutions
– e, the set of the points of the edge
output:
– A set of truncated generalized Puiseux series.
Begin

Sole := ∅
Ce := Barrier cone(e)
se := Slope(e) := (p1/q1, . . . , pN/qN )
q := lcm(qi)
Φe := Characteristic polynomial(e)
C := Set of non null roots of(Φe)
For each c ∈ C do

Compute f̃(ỹ)
If (c simple) then

Solc := Regular case(f̃ , n, e, ν, q)
Else

r := Multiplicity(c)
Solc := Compute-NP(f̃ , n, Ce, νq, r)

Sole := Sole union Solc
Return(Sole)
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End.

The algorithms of the resolution process are implemented in Maple. For the
elementary functions on the cones they use the package Convex developped by
Mattias Franz, Universität Konstanz, Germany.

5.4 Example

We now run the algorithm on the equation 2 from the section 3.3.

1. f is squarefree.
2. ∆(f) = 4x22(1 + x1)4. The Newton polyhedron of this expression and the

associated fan are represented on the figure 7 below. The associated fan is
in fact composed of one unique cone σ = Pos

(
(−1, 0), (0,−1)

)
.

3. The Newton polyhedron of f is given by the figure 8.
4. To the cone σ, there is two monotone coherent edge paths associated: E1 =
{[P1P2]}, E2 = {[P3P2]}. In the case of this example, the path E1 is simple
and the other is not. To compute the series solutions associated to the cone
σ we use the simple path and obtain then the following full set of solutions:
the series φ1 and φ2, elements of C((S−σ∗)), computed in section 3.3.

x2

x1

σ = σ∗

Fig. 7.
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0
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x1

x2

e1

P2

Fig. 8.

6 Link with Differential Equations

This work is linked with the study of differential equations in the following way:
it permits to transform an implicit differential equation of order one into an
explicit one. Indeed, consider f(t, y, y′) = 0, f ∈ C[[t]][y, y′]. It is possible to
apply directly a Newton algorithm as explained in [2], but it is also possible
to run the above algorithm on f(t, y, p). By this way, we obtain after a finite

number of steps, p =
dy

dt
as a series in t and y, with exponents in a cone, or more

precisely
p = t−s1(1)y−s1(2)(c1 + t−s2(1)y−s2(2)(c2 + . . . + p̃))

where p̃ ∈ C[[t̃, ỹ]], (with finitely many ci, si) .
(6)
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The variables are linked by the following relations:

{
ỹq = tα1yβ1

t̃q = tα2yβ2
⇐⇒

{
y = t̃qα

′
1 ỹqβ

′
1

t = t̃qα
′
2 ỹqβ

′
2

,

with q, αi, βi, α′
i, β

′
i ∈ Z. Let us differentiate the previous expressions{
qỹq−1dỹ = α1t

α1−1yβ1dt + β1t
α1yβ1−1dy

qt̃q−1dt̃ = α2t
α2−1yβ2dt + β2t

α2yβ2−1dy

and finally(
α2t

α2−1yβ2 + β2t
α2yβ2−1 dy

dt

)
ỹq−1 dỹ

dt̃
=t̃q−1

(
α1t

α1−1yβ1 + β1t
α1yβ1−1 dy

dt

)

Since p =
dy

dt
can be expressed as a series in ỹ and t̃ with the relation (6) we can

observe that this relation is in fact of the form

a(t̃, ỹ)
dỹ

dt̃
+ b(t̃, ỹ) = 0 with a, b ∈ C[[t̃, ỹ]]

which are the type of differential equations which have been the subject of many
investigations. Some results on Newton algorithms and Puiseux series solutions
can be found in [13].

7 Conclusion

From the computer algebra point of view, the local resolution of multi-variate
equations is achieved. Of course, it will be interesting to complete the algebraic
study presented here, by an analytic study of the solutions (definition of the
domain of convergence of the series expansions). But we are convinced that the
rings C((S−σ∗)) are the good way of generalizing the Puiseux series in several
variables, and that this approach for solving multi-variate polynomial equations
is very promising and will have many fruitfull developments (local study of dif-
ferential equations, of systems of multi-variate algebraic equations).
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Abstract. In this paper we revisite the constitutive equations for co-
efficients of orthonormal wavelets. We construct wavelets that satisfy
alternatives to the vanishing moments conditions, giving orthonormal
basis functions with scale dependent properties. Wavelets with scale de-
pendent properties are applied for the compression of an oscillatory one-
dimensional signal.

1 Introduction

In this paper we construct filter coefficients of real, compactly supported, or-
thonormal wavelets with scale dependent properties.

Daubechies’ construction of wavelets is based on the existence of a scaling
function φ, such that for m ∈ Z the functions φm,k := 2−m/2φ(2−mx − k),
k ∈ Z, are orthonormal with respect to L2(R). Moreover, φ is chosen in such a
way that

Vm := span{φm,k, k ∈ Z }, m ∈ Z
form a multiresolution analysis on L2(R), i.e.,

Vm ⊂ Vm−1, m ∈ Z ,
with ⋂

m∈Z

Vm = {0} and
⋃
m∈Z

Vm = L2(R).

The wavelet spaces Wm are the orthogonal complements of Vm in Vm−1, i.e.,

Wm := V ⊥
m ∩ Vm−1.

The mother wavelet ψ is chosen such that ψm,k := 2−m/2ψ(2−mx− k), k ∈ Z,
form an orthonormal basis of Wm. Since φ = φ0,0 ∈ V0 ⊂ V−1, the scaling
function φ must satisfy the dilation equation

φ(x) =
∑
k∈Z

hkφ(2x− k), (1)

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 255–265, 2003.
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where the sequence {hk} is known as the filter sequence of the wavelet ψ. The
filter coefficients have to satisfy certain conditions in order to guarantee that
the scaling function φ and ψ satisfy various desired properties. These properties
of wavelets and scaling functions will be reviewed in Section 2. Daubechies’
construction principle guarantees that the properties imposed on the mother
wavelet ψ carry over to any ψm,k.

However, in practical applications (like in digital signal and image processing)
one actually utilizes only a finite number of scales m. In data compression with
wavelets of medical image data we experienced that five scales are sufficient to
achieve high compression ratios.

This experience stimulated our work to design wavelets that have additional
properties on an a–priori prescribed number of scales. As we show in Section
3, Daubechies’ construction principle leaves enough freedom to design such
wavelets. In Section 4 we present some examples of scale dependent wavelets.
Moreover, we compare compression using Daubechies’ wavelets with compression
using scale dependent wavelets, which are designed to include a-priori informa-
tion of the underlying data. Finally we put our work in relation to recent work
on rational spline wavelets [8,9,10].

2 A Review on Daubechies’ Wavelets

Following Daubechies [1,2] the construction of orthonormal wavelet functions is
reduced to the design of the corresponding filter sequence {hk} in (1). Moreover,
one assumes that the mother wavelet ψ satisfies

ψ(x) =
∑
k∈Z

(−1)kh1−kφ(2x− k) . (2)

In particular this choice guarantees that the wavelet ψ and the scaling function
φ are orthogonal.

In orthogonal wavelet theory due to Daubechies the desired properties on the
scaling function and wavelets are:

1. For fixed integer N ≥ 1 the scaling function φ has support in the interval
[1−N,N ]. This in particular holds when the filter coefficients satisfy

hk = 0 , (k < 1−N or k > N). (3)

2. The existence of a scaling function φ satisfying (1) requires that∑
k∈Z

hk = 2 . (4)

3. In order to impose orthonormality of the integer translates of the scaling
function φ, i.e.,

∫
R
φ(x − l)φ(x)dx = δ0,l, the filter coefficients {hk} have to

satisfy ∑
k∈Z

hkhk−2l = 2δ0,l, (l = 0, . . . , N − 1). (5)
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4. The wavelet ψ is postulated to have N vanishing moments, i.e.,∫
R

xlψ(x)dx = 0, (l = 0, . . . , N − 1) (6)

which requires the filter sequence to satisfy∑
k∈Z

(−1)kh1−kkl = 0, (l = 0, . . . , N − 1). (7)

3 Wavelets with Scale Dependent Properties

In this section we are particularity interested in constructing wavelets that satisfy
alternatives to the vanishing moments condition (7). Our motivation is to have
more flexibility in adapting wavelets to practical needs.

All along this paper we restrict our attention to filter coefficients that satisfy
the following general conditions:

1. the wavelet and the scaling function are compactly supported,
2. the scaling function is orthogonal to its integer translates on every scale.

To satisfy these properties we assume that the filter coefficients satisfy (3)–(5).
To derive alternatives to the vanishing moments condition (7) we redirect

our attention to the connection between (6) and (7).
To this end we consider families {sj : j ∈ I} of functions on R, which are

othogonal to all wavelets on a fixed scale m (I being a suitable set of indices).
In other words, we want that for all j in I and all integers k,∫

R

sj(x)ψm,kdx = 0. (8)

In order to achieve this goal we assume for all j in I the existence of functions
{tj,k : k ∈ I} on R such that

sj(x+ y) =
∑
k∈I

sk(x)tj,k(y). (9)

The following computation will show that property (9) together with the condi-
tions ∑

k∈Z

(−1)kh1−k sj(2m−1k) = 0, (for all j ∈ I) (10)

are sufficient to guarantee the orthogonality (8).
Namely, the left side of (8) equals

2−m/2
∫
R

sj(x)ψ(2−mx− k)dx

= 2(m−2)/2
∑
l∈Z

(−1)lh1−l
∫
R

φ(t)sj
(
2m−1(t+ 2k + l)

)
dt,
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where we applied (2) and then substituted x→ 2m−1(t+2k+ l). Next, invoking
(9) with x = 2m−1l and y = 2m−1(t+ 2k) results in

2(m−2)/2
∑
i∈I

(∑
l∈Z

(−1)lh1−lsi(2m−1l)

)
×

∫
R

φ(t) tj,i
(
2m−1(t+ 2k)

)
dt = 0, (11)

which vanishes according to (10).
We conclude this section by making some obvious choices for {sj} and {tj,k};

corresponding examples for computations of filter coefficients {hk} are presented
in the next section. Alternative choices that guarantee (9) will be discussed in a
forthcoming paper.

1. Sheffer Relations. If we restrict ourselves to polynomial sequences, there
is the classical theory of Sheffer sequences {sj : j ≥ 0} satisfying the Sheffer
identity

sj(x+ y) =
j∑

k=0

(
j

k

)
sk(x)pj−k(y), (j ≥ 0) (12)

where {pj : j ≥ 0} is called an associated sequence. For further information
see, for instance, Roman’s book [3] which is devoted to Rota’s view of umbral
calculus.

In our context (12) is obtained from (9) by choosing tj,k(x) =
(
j
k

)
pj−k(x). It

is important to note that in order to be able to compute the filter coefficients
{hk}, it is necesssary to restrict the index set I to a finite subset of N, for
instance, to {0, 1, . . . , N − 1}.

For the particular choice

sj(x) = xj and tj,k(x) =
(
j

k

)
sj−k(x)

the relations (9) and (12) are nothing but the binomial theorem. Additionally,
taking I = {0, 1, . . . , N − 1} the conditions (10) turn into Daubechies’ situation
of (7), i.e., orthogonality holds on any scale m.

Finally we remark that special types of Sheffer sequences, namely Appell
sequences, appear in other recent work [4, Remark 7] on wavelets, but in a
different context of analysing orthonormal systems of multiwavelets.

2. Exponential Relations. The corresponding setting in full generality is as
follows. Let {ωj : j ∈ I} be a sequence of complex parameters. For all j, k in I
define

sj(x) = qωjx and tj,k(x) = δj,k sj(x),

with δj,k being the Kronecker function and q being a fixed nonzero complex
number. Then (9) turns into

qωj(x+y) = qωjxqωjy;
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additionally, (10) becomes∑
k∈Z

(−1)kh1−k q2
m−1ωjk = 0 (j ∈ I). (13)

In the following examples section we examine two special cases over the reals:
q-wavelets where for all j in I we set ωj = 1 and q to a fixed positive real number;
and sin-wavelets where we set q = exp(i), the complex exponential, and where
we split (13) into two groups of equations over the reals by taking the real and
the imaginery part of

exp(i 2m−1ωj k) = cos(2m−1ωj k) + i sin(2m−1ωj k).

4 Examples

In this section we present several examples of wavelets with scale dependent
properties. The resulting systems for {hk} are considered as algebraic equations
which can be solved by the combined symbolic/numerical approach described in
[5].

4.1 q-Wavelets

Here we derive wavelet filter coefficients of orthonormal, compactly supported
wavelet functions ψm,k that are orthogonal to sj(x) = qx on scalesm= 0,−1, . . . ,
−(N − 2). Since the sj are independent of j this means, we can set I = {0}. For
N > 1 the equations for the wavelet filter coefficients are∑

k∈Z

hk = 2 ,∑
k∈Z

hkhk−2l = 2δ0,l , (l = 0, . . . , N − 1)

∑
k∈Z

(−1)kh1−kq2
−(m+1)k = 0 , (m = 0, . . . , N − 2) .

(14)

For N = 2 the solution h = (h−1, h0, h1, h2) of this system is

(
h−1, h0, h1, h2

)
=
(
q3/2−q−√

qQ

q(−1+q) , q−1−Q
−1+q ,

q2−q3/2+
√
qQ

q(−1+q) , Q
−1+q

)
(15)

where

Q ≡ Q± = q2+q−q3/2−√
q

2(q+1)

±
√
q4−5 q3+2 q7/2+4 q5/2−5 q2+2 q3/2+q

2(q+1) .

In Figure 1 we have plotted the scaling functions and the wavelets according
to the filter coefficients (15). From such plottings one can see that for q → 1 the
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scaling function and the wavelet converge to Daubechies’ scaling function and
wavelet, respectively. The proof of this observation is immediate since applying
q Dq, where Dq is derivation with respect to q, N − 1 times to the last equation
in (14) and then setting q = 1 results in (7).

Moreover, from (15) it follows that for q → 0 and q → ∞ the coefficients of
the q-wavelets according to Q+ approach the coefficients of the Haar wavelet,
which confirms the plots in Figure 1.

In [7, Section 3] all cofficients hk, k ∈ Z satisfying (3) – (5) (with N = 2)
are calculated. It can be shown that the family of solutions can be parametrized
by a single real parameter. Thus the q-wavelets for N = 2 form a subset of the
coefficients obtained by Daubechies.
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Fig. 1. q–scaling functions (left) and q–wavelets (right) for values of q ∈ (1, ∞): So-
lutions for Q+ (first line), and for Q− (second line). Note that the plots show clearly
the smooth interpolation between Daubechies’ wavelet with two vanishing moments
(q → 1+) and the Haar wavelet (q → ∞) in both cases. The solutions for q ∈ (0, 1) are
just the mirrored/antimirrored versions of the solutions for 1/q.

4.2 Variations of Daubechies’ Wavelets

In this subsection we investigate wavelet filter coefficients of orthonormal, com-
pactly supported wavelet functions ψm,k that have K ≥ 1 vanishing moments
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and which, in addition, are orthogonal to sj(x) = qx on scales m = 0,−1, . . . ,
−(N −K − 1). As in the previous section we can again set I = {0} since sj is
independent of j. Thus the equations for the filter coefficients are

∑
k∈Z

hk = 2,∑
k∈Z

hkhk−2l = 2δ0,l, (l = 0, . . . , N − 1) ,

∑
k∈Z

(−1)kh1−kq2
−(m+1)k = 0, (m = 0, . . . , N −K − 1),∑

k∈Z

(−1)kh1−kkl = 0, (l = 0, . . . ,K − 1) .

(16)

In Figure 2 we have plotted the associated scaling function and wavelet for
q ∈ {2, 4, 16, 32}, K = 2, and N = 3.
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Fig. 2. Variation of Daubechies’ Wavelets for q ∈ {2, 4, 16, 32}, K = 2, and N = 3.
Scaling functions (left) and wavelets (right) for the two different solutions.
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4.3 sin-Wavelets

Wavelet filter coefficients of orthonormal, compactly supported wavelet functions
ψm,k that are orthogonal on scale m = 0 to sin(2m−1ωjx) and cos(2m−1ωjx) for
j ∈ I = {0, . . . ,K − 1}; here ωj �= 0 is a sequence of real numbers.

Setting N = 2K + 1 the equations for such filter coefficients are∑
k∈Z

hk = 2 ,∑
k∈Z

hkhk−2l = 2δ0,l, (l = 0, . . . , N − 1) ,∑
k∈Z

(−1)kh1−k sin(ωjk/2) = 0, (j = 0, . . . ,K − 1) ,∑
k∈Z

(−1)kh1−k cos(ωjk/2) = 0, (j = 0, . . . ,K − 1) .

(17)

Note that the last two sets of equations correspond to taking real and imaginary
parts as explained in Section 3.

In Figure 3 we have plotted the scaling function and wavelet for N = 3,
K = 1, and ω0 ∈ {π/2, π/4, π/16}.

5 Compression with sin-Wavelets

In this section we compare the compression of an oscillatory signal with Daube-
chies wavelets and sin-wavelets. The a-priori information that we are using is
that the signal contains a ground frequency ω0 = π

4 . The equations for the
coefficients of the sin-wavelets with 6 coefficients and ground frequency π

4 read
as follows

3∑
k=−2

hk = 2 ,

3∑
k=−2

hkhk−2l = 2δ0,l , (l = 0, . . . , 2) ,

3∑
k=−2

(−1)kh1−k sin(πk/8) = 0 ,

3∑
k=−2

(−1)kh1−k cos(πk/8) = 0 .

In the following numerical example we used sin-wavelets and Daubechies’ Wave-
lets with 3 vanishing moments to compress an oscillatory signal. The compression
was performed by considering just two scales and putting the smallest 90% of the
wavelet coefficients to zero (cf. Figure 4). From the reconstruction we find that
both, the error in the maximum norm (ME), and the mean squares error (SE)
are significantly smaller. In this particular situation the ME,SE errors occuring
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Fig. 3. sin-scaling functions (left) and wavelets (right) for N = 3, K = 1, and
ω0 ∈ {π/2, π/4, π/16}. here the two different solutions (first and second line) are just
mirrored/antimirrored versions.

by compression with the sin-wavelet are 17%, 51%, respectively, of the errors
occuring by compressing using Daubechies wavelet. The improvement could be
achieved by taking into account a-priori information on the ground frequency
in the signal. It is of course no general tendency that sin-wavelets outperform
Daubechies wavelets. In many practical applications, especially when no a-priori
information is available, still Daubechies wavelets might perform better.

6 Discussion and Related Work

We have constructed orthogonal families of wavelet-functions with scale depen-
dent properties. The constructed wavelet families and functions involve addi-
tional parameters: the parameter q for q-wavelets, the sequence of frequencies in
the sin wavelets.

Striking is the obvious visual relationship between q-wavelets and fractional
splines [8,9,10]: one may think of fractional splines of degree α as functions of
the form

sα(x) =
∑
k∈Z

ak(x− xk)α+ ,
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Fig. 4. Comparison of a compression with Daubechies’ wavelet with 3 vanishing mo-
ments and the sin-wavelet (N = 3, ω0 = π/4). The ME,SE errors for the sin-wavelet
are 17%, 51%, respectively, of the errors for the Daubechies wavelet

where xk are the knots of the spline and (·)α+ denotes the one–sided power
function. As becomes evident from the impressive graphics and the mathemat-
ical analysis in [10] (even more impressive graphics can be found at http://
bigwww.epfl.ch/art) rational splines “interpolate” the common B-splines of
integer order. In particular they interpolate between the Haar scaling function
and B-splines of any order. The q-Wavelets in our paper reveal a similar inter-
polation behavior, where of course due to our construction we can only expect
“interpolation” between the wavelets. A comparison with the work of Blu and
Unser [8,9,10] immediately gives rise to the following open question. Smoothness
of the fractional splines is equivalent by the (fractional) power α. We expect that
also for q-wavelets smoothness can be directly linked to the parameter q. This
question is also related to the existence of the scaling and wavelet functions.
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Abstract. The classical method of numerically computing Fourier trans-
forms of digitized functions in one or in d-dimensions is the so-called Dis-
crete Fourier Transform (DFT ) efficiently implemented as Fast Fourier
Transform (FFT ) algorithms. In many cases, the DFT is not an ade-
quate approximation of the continuous Fourier transform. Because the
DFT is periodical, spectrum aliasing may occur. The method presented
in this contribution provides accurate approximations of the continuous
Fourier transform with similar time complexity. The assumption of signal
periodicity is no longer posed and allows to compute numerical Fourier
transforms in a broader domain of frequency than the usual half-period
of the DFT . The aliasing introduced by periodicity can be reduced to
a negligible level even with a relatively low number of sampled data
points. In addition, this method yields accurate numerical derivatives of
any order and polynomial splines of any odd order with their optimum
boundary conditions. The numerical error on results is easily estimated.
The method is developed in one and in d-dimensions and numerical ex-
amples are presented.

1 Introduction

The ubiquitous Fourier transform and its numerical counterpart, the Discrete
Fourier Transform (DFT ), in one or many dimensions, are used in many fields,
such as mathematics (linear systems, random processes, probability, boundary-
value problems), physics (quantum mechanics, optics, acoustics, astronomy),
chemistry (spectroscopy, crystallography), and engineering (telecommunications,
signal processing, image processing, computer vision, multidimensional signal
processing) [1,2,3,4,5].

Although it is usual to consider the DFT as a mathematical tool with its own
properties, it certainly makes sense to conceptualize it as the discrete version of
the analytical Fourier transform and as an approximation of the latter [1]. In
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this regard, the DFT , usually computed via a fast Fourier transform (FFT )
algorithm, must be used with caution since it is not a correct approximation in
all cases [6,7,8,9]. First, the DFT is periodical and it is only on one half of a
period that it constitutes an approximation of the Fourier transform. Second,
the sampling rate of the function to be submitted to the DFT is a critical issue.
Without sampling the time1 function at a sufficiently high rate, a phenomenon
known as aliasing may become intolerable and spoil the accuracy of the DFT
as an approximation of the Fourier transform. It could be thought that if the
Nyquist criterion is fulfilled, everything should come out fine. The Nyquist crite-
rion states that the sampling rate must be at least twice the highest frequency of
the initial function [1,2,10]. However, in applied science, a function may be de-
fined between 0 and T only. Hence, the highest frequency of such a time-limited
function is infinite. Consequently, the DFT produces aliasing2. One could argue
that, even though the highest frequency is infinite, it is possible to sufficiently
increase the number of sampled data points such that the error of the DFT
becomes as small as one desires. However, the required number of data points
could be huge. As an example, for the function h (t) = e−50t, t ∈ [0, 1] , the er-
ror on DFT {h}, around f = 64, decreases roughly as N−1/3. Hence, one must
increase N by a factor of 1000 to decrease the error by a factor of 10.

In some cases where the result of the DFT is used qualitatively a high ac-
curacy is not absolutely mandatory. But in some applications, such as in decon-
volution where a division is performed in the frequency domain, a slight error
in the denominator function, particularly when it is close to zero, can seriously
distort the result [11].

However, one may increase the accuracy of the numerical Fourier transform
when the number of sampled data points is limited. This can be implemented
through the assumption that the function from which the sampled data points
are extracted and its derivatives are continuous. The sampling process, per-
formed through the so-called Dirac comb [1], in a sense, isolates each data point
and considers them as independent from each other. The function and its deriva-
tives are no longer continuous. By re-establishing the continuity between the
sampled data points, a method that yields a highly accurate numerical Fourier
transform can be devised.

2 Theory in d-Dimension

Let t = (t1, t2 . . . td) ∈ Rd and f = (f1, f2 . . . fd) ∈ Rd , d ∈ N∗. R is the set of
real numbers, N the set of nonnegative integers and N∗ = N\ {0}. Let us define

1 Without loss of generality, the reciprocal variables time (t) and frequency (f) are
used throughout this article.

2 The usual method to avoid aliasing is to filter out the high frequency components
thus modifying the original signal.
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a d-dimensional Heaviside’s function:

χ :Rd → R, χ (t) =
d∏
i=1

χ (ti) (1)

in which χ and χ are Heaviside’s functions in d-dimensions and in one dimension
respectively. Let us define two d-dimensional rectangular functions such as:

R (t) = χ
(
t− 0−)χ

(−t + T+) and S (t) = χ (t) χ (−t + T ) (2)

with 0− = (0−, 0−, . . . 0−) and T+ =
(
T+
1 , T

+
2 , . . . , T

+
d

)
, Tα ∈ R , Tα > 0 , ∀α

, and in which:

0− = lim
ε→0

(0− ε) , T+
α = lim

ε→0
(Tα + ε) , ε ∈ R , ε > 0 . (3)

Let g : Rd → (R or C) , (C is the field of complex numbers) be a continuous
function that admits directional derivatives of any order in any directions for all
t such that S (t) �= 0. We now define the following function:

h (t) = R (t) g (t) . (4)

This way of defining h (t) ascertain that the function is continuous and derivable
between 0 and Tα and at 0 and Tα for all values of α.

We adopt the following definition for the Fourier transform:

F {h (t)} =
∫
Rd

h (t) e−i2πf ·tdt . (5)

By expanding the inner product and reorganizing the terms, (5) becomes:

F {h (t)}

=
∞∫

−∞
· · ·

∞∫
−∞

[
∞∫

−∞
h (t1, . . . , td) e−i2πf1·t1dt1

]
e−i2πf2·t2dt2 · · · e−i2πfd·tddtd .

(6)
It is a known fact, evident from (6), that a d-dimensional Fourier transform of a
function can be performed by d successive one dimensional Fourier transforms.
Consequently, in the next section we develop the theory in one dimension. In
that case, generic non-indexed variables as t, f, T... that stand for any indexed
variable of a particular dimension of the d-dimensional space are used.

3 Theory in One Dimension

In virtue of the properties of the differentiation of Heaviside’s and Dirac-delta
functions (δ) [2,12], the nth derivative of h with respect to t is:

h(n) (t) = χ
(
t− 0−)χ (−t+ T+) g(n) (t) +Dn (t) (7)



Accurate Numerical Fourier Transform in d-Dimensions 269

in which Dn (t) is defined as:

Dn (t) =




0 if n = 0

n−1∑
m=0

{
g(m) (0−) δn−m−1 (t− 0−)− g(m) (T+) δn−m−1 (t− T+)

}
if n ∈ N∗ .

(8)
Equation (7) and (8) express the fact that the nth derivative of h with respect to
t is the ordinary nth derivative of the function h strictly inside the rectangular
box where it is continuous and differentiable, in addition to the nth derivative
of h in the regions where it is discontinuous.

According to our definition of the Fourier transform, we have:

F
{
h(n) (t)

}
=

∞∫
−∞

h(n) (t) e−i2πftdt . (9)

We can expand the integral in (9) into parts to form:

F {h(n) (t)
}

=
0∫

−∞
h(n) (t) e−i2πftdt+

T∫
0
h(n) (t) e−i2πftdt+

∞∫
T

h(n) (t) e−i2πftdt .
(10)

The sum of the first and last integrals of the right hand side of (10) clearly is
F {Dn (t)}. Hence, (10) becomes:

F
{
h(n) (t)

}
=

T∫
0

h(n) (t) e−i2πftdt+ F {Dn (t)} . (11)

By separating the interval [0, T ] into N equal ∆t = T/N subintervals, (11) can
be rewritten as:

F
{
h(n) (t)

}
=
N−1∑
j=0




(j+1)∆t∫
j∆t

h(n) (t) e−i2πftdt


+ F {Dn (t)} , j ∈ N . (12)

Since h(n) is continuous and differentiable between 0 and T , it can be approxi-
mated for t ∈ [j∆t, (j + 1)∆t], for each j ∈ [0, N − 1], by a Taylor expansion:

h(n) (t) =
∞∑
p=0

h
(p+n)
j (t− j∆t)p

p!
, p ∈ N (13)
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where h(m)
j is the mth derivative of h at t = j∆t. Merging (12) and (13) yields:

F {h(n) (t)
}

=
N−1∑
j=0

{
(j+1)∆t∫
j∆t

(
∞∑
p=0

h
(p+n)
j (t−j∆t)p

p!

)
e−i2πftdt

}
+ F {Dn (t)} , j ∈ N .

(14)
With the substitution τ = t− j∆t and an adequate permutation of the integral
and sums on j and p, (14) becomes:

F {h(n) (t)
}

=
∞∑
p=0

{(
∆t∫
0

τpe−i2πfτ

p! dτ

)(
N−1∑
j=0

h
(p+n)
j e−i2πfj∆t

)}
+ F {Dn (t)} .

(15)

To numerically compute the Fourier transform of h, we must evaluate it for some
discrete values of f . Let f = k∆f = k/T , k ∈ N be these discrete variables. In
addition, let us define Hk as the discrete version of F {h(n) (t)

}
. The integral in

(15) depends only on the variable f (or k) and on the parameters p and ∆t and
can be evaluated analytically, whether f is continuous or discrete, once and for
all, for each value of p as:

Ip =
1
p!

∆t∫
0

τpe−i2πfτdτ . (16)

Since the integral in the definition of Ip is always finite and, in the context of
the Gamma function [13], p! = ±∞ when p is a negative integer, then Ip = 0 for
p < 0.

The summation on j in (15), when f = k∆f = k/T , is the discrete Fourier
transform of the sequence h

(p+n)
j , j ∈ [0, N − 1] ⊂ N [1]. We denote it as

Fp+n,k. Since ∆t = T/N and f = k/T , we have:

Fp+n,k =
N−1∑
j=0

h
(p+n)
j e−i2π kj

N . (17)

One should note that although we wrote Ip and Fp+n,k instead of Ip (f or k) and
Fp+n,k (f or k), these functions always depend on f or k.

Substituting (16) and (17) in (15), we obtain the following result:

F
{
h(n) (t)

}
=

∞∑
p=0

IpFp+n,k + F {Dn (t)} . (18)

When n = 0, (18) becomes:

Hk =
∞∑
p=0

IpFp,k . (19)
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Now, integrating by parts the right hand side of (9) yields:

F
{
h(n+1)

}
= i2πfF

{
h(n)

}
. (20)

Defining bn = i2πfF {Dn} − F {Dn+1} , combining (18) and (20) and reorga-
nizing the terms yields:

− i2πfI0Fn,k +
∞∑
p=1

(
I(p−1) − i2πfIp

)
Fp+n,k = bn . (21)

With the definition Jα = Iα−1 − i2πfIα , (21) becomes:

J0Fn,k +
∞∑
p=1

JpFp+n,k = bn . (22)

Given the definition of g and h, we have g(n) (0−) = g(n) (0) = h(n) (0) and
g(n) (T+) = g(n) (T ) = h(n) (T ). Using these facts in addition to the properties
of Fourier transforms and those of Dirac delta functions [12], one easily observes
that expanding bn results in the simple following form:

bn = h(n) (T ) e−i2πfT − h(n) (0) . (23)

In the discrete case, where f = k/T , (23) takes the following simple and signif-
icant form:

bn = h(n) (T )− h(n) (0) = h
(n)
N − h

(n)
0 . (24)

Up to this point, all equations are rigorously exact since p tends towards infinity.
However, in practical situations we introduce an approximation by limiting the
range on p. Let us define θ ∈ N, the truncating parameter, which, for reasons
discussed later, is always chosen as an odd integer. We refer to it as the order of
the system.

Let us expand (22) for each value of n ∈ [0, θ − 1] ⊂ N. This generates a
system of θ different equations and, for each of these, we let p range from 1 to
θ − n− 1. This gives the following system, which is written in matrix form:


J0 J1 · · · Jθ−1
0 J0 · · · Jθ−2
...

...
. . .

...
0 0 · · · J0






F0,k
F1,k

...
Fθ−1,k


 �




b0
b1
...

bθ−1


 (25)

or, more compactly as:
MaFa � B . (26)

Note that the matrix Ma is completely known since each of its terms depends
only on f . The general expression for the elements of Ma is:

(Ma)µν = Iµ−ν−1 − i2πfIν−µ = Jν−µ . (27)
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Matrix B is unknown. If it were known, we could evaluate Fa from (26):

Fa � M−1
a B . (28)

However, for f = κN∆f , κ ∈ N, the solutions would strictly diverge. Indeed,
for these particular values of f , det (Ma) = 0. However, for values of f around
N∆f/2, the approximation (28) is quite accurate. We take advantage of this
fact to compute B.

The first element of Fa, which is (Fa)1 = F0,k, is the DFT of the sequence
hj . It is completely determined for each value of k. It is not the same situation
for the other elements of Fa which are still unknown. Furthermore, the elements
of matrix M−1

a are given for each value of f . We can then extract the following
from (28):

F0,k �
(
row1M−1

a

)
B =

θ∑
µ=1

(
M−1
a

)
1,µ (B)µ . (29)

Let us now define Ω , an interval of θ values of k, centered at N/2:

Ω =
[
N

2
−
(
θ − 1

2

)
,

N

2
+
(
θ − 1

2

)]
= [k1, k2, . . . , kθ] ⊂ N . (30)

Let us expand (29) for each value of k ∈ Ω. (It is understood that in practical
cases, for each instance of f in each term, one has to replace it by k∆f .) Doing
so yields the following system of linear equations:



F0,k1
F0,k2

...
F0,kθ


 �




((
M−1
a

)
1,1 |k1

) ((
M−1
a

)
1,2 |k1

)
· · ·
((

M−1
a

)
1,θ |k1

)
((

M−1
a

)
1,1 |k2

) ((
M−1
a

)
1,2 |k2

)
· · ·
((

M−1
a

)
1,θ |k2

)
...

...
. . .

...((
M−1
a

)
1,1 |kθ

) ((
M−1
a

)
1,2 |kθ

)
· · ·
((

M−1
a

)
1,θ |kθ

)







b0
b1
...

bθ−1


 .

(31)
Note that

(
M−1
a

)
1,α |kβ

is compact notation for
(
M−1
a

)
1,α evaluated at k = kβ

and f = kβ∆f . Let us express (31) in a more compact form as Fc � WB, from
which we directly deduce the following matrix equation:

B �W−1Fc . (32)

Equation (32) completely determines B from F0,k (the discrete Fourier transform
of the digitized function h). According to (24), the knowledge of B specifies bm
(m ∈ [0, θ − 1] ). They are the boundary conditions of the system.

Although B is completely determined, (28) cannot be used, for reasons men-
tioned earlier, to evaluate Fa. Considering the first element of Fa as known (it is
the DFT of h), we again expand (22), but in a slightly different manner than we
did to obtain (25). We once more expand it for each value of n ∈ [0, θ − 1] ⊂ N.
This generates a system of θ equations, and for each of these we let p range,
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this time, from 1 to θ − n. Thereafter, the terms are reorganized to obtain the
following system, which is written again in matrix form:


J1 J2 · · · Jθ
J0 J1 · · · Jθ−1
...

...
. . .

...
0 0 · · · J1





F1,k
F2,k

...
Fθ,k


 �




b0
b1
...

bθ−1


+



−J0F0,k

0
...
0


 (33)

or, more compactly as:
MbFb � B + C . (34)

The general expression for elements of Mb is thus:

(Mb)µν = Iµ−ν − i2πfIν−µ+1 = Jν−µ+1 . (35)

Let us now write (34) as:
Fb � M−1

b (B + C) . (36)

The advantage of (28) over (36) is that it allows, through (32), to compute
B. However, it shows singularities at f = κN∆f , κ ∈ N which prevent us to
compute Fa. Conversely, the advantage of (36) is that it exhibits a higher order
than (28) and, provided that θ is odd, Fb is computable for values of f = k∆f .
One should note that, with (36), undetermined values appear for f = κN∆f ,
but they can always be solved by Hospital’s rule for any odd order. For even
orders, there are singularities at f = (κ+ 1/2)N∆f that cannot be removed.
This is an imperative reason to choose odd values for θ.

With the knowledge of Fb from (36), the terms of (19), for p ∈ [0, θ], are
completely determined. Thus, the truncated version of (19) can be written as:

Hk �
θ∑
p=0

IpFp,k . (37)

Let us define a one-row matrix as Iθ = [I1 I2 · · · Iθ], and write (37) as follows:

Hk � I0F0,k + IθFb . (38)

With (38), we approximate the Fourier transform (or the inverse Fourier
transform) of a digitized function in one dimension. The digitized Fourier trans-
form calculated with (38) is not band-limited (as with the DFT which is period-
ical). Equation (38) remains valid and accurate as an approximation of the ana-
lytical Fourier transform for positive or negative values of k such that |k| > N/2
or even for |k| > N − 1. (This last property and the following, briefly mentioned
in the rest of this section, have been discussed and illustrated with examples in
[14].)

A close examination of (31), (33) and (38) reveals that the computation
of only one FFT is required. The other terms form a correcting operation to
be applied once on each of the N values of the FFT . The time complexity
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of the correcting operation is O (N) and the time complexity of the FFT is
O (N logN). Hence, the time complexity of the entire algorithm is O (N logN)
when θ is kept constant. The time complexity relatively to θ, the order of the
system, is O

(
θ2
)
, but, as long as θ ≤ θopt, the errors on computed results

decrease exponentially with the increase of the order θ. Hence, as long as one
can afford to increase θ, the trade-off is strongly beneficial.

Equation (38) contains the symbolic form of Fb which can be used as is to
form a single symbolic formula without having its terms evaluated numerically.
On the other hand, if, for instance, (36) is used to numerically compute each term
of Fb for values of k from 0 to N−1, it produces θ different sequences of numbers
which are actually accurate approximations of the DFT of the derivatives h(p)j ,
for values of p ∈ [1, θ]. Thus, applying the inverse DFT operation to each of these
sequences generates the corresponding sequences h

(p)
j that are very accurate

numerical derivatives of the initial function h
(0)
j of all orders from 1 to θ. This

implies that one can numerically compute very accurately the derivatives of any
order of a digitized function or signal.

Derivatives calculated in that way are continuous in-between and at each
data point. Thus, we obtain spline polynomials of any odd order, with their
corresponding properties, merely with DFT (FFT ). Furthermore, since (32)
is used to compute B, these spline interpolation polynomials, whatever their
order, always exhibit optimal boundary conditions, that is to say, accurate end
derivatives for each order [15]. Such accurate high-order spline interpolation
polynomials allow integrals between any limit to be accurately computed.

Let Rθ be any result (Fourier transform, derivative or integral) obtained with
an arbitrary order θ. As long as θ + 2 ≤ θopt, the error on Rθ (noted Eθ) can
be fairly estimated since Rθ+2 relatively to Rθ can be considered almost as the
exact result. To do so, one can use the following relation: Eθ = O (Rθ+2 −Rθ) ,
where O is any operator one can define to meet specific needs.

4 Back in d-Dimensions

In the previous section we have obtained a highly accurate method to compute
the Fourier transform in one dimension. According to (6), this method can be
applied sequentially to compute an accurate d-dimensional Fourier transform. In
this multidimensional case, for each α ∈ {1, 2, · · · , d} we have tα ∈ [0, Tα]. This
interval is separated into Nα equal ∆tα = Tα/Nα parts, and fα = kα∆fα =
kα/Tα. As with the ordinary DFT (FFT ), the order in which the dimensions
are treated is irrelevant. The number of times (38) has to be applied to compute
a d-dimensional Fourier transform is:

PQ where P =
d∏

α=1

Nα and Q =
d∑

β=1

1
Nβ

. (39)
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The time complexity is then O (P logP ) . Let us put Nα = aαN, ∀α, aα being
constants. It is easy to show that the time complexity is O

(
Nd logN

)
which is

the same as for the DFT in d-dimensions.

5 Example in 2 Dimensions

In this section, an example in two dimensions is used to illustrate the algorithm.
The choice of such an example is not obvious. That is to say, the function should
not be a trivial one; it must be difficult enough for the computation of the
Fourier transform to be numerically demanding. On the other hand, for purpose
of comparison and accuracy testing, the Fourier transform of the function must
be analytically known. The chosen initial function for our example is then the
following complex function:

h (t1, t2)

=
(
cos (9t1) cos (11t1 + 17t2) e−2.5t1 , e−2(t1+t2) + e[−100(t1−0.5)2−50(t2−0.5)2]

)

T1 = T2 = 1 .
(40)

The real part is a combination of damped oscillations that are slanted in virtue of
the damping. The imaginary part is a non-symmetrical Gaussian peak purposely
slanted by an exponential to avoid error cancellation by symmetry. For both
variables, the function is discontinuous at 0 and at Tα, ∀α. Figures 1.a and 1.b
show, respectively, the modulus of (40) and of its analytical Fourier transform
for N1 = N2 = 128. The formula of the analytical Fourier transform of this two
dimensional function is not shown here since it requires several pages of text.

Figure 2.a shows the DFT of h. The expected periodical behavior is evident.
Figure 2.b shows the modulus of the error of the DFT relatively to the analytical

(a) |h (t1, t2) | (b) |F {h (t1, t2)} |

Fig. 1. Modulus of h and of F {h} .
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(a) |DFT {h} | (b) |Error on DFT {h} | × 10−2

Fig. 2. Modulus of DFT {h} and of error on DFT {h} (×10−2) . The error is computed
on the first 64 × 64 data points only. Maximum error = 0.3 × 10−2.

Fourier transform. To be fair, this error must indeed be computed on the first
(N1/2)× (N2/2) data points only, since the DFT is periodical.

Figure 3.a shows the numerical Fourier transform of h computed with (38)
for θ = 13. It is clearly seen that this approximation behaves as the analytical
Fourier transform and is not periodical. Figure 3.b shows the modulus of the error
of this approximation relatively to the analytical Fourier transform, computed,
this time, on the full range of the N1 × N2 data points. For comparison, one
should note the vertical scale factor in Fig. 2.b and 3.b.

This same equation (38), used for Fig. 3, is used again, on the same function
( 40) with different values of N = N1 = N2 and θ. The averages of the moduli
of the error on the numerical Fourier transform given by (38) relatively to the

(a) |Hk| (b) |Error on Hk| × 10−17

Fig. 3. Modulus of the numerical Fourier transform given by (38), with θ = 13, and
modulus of error on Hk

(×10−17) . The error is computed on the full range of the
128 × 128 data points. Maximum error = 0.7 × 10−17.
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exact analytical Fourier transform are shown in Table 1 in addition to the results
obtained with the DFT .

We observe that for small values of N (actually for N = 8), increasing θ
does not improve accuracy. It means that the optimum value of θ called θopt is
already reached. If N is slightly increased, θopt grows rapidly and the smallest
possible error decreases dramatically. For N = 8, θopt < 3. For N = 16, θopt < 5.
For N = 32, θopt = 5. For N ≥ 64, θopt ≥ 13. We also note that, except for small
values of N , the error from (38) is always much smaller than the error from the
DFT and, for any θ, it decreases more rapidly with the increase of N than does
the error from the DFT with the same increase in N.

Table 1. Average of the modulus of the error on the numerical Fourier transform of
the function given by (40) and computed with (38) for different values of N and θ. The
last line is the average of the modulus of the error of the DFT of the same function.

N
θ 8 16 32 64 128
1 1 × 10−2 1 × 10−3 2 × 10−4 2 × 10−5 3 × 10−6

3 3 × 10−1 1 × 10−3 9 × 10−6 3 × 10−7 1 × 10−8

5 1 × 10−2 8 × 10−7 6 × 10−9 5 × 10−11

7 4 × 10−6 1 × 10−10 3 × 10−13

9 3 × 10−12 2 × 10−15

11 8 × 10−14 9 × 10−18

13 2 × 10−15 8 × 10−20

DFT 3 × 10−2 9 × 10−3 3 × 10−3 8 × 10−4 2 × 10−4

6 Conclusion

An analytical function contains an infinite quantity of information [16]. It is
possible, in principle, at least when the Fourier integral is analytically obtain-
able, to compute its Fourier transform exactly. In all other cases we have to
resort to numerical techniques and depart from analytical forms. The classical
sampling of a function uses the Dirac comb which rejects an infinite quantity
of information to make the digitized function manageable on a finite computer.
The usual tool to numerically compute the Fourier transform of a digitized func-
tion in d-dimensions is the DFT, efficiently implemented as the FFT algorithm.
However, in many cases the DFT is not an adequate numerical approximation
of the Fourier transform.

On the one hand, there is the perfect analytical Fourier transform that is,
most of the time, not practical and, on the other hand, we have the very efficient
FFT which computes an approximation of the Fourier transform without any
attempt to reduce the unavoidable ravages of the Dirac comb. The method pre-
sented in this contribution is in-between these two extremes; its position being
adjusted by the value of θ, the order of the system. The method provides accurate
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approximations of the continuous Fourier transform, is no longer periodical and
computes the numerical Fourier transform in a broader frequency domain than
the half-period of the DFT . The aliasing can be reduced to a negligible level even
with a relatively low number of sampled data points. The method gives accurate
numerical partial derivatives of any order and the polynonial splines of any odd
order with their optimal boundary conditions. The error can be easily computed
by comparing the results of two successive odd orders. The time complexity, rel-
atively to the number of sampled data points, is the same as for the FFT. The
time complexity, relatively to θ (independent of the time complexity relatively
to N) is O

(
θ2
)
, while the accuracy increases exponentially with θ. Hence, the

numerical accuracy increases much more rapidly than the computational cost of
the proposed method.
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Gábor Bodnár, Barbara Kaltenbacher, Petru Pau, and Josef Schicho

SFB Numerical and Symbolic Computation
Johannes Kepler University, A-4040 Linz, Austria

Abstract. Exact real computation allows many of the advantages of nu-
merical computation (e.g. high performance) to be accessed also in sym-
bolic computation, providing validated results. In this paper we present
our approach to build a transparent and easy to use connection between
the two worlds, using this paradigm. The main discussed topics are: rep-
resentation of exact real objects, operations on exact real matrices, poly-
nomial greatest common divisor and root computation. Some of these
problems are ill-posed; we use regularization methods to solve them.

1 Introduction

Many algorithms in computer algebra rely on exactness. The usual way to per-
form exact computation is to work with the rationals or with algebraic numbers.
The latter are traditionally represented by the minimal polynomial and either an
isolating interval or a sequence of signs in the real case (see [10]). Sometimes it
can be a problem that these subfields are not closed under transcendental func-
tions. Moreover, computations with algebraic numbers tend to be very expensive
(see [17]).

The method of exact real computation seems to be a reasonable alterna-
tive: it provides mathematically consistent representation of elements of metric
spaces. That is, the objects behave exactly like the represented mathematical
entities. Recall that this does not hold, for instance, in the case of floating point
numbers, which is one of the reasons why it is often so difficult to work with this
representation in computer algebra.

Several ways to represent real numbers have already been invented; we can
mention here infinite (lazy) strings of digits ([9], with golden ratio notation, [13],
[8]) and functional representation, where the reals are given as functions that
produce approximations on demand (see [5]). Those representations realize only
very basic algorithms. On the other hand, there has been some recent research
on numerical algorithms in algorithmic computer algebra, e.g. [18, 6, 16]. What
lacks is an approach to exact real computation integrating up-to-date symbolic
and numerical algorithms.

In this paper we present a new approach to exact real computation in a
generic setup, where the represented elements come from metric spaces, and
there exist numerical algorithms that can compute arbitrarily close approximates
which are efficiently representable on the computer. The type specifications were
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designed to provide a transparent interface to the represented mathematical en-
tities, while we endeavored to make it as easy as possible to define functions,
like algebraic operations, on exact real objects. We used the paradigm of ob-
ject oriented programming, obtaining a template parametrized by the class of
underlying metric spaces.

In the type specifications we strictly separated the layer of the interface to
the exact real objects from the layer of the interface to the numerical routines
that compute approximates for the represented mathematical entity. This way
the computations of approximates are separated from the computations related
to error propagation; therefore an implementation of an exact real type is in-
dependent of the underlying numerical library. In this paper we focus on the
representation of exact real objects together with the analysis of error propa-
gation in a few selected computations. We do not discuss anything under the
interface to the numerical algorithms.

For many problems the main task is to control error propagation. Often this
information can be found in the literature of numerical analysis (see e.g. [11]).
However, there are problems which lead to fundamental difficulties in numerical
computation, because their solution does not depend continuously on the input
data. They are called ill-posed, and some of them are in the center of our at-
tention: pseudoinverse of rank-deficient matrices, polynomial greatest common
divisor, multivariate polynomial factorization and curve and surface parameter-
ization. Strictly speaking, these problems cannot be solved within the exact real
paradigm (see [1]). As we definitely need a substitute for them, we apply the
common technique of regularization, in which we replace the ill-posed problem
by a nearby continuous one, and require the distance to the exact problem to be
an additional input parameter. In this paper we apply Tikhonov regularization
(see [2] and [7]) to the computation of pseudoinverses and GCD’s.

The paper is organized as follows: In Sect. 2 we give the base type specifica-
tion for exact real objects and provide some examples for the computable real
numbers. Section 3 presents the analysis of the error propagation in some non-
trivial operations on real matrices. In Sect. 4, we introduce polynomials with
exact real coefficients with the most important operations.

We want to express our gratitude to R. Corless, S. Ratschan and H.-J. Stetter
for inspiring remarks. This work has been supported by the Austrian science
fund (FWF) in the frame of the special research area “numerical and symbolic
scientific computing” (SFB013, projects F1303, F1308).

2 Type Specification for Exact Real Objects

Our final goal is to make powerful numerical methods readily available in sym-
bolic computation, that is, to establish reliable and transparent connection be-
tween numeric and symbolic computation using the exact real paradigm.

In this paper we stay on higher abstraction levels treating the actual im-
plementation of the underlying numerical algorithms as black boxes with which
we communicate via standard interfaces. It is not our intention to look behind
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these interfaces and to discuss efficiency, stability, etc., of the possible imple-
mentations. However, as it will be shown in Sect. 3 and Sect. 4, as soon as we
have numerical algorithms whose specifications fulfill the requirements of the
interface, the reliability of the computations can be ensured by controlled error
propagation, which can be sustained even in some ill-posed problems.

On the other hand, we cannot escape from choosing an appropriate repre-
sentation for the approximates, which are produced on user request to provide
information on the mathematical object in question. The approximating ele-
ments must be finitely representable (e.g. matrices of multi-precision floating
point numbers), and they, together with the objects which they approximate,
have to come from some metric space, so that the notion of distance or accuracy
makes sense. This is perfectly conform with the theory of interval computation
(see e.g. [14]).

We use the following notation: an abstract mathematical object is denoted
by a standard italic character (e.g. x ∈ R, say x :=

√
2), a numerical computer

representations by a typewriter character (e.g. x := 1.41), which can be naturally
considered as an element of the space of x (i.e. 1.41 ∈ R), and an exact real object
for x is denoted by a calligraphic character X .
Definition 1. Let us fix some metric space M . We call a pair (x, e) ∈M×R≥0
an approximate for x ∈ M , if |x − x| ≤ e. From a given list of approximates
for x, [(x1, e1), . . . , (xn, en)], (xi, ei) the most accurate one if ei ≤ ej for all
j = 1, . . . , n and i is the minimal index with this property.

At a given step of a computation, we can consider the list Lx of approximates
for an object x that were computed so far, using temporal order. The most
accurate approximate for x at the given point of the computation is then the
most accurate approximate for x with respect to Lx.

2.1 Base Type of Exact Real Objects

The other main goal is to achieve transparency. For this, we have to provide a
suitable abstract type specification with a fixed communication interface, basic
and higher level constructors.

Definition 2. An exact real object X that represents an element x from some
metric space M with metric d, is defined by:

Data members:

– Name: knownApprox. At any point of the lifetime of the object it stores the
most accurate approximate, of the form (x, e), e ∈ R≥0, which was computed
for x till then.

Methods:

– Name: epsint. Input: a positive real value e. Output: an approximating ele-
ment x′′, such that d(x′′, x) ≤ e. Side effect: if the accuracy of x′′ is e′′(≤ e)
and e′′ < e′, where (x′, e′) is the knownApprox member of X at the time
point of the procedure call, the knownApprox member of X becomes (x′′, e′′).
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– Name: refine. Input: none. Output: an approximate (x, e) of x, such that
e < e′/2 if e′ > 0, where (x′, e′) is the knownApprox member of X at the time
point of the procedure call, or e = e′ if e′ = 0. Side effect: the knownApprox
member of X becomes (x, e).

– Constructor. Input: an initial approximate (x, e) for x and, if e > 0, at least
one procedure which matches one of the following specifications:
• Input: a positive real value e. Output: an approximate (x′, e′) for x, such

that e′ ≤ e. (Referred as: approx)
• Input: an approximate (x, e) of x. Output: an approximate (x′, e′) of x,

such that e′ < e if e > 0, or e′ = e if e = 0. (Referred as: iterate)

Remark 1. (i) The definition provides a template, with parameter M (d is given
by M , but we do not denote it, e.g. by dM , to simplify notation). (ii) In the
specification of the iterative procedures we prescribe a lower bound on the im-
provement of the accuracy of approximation in order to ensure the termination of
algorithms that need to produce approximating elements with given accuracies.
(iii) When epsint is called with e ≥ e′, x′ is returned without any computation.
(iv) The input initial approximate for the constructor has to be provided by
the user. This is a trivial task if an approx procedure is available, however, it
provides indispensable information when only an iterate procedure is given.

2.2 An Example for Real Numbers

In order to demonstrate how the above framework can be filled, we present
a down-to-earth example in detail. We write the procedures in the program-
ming language of the computer algebra system Maple, which also has a powerful
numeric subsystem to exploit. This language does not support object oriented
programming natively, thus class definitions and construction of objects has to
be carried out implicitly. In particular, the methods need to be pointed explicitly
to the object in context, which will be their first argument by default.

The simplest mathematical entities that offer themselves naturally to be rep-
resented in the exact real paradigm are the computable real numbers. The in-
formation defining the class is collected in the table exactReal, named after the
class.

The constructor of the class just instantiates an object with the provided
data members, from which approx and iterate are actually (references to)
procedures. The epsint and refine methods provide the intended behavior
relying on the approx and/or iterate members of the object in context.

exactReal := table([
"constructor" = proc(ka::list(float),ap,it)
if ka[2]<0 then ERROR("Invalid approximate!"); fi;
if ka[2]>0 and not (type(ap,procedure) or type(it,procedure)) then
ERROR("At least one procedure must be given!");fi;
RETURN(table(["approx"=ap, ‘‘iterate"=it, ‘‘knownApprox"=ka])); end,
"epsint" = proc(x::table, e::nonneg) local ap,ae;
ap:=x["knownApprox"]; if ap[2]=0 then RETURN(ap[1]); fi; ae:=e;



Exact Real Computation in Computer Algebra 283

while ap[2]>e do
if type(x["approx"],procedure) then ap:=x["approx"](ae);ae:=ae/10;
else ap:=x["iterate"](ap); fi; od;
x["knownApprox"]:=ap; RETURN(ap[1]); end,
"refine" = proc(x::table) local ap,e,ae;
ap:=x["knownApprox"];
if ap[2]=0 then RETURN(ap[1]); fi; e:=ap[2]/10; ae:=e;
while ap[2]>e do
if type(x["iterate"],procedure) then ap:=x["iterate"](ap);
else ap:=x["approx"](ae); ae:=ae/10; fi;od;
x["knownApprox"]:=ap; RETURN(ap[1]); end]);

Now we can define, for instance, an exact real object for π, using the routine
of Maple for numerical expansion, and we can use the queries of the class on it:

knownApprox := [3.14, 0.1];
approx := proc(eps::nonneg) [evalf(Pi,max(2,2-ilog10(eps))),eps] end;
exPi := exactReal["constructor"](knownApprox, approx, 0);
exactReal["epsint"](exPi, 1e-10);

3.14159265359

2.3 Higher Level Constructors

Higher level constructors are basically the procedures that implement functions
on exact real objects. Let f : M → M ′ be a continuous function, M,M ′ being
metric spaces; in particular let d′ be the metric on M ′. We assume that the
numerical algorithm F, which implements f , for any input x ∈M , returns a pair
(x′, e′) ∈M ′ ×R≥0, such that d′(x′, f(x)) ≤ e′.

Then a higher level constructor F that implements f , takes an exact real
object X as argument, which represents a fixed argument x of f , and builds an
exact real object X ′ for x′ := f(x), using the basic constructor for the exact real
type for M ′. Note that F has to generate at least one procedure and an initial
approximate (according to definition 2), and that in both of these tasks it has
to rely on F, the underlying numerical algorithm.

The most important task in the implementation of F is to reliably encode
error propagation. The inaccuracy of the approximates of x′ originates not only
in that F generates numerical error, but also in the fact that the input of F (i.e.
an approximating element x, obtained from X as knownApprox or by epsint or
refine) is itself inaccurate.

The forward error computation determines for a given approximate (x, e) of
a fixed element x ∈M , an upper bound for d′(f(x), f(x)). It is performed by F
when it creates an initial approximate for X ′, and also by the iterate procedure
of X ′, which is generated by F .

The backward error computation, for fixed x ∈M and given positive real value
e′, determines e such that for all approximates (x, e) of x, d′(f(x), f(x)) ≤ e′.
It is performed in the approx procedure of X ′, which is generated by F .

More advanced examples of forward and backward error computation are
presented in the consecutive sections. Here we give only a simple higher level con-
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structor; the addition of real numbers as exact real objects. We insert addReals
as a new method into the class definition of exactReal.

In this constructor we provide only one procedure with the input and output
specification of epsint. The backward error computation is very simple: in case
of exact addition we can just take approximating elements for the operands with
e/2 accuracy. However, in general we also have to count with rounding error,
thus, by default, we distribute the allowed error equally between the inaccuracies
of the approximating elements and the rounding error of the addition.

The forward error is just the sum of inaccuracies of the approximates which
we added to produce the initial approximation. This is the straightforward ap-
plication of interval arithmetic (see [14]). Again, the rounding errors of the com-
putations increase the inaccuracy of the initial approximating element of the
sum.

"addReals" = proc(x1::table,x2::table)
local ka,approx,dx1,dx2;
approx := proc(eps::nonneg) local ap,e,en;
e:=divRD(eps,3); en:=e;
ap:=numAdd(exactReal["epsint"](x1,e),exactReal["epsint"](x2,e));
# if numAdd generates too much error we distribute eps unequally
while ap[2]>en do
e:=divRD(e,2); en:=subRD(subRD(eps,e),e);
ap:=numAdd(exactReal["epsint"](x1,e),exactReal["epsint"](x2,e));
od; RETURN([ap[1],eps]); end;
dx1:=x1["knownApprox"]; dx2:=x2["knownApprox"];
ka:=numAdd(dx1[1],dx2[1]);
RETURN(exactReal["constructor"]([ka[1],addRU(ka[2],dx1[2],dx2[2])],
approx,0)); end

Here divRD and subRD perform numerical division and subtraction respectively,
introducing only rounding down errors, and addRU is numerical addition with
only rounding up error. A simple procedure for numeric addition, which works
well as long as the mantissas do not exceed the maximal allowed lengths in
Maple, can be defined as:

numAdd := proc(x1::float,x2::float)
RETURN([evalf(x1+x2, 1+max(length(op(1,x1))+op(2,x1),
length(op(1,x2))+op(2,x2))-min(op(2,x1),op(2,x2))),0]); end;

As an additional remark to this section, let us note that often it is natural
to generate iterative approximation procedures in the higher level constructors,
applying only forward error computation, which can rely on firm interval analysis
techniques. However, in critical situations one cannot always ensure sufficiently
large improvement of the accuracy of the approximation in an iteration step
because the intervals may have the tendency of blowing up. To prevent looping,
one can encode heuristics in the epsint and refine procedures, that change
from iterate to approx (if it is available) when a critical situation is predicted.
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3 Real Linear Algebra

In this section we present examples of the essential part of defining new exact
real types, i.e. the formulas of forward and backward error computation for
nontrivial operations on multidimensional exact real objects. We describe matrix
inversion and the computation of the Moore-Penrose generalized matrix inverse
(pseudoinverse) for matrices over the computable real numbers.

The straightforward way of describing multidimensional entities of real num-
bers would be to build them up from elementary exact real objects. However, in
this case all the standard methods of linear algebra should be re-implemented
to work with them, and the resulting exact real entries of vectors and matrices
would be deeply cascaded, which would lead far from our prescribed goals.

In our approach, any multidimensional real entity is treated as an exact real
object in its corresponding metric space. In this section the metric is induced by
the 2-norm by default.

The usual arithmetic operations on real vectors and matrices can be easily
described by means of forward and backward error analysis, analogously to the
case of real numbers, thus we skip them here.

3.1 Inverse of a Nonsingular Matrix

Let A ∈ Rn×n be a nonsingular matrix with known approximate (A, d). We have

‖A−1 − A−1‖ = ‖A−1A(A−1 − A−1)AA−1‖ ≤
≤ ‖A−1‖‖A−A‖‖A−1‖ ≤ d‖A−1‖‖A−1‖. (1)

This yields an upper bound for the norm of the inverse: ‖A−1‖ ≤ ‖A−1‖/(1 −
d‖A−1‖) (note that d‖A−1‖ < 1 if d is small enough). Assuming that (A, d) fulfills
this condition; for the forward error we get

‖A−1 − A−1‖ ≤ d‖A−1‖2
1− d‖A−1‖ .

Let now a positive real number e be given; the goal is to find de such that
for all approximate (Ae, de) of A, we have ‖A−1 − A−1

e ‖ ≤ e. We apply (1) for A
and Ae, with the fact ‖A−1

e ‖ ≤ ‖A−1‖+e, also using the upper bound for ‖A−1‖.
We get

‖A−1 − A−1
e ‖ ≤ de

‖A−1‖
1− d‖A−1‖

( ‖A−1‖
1− d‖A−1‖ + e

)
.

We have to choose de small enough to get the right hand side smaller than e;
for instance, we may set

de := e/
( ‖A−1‖
1− d‖A−1‖

( ‖A−1‖
1− d‖A−1‖ + e

))
=

e(1− d‖A−1‖)2
‖A−1‖2 + e‖A−1‖ − e d‖A−1‖2 .

These error bounds are valid only if the inverse computation on a nonsingular
numeric matrix is exact, otherwise e has to be distributed between the approx-
imation error and the rounding errors.

The computations of this subsection are valid under any consistent norm.
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3.2 Pseudoinverse

Given A ∈ Rm×n, the pseudoinverse of A is the unique matrix A† ∈ Rn×m,
which, for any b ∈ Rm, provides x := A†b in Rn that minimizes ‖Ax− b‖ with
the smallest ‖x‖. In other terms, our main interest is to find the “best” solution
for a linear equation system in a numerically stable way. If A is nonsingular, the
pseudoinverse coincides with the inverse. For the extensive study of the topic we
refer to [3] and [20].

In the general case, pseudoinverse computation is an ill-posed problem; in
order to solve it we use a special technique, known as Tikhonov regularization.

We solve the following optimization problem:

for α > 0 find x such that ‖Ax− b‖2 + α‖x‖2 is minimal. (2)

For all α > 0 problem (2) is continuous in A, b, and the solution can be expressed
as Aαb, where, as α→ 0, Aα converges to A†.

We find the optimum of the quadratic function in x, at the zero of the
derivative (2〈Aẋ,Ax− b〉+ 2α〈ẋ, x〉 = 2〈ẋ, AT (Ax− b) +αx〉) which vanishes if
AT (Ax− b) + αx = 0, or in other terms at

x = (ATA+ αIn×n)−1AT b,

where In×n is just the identity in Rn×n. Because the solution of problem (2)
approximates A†b as α goes to zero, we have lim

α→0
Aα = A†, where Aα := (ATA+

αIn×n)−1AT . We also remark that ATA+αIn×n ∈ Rn×n is an invertible matrix.
Let A0 approximate A, and let σ be the minimum of the positive singular

values of A; assume that we have knowledge of this value. We want to determine
how good does Aα0 approximate A

†. We have

‖A† −Aα0 ‖ ≤ ‖A† −Aα‖+ ‖Aα −Aα0 ‖, (3)

where the second summand can be bounded by standard error bounds computed
for the basic operations on matrices. In the following, we determine an upper
bound for the first summand.

Let A = U∆V be a singular value decomposition, where U ∈ Rm×m, V ∈
Rn×n are orthogonal matrices, and ∆ ∈ Rm×n is a diagonal matrix, with ele-
ments (σ1, . . . , σi, . . . , 0). Using this decomposition of A, we have

Aα = (V T∆2V + αIn×n)−1V T∆UT = (V T (∆2 + αIn×n)V )−1V T∆UT =
= V T (∆2 + αIn×n)−1∆UT .

Thus, by the convergence of Aα to A†, we have A† = V T∆†UT , and since we
use 2-norm we can write

‖A† −Aα‖ = ‖V T (∆† − (∆2 + αIn×n)−1∆)UT ‖ =
= ‖∆† − (∆2 + αIn×n)−1∆‖.
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We have that
(∆2 + αIn×n)−1∆ = diag

( σi
σ2i + α

)
.

On the other hand, we have ∆† = diag(σ†
i ), where

σ†
i =

{
1/σi if σi �= 0
0 otherwise.

Therefore we get

∆† − (∆2 + αIn×n)−1∆ = diag
(
σ†
i −

σi
σ2i + α

)
= diag(δi),

where

δi =

{
α

σi(σ2
i +α)

if σi �= 0
0 otherwise.

Finally, we get

‖A† −Aα‖ = ‖diag(δi)‖ = max
σi>0

α

σi(σ2i + α)
=

α

σ(σ2 + α)
.

The first step in the forward and backward error computation is to find
a lower bound s for σ. Such an s is called regularization information for the
problem, and it usually depends on A. This information, from our point of view,
has to come from outside, that is, the user has to provide it. If the given s is too
big, the exact real matrix of the solution may represent a different matrix than
A†.

Let (A, d) be an approximate for A, and let s be a positive lower bound for σ.
Let ed denote the forward error of the computation (ATA+α′In×n)−1AT (which
can be determined from the forward errors of the basic matrix operations). The
forward error of the pseudoinverse computation is then

α′

s(s2 + α′)
+ ed.

We would like to determine a close to optimal value for α′, which minimizes the
forward error. Under the assumptions α′ ≤ ‖A‖2 and d� s� 1, by expanding
ed, we get a formula of the following form α′/(s3 + sα′) + d/α′ + c, where c is
constant in α′. After simplifying the denominator of this expression, we have to
minimize α′/s3 + d/α′. We get that a good choice is α′ :=

√
s3d.

In the backward error computation, for given positive e, we distribute the
error between the parts ‖A†−Aα‖ and ‖Aα−Aα0 ‖ in (3) equally. Then, we have
to determine a suitably small α′, so that we have

α′

s(s2 + α′)
≤ e

2
.

For instance, if e s < 2, we may choose α′ = e s3/(2− e s).
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Finally, we set up an exact real matrix Aα′
for (ATA + α′In×n)−1AT by

means of the basic matrix operations, and ask for an e/2 approximation: Aα
′

e/2.

According to inequality 3, by the choice of α′, (Aα
′

e/2, e) is an approximate for
A†, provided that the regularization information is correct.

4 Real Polynomials

In this section, we describe some basic algorithms for univariate polynomials
with real coefficients. From our point of view, the polynomials of degree at most
d are just the exact objects in the metric space Pd := Rd+1. For many operation
on polynomials, we also need the metric spaceMd := Rd of monic polynomials
of degree d. We have some obvious inclusion maps, and a partial map normation:
Pd →Md which is defined iff the formal leading coefficient is not zero.

It is rather straightforward to develop algorithms for addition, multiplication,
composition, evaluation, division by monics and derivative. In fact, all these
functions could be implemented using exact real arithmetic for the coefficients;
however, we a get better performance if we implement these operations from the
scratch, using the scheme described in Sect. 2 with more accurate forward and
backward error. For instance, the forward error of evaluation predicted by the
mean value theorem of calculus f(b)− f(a) = (b− a)f ′(ξ) is much smaller than
the the accumulation of the forward errors arising by Horner’s scheme.

In the following subsections, we discuss some problems that cannot be solved
solely by arithmetic.

4.1 GCD and Squarefree Factorization

The GCD operation is a map from Mm ×Mn to
⋃min(m,n)
i=0 Mi. Clearly, the

function is discontinuous, because the degree is discrete and cannot depend con-
tinuously on the input. Thus, the problem of GCD computation is ill-posed. To
solve it, we use a regularization technique similar to the one for computing the
pseudo-inverse in Sect. 3, and which was proposed in [6].

Let P ∈ Mm, Q ∈ Mn be monic polynomials, m ≤ n. The Sylvester matrix
S = S(P,Q) is an (m+n)×(m+n) matrix with entries from the set of coefficients
of P and Q (we refer to [21] for a more precise definition).

Let V := Rm+n be endowed with the ∞-norm. The function sv : RN×N →
RN computing the ordered N -tuple of singular values is continuous; in fact we
have ‖sv(A) − sv(B)‖ ≤ ‖A − B‖, which gives a very easy formula for the
forward and backward error (see [11]). Suppose that we have a lower bound
s for the smallest nonzero singular value of the Sylvester matrix S. Then we
can compute the rank of S by computing an s/2-estimate of sv(S): the singular
values with approximating element less than s/2 are zero, and the singular values
with approximating element greater than s/2 must be nonzero. If the rank is
m+ n− r, then r is the degree of the GCD (see [21]).

But if we know the degree of the GCD, then we can compute the GCD by
solving a system of linear equations. If R is the GCD, and deg(R) = k, then
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there is a unique pair of polynomials U ∈ Pn−k−1, V ∈ Pm−k−1, such that
UP +V Q = R. The polynomial UP +V Q has formal degree m+n− k− 1, and
we know the coefficients of xm+n−k−1, xm+n−k−2, . . . , xk (namely 0, . . . , 0, 1).
This gives a system (∗) ofm+n−2k linear equations in equally many unknowns.
The system is nonsingular, so we could solve it exactly by the methods described
in Sect. 3. However, we prefer to solve it via the pseudo-inverse, i.e. treating it
as a least squares problem. The reason is the following.

The regularization information s has to come from the user. If the smallest
nonzero singular value was estimated too low, then s is still a lower bound, and
the computed result is still exact (the effect giving too small bounds just leads
to a worse performance, because the singular values must be computed more
accurate than necessary). If the smallest nonzero singular value was estimated
too high, then the rank of S is larger than expected, and the degree of the
GCD is smaller than expected. The system (∗) becomes singular, and the exact
algorithm for resolving it does not terminate. On the other hand, if we treat (∗)
as a least squares problem, then we get a solution anyway. The computed GCD
R′ is still a linear combination of P and Q but it is not an exact divisor of P and
Q. However, the remainder of P or Q modulo R′ is small when the the given s
is small.

Squarefree factorization is another ill-posed problem, but we can reduce it to
GCD computation. There are several ways to do this for polynomials over the
rational numbers (or over any other computable field). Not all these reductions
work also in the exact real case; we have to be careful that we never estimate
the degree of an intermediate result too high, whereas an error in the other
direction is not so disturbing (note that wrong degree estimates are unavoidable
in the case that the regularization information was incorrect). Algorithm 1 works
because it has this monotonicity property (see also [1]).

Algorithm 1 Squarefree(P )
if deg(P ) = 1 then

return ((P, 1));
else

P ′ := derivative of p divided by deg(P );
Q := GCD(P, P ′);
L := Squarefree(Q);
for all (F, e) in L do

P := quotient(P, F e+1);
in L, replace (F, e) by (F, e + 1);

end for
append (P, 1) to L;
return L

end if

If the given regularization information (used in the GCD computation) was
correct, then the algorithm returns a list ((F1, e1), . . . , (Fr, er)), such that the
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Fi are squarefree and relatively prime, and F e11 . . . F er
r = P . Otherwise, the Fi

are still squarefree and relatively prime, but F e11 . . . F er
r is not exactly equal to

P (but close if the estimated lower bound s is small). In this case, the sum of
the degrees of the Fi′ is smaller than the number of distinct complex roots of P
(in other words, we have made the mistake of identifying two roots which are
closely together).

4.2 Roots Computation

Let C be the space of complex numbers, endowed with the Euclidean norm. Any
polynomial of degree n has n complex roots, counted with multiplicity; but there
is no continuous mapMn → Cn, and the reason is that there is no continuous
way of selecting one particular root. To avoid this difficulty, we introduce the
space Sn as the set of orbits under the permutation group Sn permuting the
coordinates of Cn. The metric is defined by d([x], [y]) := minσ∈Sn

d0(x, σ(y)),
where d0 is the metric induced by the ∞-norm in Cn. The roots map rt :
Mn → Sn is continuous, and we want to compute it in the sense of exact real
computation. It turns out that it is more practical to create this exact real
object by an iterate function rather than by an approx function, because the
a posteriori error bound is typically much smaller than the a priori error bound
of a root, i.e. we can find a more realistic accuracy when we already know the
approximating value.

For the moment, let us assume that the input polynomial P is squarefree.
Then the approximating polynomial P is also squarefree, if the accuracy e is
sufficiently small. We compute its roots by a numerical algorithm. For each
computed root zi (which is in general not an exact root of P), we expect a nearby
root of the exact polynomial P . If P ′(zi) �= 0, then there is a root with distance at
most |P (zi)|

|nP ′(zi)| (see [19]). This does not necessarily imply that we have information
about every root of P : it could be that a root of P lies in two of the disks with
midpoint zi and radius ri ≥ nP (zi)

P ′(zi)
, and there is another root of P which is

outside of all disks. But for small e, the radii become small, and the disks will
be disjoint. Thus, we have computed an approximate ((z1, . . . , zn),maxni=1 ri) of
rt(P ).

Now, let us drop the assumption that P is squarefree. Then we can compute
its squarefree decomposition with an arbitrary regularization parameter s > 0
(we take s = 10−5 by default). If the regularization information is correct, i.e.
if s is a lower bound for all positive singular values in all Sylvester matrices
occurring in algorithm 1, then we get the correct decomposition P = F e11 . . . F er

r .
Otherwise, we get the squarefree decomposition of a nearby polynomial P1, and
we know that the number of distinct roots of P1 is smaller than the number
of distinct roots of P . By decreasing s, we can make the distance ‖P − P1‖
arbitrarily small.

Now we compute the roots of the F1, . . . , Fr by the above algorithm for the
squarefree case. Let zi,j be a computed root of Fi. We expect a cluster of ei
roots, counted with multiplicity, near zi,j. There are several methods for cluster
validation, see [15, 12, 1, 4]; below we do the validation by a simple formula.
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In the case P ei(zi,j) �= 0, the distance can be estimated by the formula below.
This inequation is true for small regularization parameter: if our decomposition
is exact, then it is certainly true, otherwise we have P1

ei(zi,j) �= 0 and this
implies the claim whenever ‖P − P1‖ is sufficiently small. Here is the precise
statement.

Lemma 1. Let P be a monic polynomial of degree n. Let z ∈ C be such that
P (k)(z) �= 0. Then there are at least k roots, counted with multiplicity, in the
disk around z with radius

MP,z,k := 2n
k−1
max
j=0

k−j

√
kk!|P (j)(z)|
j!|P (k)(z)| .

Proof. Without loss of generality, we assume z = 0. Let p0, . . . , pn−1, pn = 1 be
the coefficients of P . We assume also that p0 �= 0; the case p0 = 0 follows by
continuity.

Let y1, . . . , yn be the roots of the reverse polynomial P̄ (x) := xnP (1/x),
ordered by absolute value, largest first. Assume, indirectly, that there are no k
roots of P in the circle of radiusM :=MP,0,k. Then |yi| < 1

M for i = k, . . . , n. For
i = 0, . . . , k, we define Ai as the sum of all products of i roots from y1, . . . , yk−1,
and Bi as the sum of all products of i roots from yk, . . . , yn (A0 = B0 = 1), and
Ci :=

∑i
j=0

∣∣∣ pj

p0

∣∣∣ ( 2nM )i−j . The Bi can be estimated by
Bi <

(
n− k + 1

i

)
1
M i
≤
( n

M

)l
.

We claim that |Ai| ≤ Ci for i = 0, . . . , k − 1. From Vieta’s formula, we obtain

∣∣∣∣ pip0
∣∣∣∣ =

∣∣∣∣∣∣
i∑

j=0

Ai−jBj

∣∣∣∣∣∣
and by induction on i, we get

Bi ≤
∣∣∣∣ pip0
∣∣∣∣+

i−1∑
j=0

|AjBi−j | ≤
∣∣∣∣ pip0
∣∣∣∣+

i−1∑
j=0

Rj

( n

M

)i−j
=

=
∣∣∣∣ pip0
∣∣∣∣+

i−1∑
j=0

∣∣∣∣pjp0
∣∣∣∣ (2i−j − 1)( n

M

)i−j
≤ Ri,

which proves the claim. Now we get∣∣∣∣pkp0
∣∣∣∣ ≤

k−1∑
i=0

Ri

( n

M

)k−i
=
k−1∑
i=0

∣∣∣∣ pip0
∣∣∣∣ (2k−i − 1)

( n

M

)k−i
<

k−1∑
i=0

∣∣∣∣ pip0
∣∣∣∣
(
2n
M

)k−i
.

By the choice of M , we have
( 2n
M

)k−i ≤
∣∣∣ p0kpi

∣∣∣ for all i = 0, . . . , k − 1. So we get∣∣∣pk

p0

∣∣∣ < ∣∣∣pk

p0

∣∣∣, which is a contradiction.
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As the regularization parameter and the accuracy tend to zero, the radii
MP,zi,j,ei become arbitrary small. Eventually, one of two things will happen.
Either the disks will become disjoint. In this case, we have computed an approx-
imate of rt(P ). Or the rank of the Sylvester matrix increases in one of the GCD
computations required in the squarefree computation, which means that one of
the clusters splits into several. The second can only happen a finite number of
times, so that we will always come to an approximate of rt(P ).
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Abstract. The method of element preconditioning requires the con-
struction of an M-matrix which is as close as possible to a given sym-
metric positive definite matrix in the spectral sense. In this paper we
give a symbolic solution of the arising optimization problem for various
subclasses. This improves the performance of the resulting algorithm
considerably.

1 Introduction

The condition number of the stiffness matrix Kh arising from the finite ele-
ment discretization of second-order elliptic boundary value problems typically
behaves like O(h−2) as h tends to zero, where h denotes the usual discretiza-
tion parameter characterizing a regular finite element discretization. This means
practically, that the stiffness matrix has a large condition number on a fine grid.
That is the reason why the classical iterative methods exhibit slow convergence
This drawback can be avoided by multigrid methods (see, e.g. [6]) or multigrid
preconditioned iterative methods [8, 9].

In contrast to the geometric multigrid method (MGM) that is based on a hi-
erarchy of finer and finer meshes, the algebraic multigrid (AMG) method needs
only single grid information, usually the matrix and the right-hand side of the
system that is to be solved. In AMG, the hierarchy of coarser and coarser rep-
resentation of the fine grid problem must be generated algebraically.

It is well known that an AMG method works well if Kh is an M-matrix (see
Section 2.2 for the definition of M-matrices), but this is hardly the case in many
real life applications. Thus, if Kh is not an M-matrix then it is desirable to derive
an AMG preconditioner for Kh from a nearby, spectrally equivalent M-matrix
Bh that is sometimes called regularizator [9]. In [5], we construct such an M-
matrix regularizator. The main idea is to localize the problem: For each element,
we compute an M-matrix which is as close as possible (in the spectral sense) to
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the element stiffness matrix. Then we assemble these M-matrices by the help of
the element connectivity relations and get our regularizator Bh from which we
afterwards derive the AMG-preconditioner (see Subsection 2.2 for details).

In [5], we solve these optimization problems numerically, by a sequential
quadratic programming algorithm using a Quasi-Newton update formula for
estimating the Hessian of the objective function. Unfortunately, this subtask
turns out to be a bottleneck, because in some practically important cases we have
to solve a large number of such optimization problems. Moreover, the numerical
solution does not always get close to the global optimum, because there are
several local optima, and on some of them the objective function is not even
differentiable.

In this paper, we solve various cases of these optimization problems sym-
bolically. For various element matrices involving only one symbolic parameter,
we can find a closed form solution in terms of polynomials. A similar formula is
given for general 2×2 matrices, but here there are several closed forms, and some
inequalities need to be checked in order to determine which one has to taken.
For general 3×3 matrices, a similar closed form would be theoretically possible,
except that we need also square roots and – in one case – roots of higher degree
polynomials (see Section 3). But such a closed formula would be too large to be
useful, so we prefer to give a “formula” consisting of a program with arithmetic
or square root (and in one case higher order root) assignments and if then else
branches, but no loops. This is done in Section 3. Using these formula, we can
compute the optimal preconditioner faster and more accurately (see Section 4).

2 Problem Formulation

In this section we explain the idea of the element preconditioning technique
proposed in [5], and isolate the most crucial subproblem, namely the problem
of the construction of M-matrices which are as close as possible to the finite
element stiffness matrices in some spectral sense.

2.1 Finite Element Discretization

For simplicity, let us consider the weak formulation

Find u ∈ V :
∫
Ω

(∇tu∇v + σuv) dx =
∫
Ω

fv dx ∀v ∈ V (1)

of the potential equation −∆u + σu = f in Ω under homogeneous Neumann
conditions on the boundary ∂Ω of Ω as some model problem for explaining the
element preconditioning technique. The computational domain Ω ⊂ Rd (with
d = 2, 3 the spatial dimension) is bounded with a sufficiently smooth boundary
∂Ω. The test space V coincides with the Sobolev space H1(Ω), σ ≥ 0 denotes
a real parameter and f ∈ L2(Ω) is a given right-hand side. In order to ensure
solvability of the boundary value problem (1) in the case σ = 0, we assume that
f is L2-orthogonal to all constants.



Symbolic Methods for the Element Preconditioning Technique 295

A finite element (FE) discretization of the computational domain Ω results
in some FE-mesh Th = {Ωr : r ∈ τh} (see Figure 1 for an FE-discretization of
the unit square by rectangular and triangular elements) such that

Ω =
⋃
r∈τh

Ω
r
,

with the index set τh of all finite elements, the set of all nodes {xi : i ∈ ωh},
the index set ωh of all nodes and the typical mesh size h. The FE-basis Φ =

hx

hy

r

Ωr

Fig. 1. Finite element discretizations of the unit square.

{
ϕ[j](x) , j ∈ ωh

}
spans the FE-space Vh = span{Φ} ⊂ V and changes (1) into

the FE-scheme

Find uh ∈ Vh :
∫
Ω

(∇tuh∇vh + σuhvh) dx =
∫
Ω

fvh dx ∀vh ∈ Vh (2)

that is equivalent to the linear system of FE-equations

Find uh ∈ RNh : Khuh = f
h

in RNh (3)

for defining the coefficients u[i]h in the FE-ansatz

uh(x) =
∑
i∈ωh

u
[i]
h · ϕ[i](x), (4)

where Kh ∈ RNh×Nh denotes the stiffness matrix, f
h
∈ RNh denotes the load

vector, and uh = (u[i]h ) ∈ RNh is the solution vector of nodal unknowns u[i]h . We
assume that the FE-basis functions are of Lagrangian type such that ϕ[j](xi) =
δij , where δij denotes the Kronecker delta. Since the FE-bases is assumed to have
local support the corresponding integrals are evaluated locally on each element,
i.e., ∫

Ω

(∇tuh∇vh + σuh vh) dx =
∑
r∈τh

∫
Ωr

(∇tuh∇vh + σuh vh) dx .
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By using the FE-ansatz (4) we get, on each element, an integral of the form

(Kr
h)ji =

∫
Ωr

(∇tϕ[i]∇ϕ[j] + σϕ[i] ϕ[j]) dx

for calculating the coefficients (Kr
h)ji of the element stiffness matrix Kr

h. In the
case of nr bases functions on element Ω

r
(r ∈ τh), we arrive at an Kr

h ∈ Rnr×nr

that is symmetric and positive (semi)definite. Then the global stiffness matrix
Kh ∈ RNh×Nh will be assembled from the local element stiffness matrix by the
usual assembling procedure that can be represented in the form

Kh =
∑
r∈τh

CtrK
r
hCr , (5)

where the matrices Cr ∈ Rnr×Nh denote the so-called element connectivity ma-
trices.

2.2 Element Preconditioning

The condition number of some regular matrix A ∈ Rn×n is defined by

κ(A) = ‖A‖ · ‖A−1‖,
where ‖ · ‖ is an appropriate matrix norm. For an SPD matrix A, the so-called
spectral condition number

κ(A) =
λmax(A)
λmin(A)

is based on the spectral norm ‖A‖ = √λmax(AtA) = λmax(A), where λmax(A)
and λmin(A) denotes the maximal and minimal eigenvalue of the matrix A,
respectively. The matrix At denotes the transpose of A.

The SPD matrices A, B ∈ Rn×n are called spectrally equivalent if

∃c1, c2 ∈ R+ : c1 · 〈Bu, u〉 ≤ 〈Au, u〉 ≤ c2 · 〈Bu, u〉 ∀u ∈ Rn (6)

which is briefly denoted by c1 · B ≤ A ≤ c2 · B. Therein 〈·, ·〉 denotes the Eu-
clidean inner product. In addition, 〈·, ·〉A denotes the A-energy inner product
corresponding to the SPD matrix A, i.e., 〈·, ·〉A = 〈A·, ·〉. Obviously the best
possible constants c1 and c2 are given by the solution of the generalized eigen-
value problem

Au = λBu

with c1 = λmin(B−1/2AB−1/2) and c2 = λmax(B−1/2AB−1/2).
An important subclass of regular matrices are M-matrices. For SPD matrices,

this class is defined as follows:

Mn =


A ∈ Rn×n : aii > 0, aij ≤ 0, i �= j,

n∑
j=1

aij ≥ 0


 .
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A crucial point in the FE-simulation is the solution of the linear, symmetric
and positive semidefinite (positive definite in the case σ > 0) system of equations
(3). It is well known that an AMG method works well if Kh ∈ MNh

, but this
is hardly the case in many real life applications. Thus, it is desirable to derive
an AMG preconditioner for Kh from a nearby, spectrally equivalent matrix Bh
that is sometimes called regularizator [9]. Especially, in our case we need an
M-matrix for applying the standard AMG efficiently. Consequently, if we are
able to construct such a symmetric, positive definite regularizator Bh in the
class of the M-matrices, then we can derive a good preconditioner Ch for Kh by
applying a symmetric AMG cycle to Bh instead of Kh. Finally, the constructed
preconditioner Ch is used in a preconditioned conjugate gradient solver. This
approach was presented in [5].

In order to be able to construct an M-matrix Bh efficiently we have to localize
the problem. The basic idea is the content of the following lemma.

Lemma 1. Let the stiffness matrix Kh ∈ RNh×Nh be SPD, and Kh be assembled
from SPD element matrices Kr

h ∈ Rnr×nr , r ∈ τh, i.e., Kh can be represented in
the form (5). Further, let us suppose that, for all r ∈ τh, there are SPD matrices
Brh ∈Mnr

such that the spectral equivalence inequalities

cr1 ·Brh ≤ Kr
h ≤ cr2 ·Brh ∀r ∈ τh (7)

hold, with h-independent, positive spectral equivalence constants cr1 and c
r
2. Then

the matrix
Bh =

∑
r∈τh

CtrB
r
hCr (8)

is spectrally equivalent to the stiffness matrix Kh, i.e.,

c1 ·Bh ≤ Kh ≤ c2 ·Bh, (9)

with the spectral equivalence constants

c1 = min
r∈τh

{cr1} and c2 = max
r∈τh

{cr2}.

Additionally, the matrix Bh is SPD and belongs to the class MNh
.

Proof. see [5].

Our particular interest in this paper consists in the construction of such an SPD
M-matrices Brh that are as close as possible to Kr

h in the spectral sense. Thus,
Lemma 1 provides the theoretical background for Algorithm 1. This algorithm
returns the best SPD matrix Bh ∈MNh

in the sense of the localized problem.

Remark 1.

1. We note that in the 2D case nr = 3 and nr = 4 correspond to linear and
bilinear elements, respectively. Similarly, linear and trilinear elements for the
3D case are represented by nr = 4 and nr = 8, respectively.
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2. In the case of symmetric positive semidefinite element matrices Kr
h the tech-

nique applies again. Now the generalized spectral condition number has to
be minimized, i.e., the eigenvalue λmin((Brh)

−1/2Kr
h(B

r
h)

−1/2) is replaced by
λmin = min{λ((Brh)−1/2Kr

h(B
r
h)

−1/2), λ �= 0}.
3. For our special case σ = 0, the element stiffness matrices are symmetric

positive semidefinite. But such Kr
h can be transformed to an SPD one by

eliminating the last row and column (kernel elimination), see [5].

For the rest of the paper we skip the indices of the element stiffness matrices,
i.e. K = Kr

h whenever no ambiguities can occur. In the following we give three
typical examples from the FE-discretization where the M-matrix property is lost.

Example 1. We study the case of anisotropic rectangular and triangular elements
(see Figure 2) where we can establish the dependency of the condition number
on the anisotropic parameter q explicitly. Further we always use the variational
form (1) for our examples.

1. Let us consider the case of an anisotropic rectangular element with bilinear
FE-functions and set σ = 0. The element stiffness matrix has the form

K =
1
6q



2 + 2q2 1− 2q2 −2 + q2 −1− q2
1− 2q2 2 + 2q2 −1− q2 −2 + q2
−2 + q2 −1− q2 2 + 2q2 1− 2q2

−1− q2 −2 + q2 1− 2q2 2 + 2q2


 . (10)

After eliminating the last row and column (i.e. kernel elimination, see Re-
mark 1.3), the element stiffness matrix K̃ /∈M3 for 0 < q <

√
1/2.

2. The second example is due to the triangle with σ = 0. In this case the
element stiffness matrix has the form

K =
1
4q


1 + q2 1− q2 −2
1− q2 1 + q2 −2
−2 −2 4


 . (11)
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Again after a proper reduction to the SPD case K̃ /∈M2 for 0 < q < 1.
3. As a third example we consider our model bilinearform with σ = 1 and cal-

culate the element stiffness matrix on the triangle, where some mass lumping
is used, i.e.,

K =
1
4q


1 + 2q2 1− q2 −2

1− q2 1 + 2q2 −2
−2 −2 4 + q2


 . (12)

Again, K /∈M3 for 0 < q < 1.

qq

11

Fig. 2. Thin finite element structures.

In the case of higher-order ansatz functions that are very important in prac-
tical application, we can not expect to get M-matrices at all.

2.3 An Optimization Problem

The critical step in Algorithm 1 is the solution of the restricted minimization
problem: Given an SPD matrix K, find an SPD M-matrix B such that the
condition number of B−1/2KB−1/2 is as small as possible. In this situation, we
say that B is the closest M -matrix to K in the spectral sense.

We need to solve many instances of the problem, in general, one for each
element. If the dimension of the matrices is equal to n, then we have an opti-
mization problem with (n+1)(n−2)

2 variables (for the coefficients of B, up to scalar
multiplication) depending on the same number of parameters (for the coefficients
of K, up to scalar multiplication). The number n is relatively small, i.e. n ≤ 30;
in typical applications (i.e. low-order finite elements), we have n = 2, 3, 4 (see
Example 1).

The search space is a convex polyhedron in projective space, which is inde-
pendent of the parameters. We can reformulate the problem in such a way that
the objective function is independent of the parameters (of course, this makes
the search space vary).

We write K = AtA by the Cholesky decomposition. Then the inverse of the
matrix B−1/2KB−1/2 is similar to

C := AB−1/2(B1/2K−1B1/2)B1/2A−1 = (At)−1BA−1.
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Finding the closest M-Matrix B is equivalent to finding an SPD matrix C such
that AtCA is an M-Matrix (equal to B), which has smallest possible condition
number.

In the reformulation, the search space is described by linear inequalities in
the coefficients of C. More precisely, the inequalities are of the type

〈ai, aj〉C ≤ 0 for 1 ≤ i < j ≤ n+ 1,

where a1, . . . , an are the columns of A, and an+1 := −a1−· · ·−an, and 〈u, v〉C =
〈u,Cv〉 is again the scalar product defined by the SPD matrix C. This follows
from the fact that 〈ai, aj〉C is the (i, j)-th entry of the matrix AtCA for i, j ≤ n,
and that 〈ai,−an+1〉C is the i-th row sum. The search space depends on the
vectors a1, . . . , an+1 in a symmetric way. The vectors a1, . . . , an+1 fulfill the
symmetric condition a1+ · · ·+ an+1 = 0 and the restriction that each n of them
are linearly independent.

In [5], the restricted optimization problem is solved by a sequential quadratic
programming algorithm using a Quasi-Newton update formula for estimating the
Hessian of the objective. An additional difficulty is the fact that the objective
function is not everywhere differentiable: The gradient does not exist for matrices
with multiple maximal or minimal eigenvalue. This is a subset of measure zero,
but unfortunately it contains the optimum in some cases, as experiments have
shown.

3 A Symbolic Solution of the Optimization Problem

As the restricted problem is strictly algebraic, we can approach it by general
quantifier elimination methods such as the method of Gröbner bases [1, 2] or the
method of cylindrical algebraic decomposition [3, 7, 4]. For n = 2, this indeed
gives a formula for the solution (see Remark 2 below). For n = 3 or higher, the
number of variables is too large for such an approach to work. It is therefore
necessary to exploit the specific structure of the problem.

3.1 Cases Where the Objective Function Is Differentiable

In the space of all SPD matrices modulo scalar multiplication, the objective
function has only one local minimum, namely the identity matrix I. If the op-
timum is assumed in the interior of the search space Σ(a1, . . . , an+1), then this
optimum must be equal to this local optimum. Clearly, this happens only if the
given matrix K is already an M-matrix.

In the other case, the optimum is assumed on the boundary. We like to
distinguish cases specifying on which face the boundary is assumed. In order to
do this in a convenient way, we introduce some terminology.

Let C be a point on the boundary of Σ(a1, . . . , an+1) (or Σ for short). Then
there is a unique face F such that C is contained in the interior of of F , where
the interior of a face is defined as the face minus the union of all subfaces. We
call this face F (C). The linear subspace carrying F (C) is denoted by E(C). It
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is defined by equalities 〈ai, aj〉C = 0 for a set of index pairs (i, j), i �= j; this set
is denoted by π(C). If we replace each defining equation by its corresponding
inequality 〈ai, aj〉C ≤ 0, then we get a convex cone, which we denote by U(C).

Example 2. Assume that C lies on the interior of the maximal face (also called
facet) defined by vectors a1, a2. Then we have

– E(C) = {C | 〈a1, a2〉C = 0};
– F (C) = E(C) ∩Σ;
– U(C) = {C | 〈a1, a2〉C ≤ 0};
– π(C) = {(1, 2)}.
In order to find the optimum in the case where it lies in the interior of a face

F , we restrict the objective function to the corresponding linear subspace E and
study the local minima.

Assume that E is a hyperplane, defined by 〈ai, aj〉C = 0, where 〈ai, aj〉 > 0.
(If 〈ai, aj〉 ≤ 0, then the unity matrix is the global optimum of the half space.)
Let ai, aj be the normalizations of ai, aj to unit length. We set s := ai+ aj and
d := ai − aj . For any matrix C in E, we have 〈s, s〉C = 〈d, d〉C , and therefore

cond(C) =
max‖u‖=1〈u, u〉C
min‖v‖=1〈v, v〉C ≥

〈d, d〉C/‖d‖2
〈s, s〉C/‖s‖2 =

‖s‖2
‖d‖2 .

Equality is assumed iff s and d are eigenvectors to the eigenvalues ‖s‖2

‖d‖2λ and
λ, respectively, for some scaling factor λ, and all other eigenvalues lie between
these two values. Since s and d are orthogonal, this is indeed possible. The set
of all matrices satisfying these conditions is denoted by Π(ai, aj).

Remark 2. In the case n = 2, Π(ai, aj) has exactly one element (up to scaling).
This element is easy to compute. Moreover, the hyperplanes are the only possible
faces, because any matrix in a lower-dimensional subspace is already singular.
Carrying out the computation, one obtains the following formula for the closest

M-matrix to K =
(
a b
b c

)
:

1. If b > 0 then B =
(
a 0
0 c

)
.

2. If a+ b < 0, then B =
(
a −a
−a 2a+ 2b+ c

)
.

3. If b+ c < 0, then B =
(
a+ 2b+ 2c −c
−c c

)
.

4. Otherwise, K is already an M-matrix, and B = K.

The same result can also be obtained by the general method of Gröbner bases
mentioned above.

The following lemma is useful because it allows to reduce other cases to the
hyperplane case.
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Lemma 2. Let C0 be a boundary point of Σ. Assume that the objective function
cond, restricted to U(C0), has a local minimum at C0. Assume that the maximal
and the minimal eigenvalue of C0 are simple. Then C0 is a global minimum.
Moreover, there exist two vectors a, b ∈ Rn, such that

(a) E(C0) is contained in the set {C | 〈a, b〉C = 0}.
(b) U(C0) is contained in the set {C | 〈a, b〉C ≤ 0}.
(c) cos(�(a, b)) = cond(C0)−1

cond(C0)+1 .

We call the pair of vectors (a, b) the “guard” of C0.

Proof. Let u and v be the normalized eigenvectors to the eigenvalues λmax and
λmin of C0. The gradient of the cond function at C0 is equal to (see [5])

(grad cond)C0 =
(
λminuiuj − λmaxvivj

λ2min

)
i,j

.

Since C0 is a local minimum in E(C0), the gradient must be orthogonal to E(C0),
or equivalently

λmin〈u, u〉C − λmax〈v, v〉C = 0

for all C ∈ E(C0). With

a :=
√
λminu+

√
λmaxv, b := −

√
λminu+

√
λmaxv,

we obtain (a).
Since C0 is also a local minimum in U(C0), the gradient must have nonneg-

ative scalar product with all vectors from C0 into U(C0). Equivalently, we can
write

λmin〈u, u〉C − λmax〈v, v〉C ≥ 0

for all C ∈ U(C0), and (b) follows.
Since u and v are orthogonal, the equation (c) follows by a straightforward

computation. Finally, for all C ∈ U(C0) we have

cond(C) ≥ 〈u, u〉C〈v, v〉C ≥
λmax
λmin

(13)

by the above equation. For C0, equality holds in (13) and hence the minimum is
global.

Let π be a set of pairs of indices, and let F , E and U be the corresponding
face, linear subspace, and convex cone. If the optimum lies in the interior of F ,
then the guard must satisfy the conditions (a) and (b) of Lemma 2. Therefore,
we call any pair (a, b) of vectors satisfying (b), (c), and 〈a, b〉 > 0 – this is a
consequence of (c) in Lemma 2 – a “possible guard” for π.

The set of all possible guards may be infinite. (We consider two guards as
different if they do not arise one from the other by scaling or by switching the
vectors. Note that we can scale both factors independently with positive factors,
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and the whole pair with −1.) For instance, let π := {(1, 2), (1, 3)}, and assume
that 〈a1, a2〉 > 0 and 〈a1, a3〉 > 0. Then (a1, λa2 + µa3) is a possible guard for
any λ > 0, µ > 0.

Let (a, b) a possible guard. Then we can show that cond(C) ≥ 1+cos(�(a,b))
1−cos(�(a,b))

for any C ∈ U , as in the proof for the hyperplane case above. Therefore each
possible guard gives a lower bound for the objective function. If (a, b) are guards
for the optimum C0, then this lower bound is assumed for C0. If (a′, b′) is another
guard with �(a′, b′) > �(a, b), then (a′, b′) gives a lower bound which cannot be
achieved inside U , because it is smaller than the condition number of the global
optimum. Therefore, we only need to consider the possible guards enclosing the
smallest possible angle.

For the above example, we will see later that the set of all possible guards is
equal to {(a1, λa2+µa3) | λ ≥ 0, µ ≥ 0, λ or µ > 0}. If the orthogonal projection
b of a1 into the plane spanned by a2, a3 is a positive linear combination of a1, a2,
then (a1, b) is the positive guard enclosing the smallest possible angle.

In the case n = 3, we can compute the possible guard enclosing the smallest
possible angle by sorting out cases, as shown below. For each guard (a, b), the
set Π(a, b) of possible optima is a line segment. It can be represented by its
two deliminating points, which can be computed easily. Intersecting a line seg-
ment with a polyhedron given by linear inequalities is again easy: We only need
to evaluate the left hand side at the two deliminating points, check the signs,
and compute the linear combination giving a zero value if the two signs are dif-
ferent. Using Algorithm 2, we can compute the global optimum assuming that
its largest and smallest eigenvalue are simple, i.e. that the objective function is
differentiable at this point.

In the following case by case analysis, we make the following global as-
sumptions: The indices i, j, k, l are pairwise different. We assume that (u, v)
is a possible guard. The vectors u, v are expressed in the basis ai, aj , ak: u =
u1ai + u2aj + u3ak, v = v1ai + v2aj + v3ak. We define positive semi-definite
matrices C1 := aia

t
i, C2 := aja

t
j , C3 := aka

t
k, C4 := (ai − aj)(ai − aj)t,

C5 := (aj − ak)(aj − ak)t, C6 := (ai − ak)(ai − ak)t. Note that if one of these
matrices Cr lies in E, (resp. U), then it must also satisfy 〈u, v〉Cr = (resp. ≤) 0,
by condition (a) and (b) of Lemma 2 and by continuity.
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Pairs: π = {(i, j)}. Obviously, the only possible guard is (ai, aj).

3-chains: π = {(i, j), (j, k)}. Since C1, C2, C3, C6 are in E, we get

u1v1 = u2v2 = u3v3 = (u1 − u3)(v1 − v3) = 0.

Up to scaling and switching, the general solution is

u1 = u3 = v2 = 0, u2 = 1, v1 = λ, v3 = µ.

Since C4, C5 are in U , we get λ ≥ 0, µ ≥ 0. The smallest possible angle is
enclosed for choosing v to be the projection of u = a1 to the plane spanned by
a2, a3, if this projection is a positive linear combination, or by choosing v = a2
or a3 otherwise.

Double pairs: π = {(i, j), (k, l)}. Since C1, C2, C5, C6 are in E, we get

u1v1 = u2v2 = (u1 − u3)(v1 − v3) = (u2 − u3)(v2 = v3) = 0.

Up to scaling and switching, we get the following three solutions:

u = (1, 0, 0), v = ±(0, 1, 0);
u = (1, 0, 1), v = ±(0, 1, 1);
u = (1, 0, 0), v = ±(1, 1, 1).

Since C3, C4 are in U , we can discard the second solution. Therefore, we have
precisely two possible pairs, namely (ai, aj) and (ak, al).

Triangles: π = {(i, j), (j, k), (i, k)}. Since C1, C2, C3 are in E, we get

u1v1 = u2v2 = u3v3 = 0.

All solutions have already appeared as possible pairs of a 3-chain. Therefore, the
set of possible pairs is equal to the union of the sets of possible pairs of the three
3-chains contained in π.

4-chains: π = {(i, j), (j, k), (k, l)}. Since C1, C2, C6 are in E, we get

u1v1 = u2v2 = (u1 − u3)(v1 − v3) = 0.

The are three parameterized solutions:

u = (1, 0, 1), v = (0, λ, µ);
u = (0, 1, 0), v = (λ, 0, µ);
u = (0, 0, 1), v = (λ, µ, λ).

The second and the third have already appeared as possible guards for the two
3-chains contained in π. The first is new. Since C3, C4, C6 are in U , we get the
additional restrictions λ ≤ 0, µ ≥ 0. The smallest possible angle is enclosed for
choosing v to be the projection of u = a1 + a2 = −a3 − a4 to the plane spanned
by a2, a3, if this projection is a linear combination with coefficients λ ≤ 0, and
µ ≥ 0.
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Other: It is not possible to have an ai which is orthogonal to all aj , j �= i –
these other aj form a basis of R3 and ai, being different from zero, cannot be
orthogonal to the whole R3. We also cannot have a 4-cycle, because this leads
to the contradiction

〈ai + ak, ai + ak〉C = −〈ai + ak, aj + al〉C = 0.

Therefore there are no other cases.

Remark 3. For n ≥ 4, a similar case by case analysis is possible, and we can
determine the possible guards enclosing a minimal angle. It is less obvious to
determine whether Π(u, v)∩Σ �= ∅ in this case. But if Π(u, v) has a non-empty
intersection with the border of Σ, then there is a superset of index pairs such that
an optimum can be found on the corresponding smaller linear subspace. Thus,
it suffices to do this check assuming that the Π(u, v) has empty intersection
with the border, and this is easy: Take a single element and check whether it is
contained in Σ.

For n = 3, it is easier to do the full completeness check, because in this way
we can omit testing possible pairs that are also possible pairs of a subset of pairs
of indices.

3.2 Cases where the Objective Function Is Not Differentiable

If there is no optimum C with largest and smallest eigenvalue being simple,
then Lemma 2 does not help in finding the optimum. Our strategy is to restrict
the objective function so that it becomes differentiable again. We could give a
complete symbolic solution in the case n = 3.

Let D be the set of all SPD 3×3 matrices with at most two different eigenval-
ues. Naive dimension counting would suggest that dim(D) = 5, because we have
one algebraic condition, namely the discriminant of the characteristic polynomial
has to vanish. But we have two degrees of freedom to choose the eigenvalues,
and two degrees of freedom to choose the eigenvector for the simple eigenvalue –
the two-dimensional eigenspace for the double eigenvalue is uniquely determined
as the plane orthogonal to the simple eigenvector. Thus, we get dim(D) = 4.

Let C be a matrix in D. Let λ be the unique eigenvalue which is at least
double. Then C − λI has rank at most 1. Therefore we can write C as λI ± xxt
with x ∈ R3. This representation is unique and gives a parameterization of D by
4 parameters. As we check local minima on linear subspaces, we get additional
restrictions on the parameters, which are linear in λ and quadratic in the three
coordinates of x. The objective function is given by λ+xtx

λ or λ
λ−xtx , depending

on the sign of the rank 1 summand.
By Lemma 2, we only need to compute local minima in the cases where there

is no local minimum on U with distinct eigenvalues (in other words, if U has
a local minimum that can be found by guards then we can cross out this case
even if this local minimum does not lie in Σ). Especially, we do not need to
consider pairs and 3-chains. It remains to compute the local minima in the cases
of double pairs, triangles, and 4-chains. Here is a case by case analysis.
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Double pairs: The search space is given by two equations in λ, x1, x2, x3. The
linear variable λ can be eliminated, so that the search space is actually a conic
in the projective plane (factoring out scalar multiplication as usual). Using well-
known algorithms for curve parameterization, see e.g. [10], we can parameterize
the conic, thereby reducing the search space to a projective line. The objec-
tive function transforms to a rational function of degree 4. There are 6 (maybe
complex) stationary points, which are candidates for being local minima.

Triangles and 4-chains: The three equations in λ, x1, x2, x3 can be solved sym-
bolically by standard methods. There are four solutions, all of them real; three
of them are singular because the λ-component vanishes. So, the search space
restricts to a single point.

4 Comparison

In this section the efficiency and robustness of the symbolic approach to the
element preconditioning technique is shown, by comparing with the numerical
approach used in [5]. All numerical studies are done on an SGI Octane 300MHz.

First of all we calculate the best possible M-matrices of Example 1 and com-
pare it to the numerical solution. For these cases the matrices which depend on
a single parameter 0 < q < 1 can be calculated once in a Maple implementation,
and this leads to the following results:

Example 3. Now we give the results of Example 1. Only the transformed matrix
is presented.

1. First of all the anisotropic rectangle with σ = 0 is considered. The best
possible M-matrix is given by

B̃ =


1 + 4q2 0 −1− q2

0 1 + 4q2 −q2
−1− q2 −q2 1 + 4q2




with a condition number of κ = 3/(1 + 4q2) for 0 < q <
√
1/2.

2. Next the anisotropic triangle with σ = 0 was already explicitly solved in
Remark 2 and leads to the matrix

B̃ =
(
1 + q2 0

0 1 + q2

)

with condition number κ = 1/q2.
3. Finally the anisotropic triangle with σ = 1 yields

B =


q2 + 2 0 −2

0 q2 + 2 −2
−2 −2 q2 + 4




and the condition number behaves like κ = q2+2
3q2 .
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For such types of elements where the element stiffness matrix depends only on
one parameter the solution can be done in advanced. However, for more general
matrices the number of parameters is too large to be efficiently solved with the
Maple implementation. Therefore we make a C++ implementation in order to
get a fast solution of the optimization problem. Note that no initial guess is
necessary for the calculation and we always get the optimal solution. This is in
contrast to a numerical approach where a different initial guess might lead to a
different result, see Table 1.

Table 1. Different initial guess for the numerical case.

q2 κ((Br
h)

−1/2Kr
h(B

r
h)

−1/2) κ((Br
h)

−1/2Kr
h(B

r
h)

−1/2)

1.0 1.00 1.00
0.9 2.35 1.23
0.5 6.50 4.00
0.1 150.5 100

Finally we compare the CPU-time of the numerical approach and the sym-
bolic approach. These studies are done on the triangle with σ = 1 and on the
rectangle with σ = 0 (see Example 1). In Table 2 the results are presented.
The C++ implementation is much faster than the numerical approach (by the
factor 10) and has the advantage that no initial guess has to be used. We em-
phasize that in general the optimization problem must be solved for each finite
element separately. In such cases, our symbolic approach can obviously save a
lot of computer time on fine meshes with several hundred thousands or millions
of elements.

Table 2. Comparison of numerical and symbolic approaches.

name numerical (sec) symbolic (sec)

triangle 0.0052 0.00047
rectangle 0.0060 0.00048
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1 Introduction

The theory of shells describes the behaviour (displacement, deformation and stress ana-
lysis) of thin bodies (thin walled structures) defined in the neighbourhood of a curved
surface in the 3D space. Most of contemporary theories of shells use differential geom-
etry as a mathematical tools and tensor analysis for notations. Examples are [1, 2, 3].

Tensor notation has a lot of advantages, first of all it makes it possible to denote
general problems with elegant and short expressions. Therefore it is very suitable for
lecturing purposes (from the point of view of the teacher) and writing scientific essays.

However, it seems to be to be very abstract for most of engineers and boring for
students. Moreover, it is prone to error especially when summations are done by hand.
Therefore most of the publications considering tensor problems are at least suspected
to contain errors in the indices. Thus, all of them need careful scrutiny. Despite of veri-
fication the error can be repeated. Some theories presumed some a’priori simplification
of the expressions, especially in constitutive relations. They make final results shorter
but valid under certain circumstances.

The paper will try to show how these problems can be avoided using computer as-
sisted symbolic calculations. MathTensorTM 1, an external package of the computer al-
gebra system �� 2, can be used to solve symbolic tensor problems. The
package was written by Parker and Christensen [4].

First the paper presents selections from the �� notebooks3 illustrating
solution of some problems of the theory of shells. The aim is to show that it is possible
to proceed from very general equations to ones ready for numerical computations and
then solve them within one system. Each step requires specific approach. The translation
of the task into the language of�� and MathTensorTM and the information
which can be received will be discussed.

The obtained symbolic differential equations that should be approximated numeri-
cally are very complex. Moreover due to the essential difference in the shear and bend-
ing stiffness of shells the task is usually numerically ill-conditioned. In a lot of cases
it is a boundary layer problem unstable in the Lyapunov sense. Therefore numerical
approaches like Finite Differences or Finite Element methods may fail in some cases.

1 MathTensorTM is a registered trademark of MathTensor, Inc.
2 �� is a registered trademark of Wolfram Research, Inc.
3 Full notebooks can be requested by email.

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 309–346, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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There are several engineering two step approaches, represented for example by Bielak
[2], which are based on the assumption that the membrane state dominates in shells in
most of the domain except boundary layers. It leads to the reduction of the order of
differential operator of the problem. It results in better stability but also a loss of gener-
ality. Membrane state cannot satisfy all boundary conditions. They are satisfied locally
using so called bending theory in the limited boundary layer in the second step. The
approach fails in cases when bending of shells cannot be neglected. These problems
were investigated in [5].

The Refined Least Squares method (RLS) has been applied to this problem and it has
been found a new approach to the solution of the tasks of long cylindrical shells. It has
been discovered experimentally that the process can be divided into two steps somehow
similar to the [2] approach.

The first step of this approach consists in computing the base solution (approximation
of the 10th order differential operator) satisfying only the 4 essential boundary condi-
tions. This solution is feasible for most of the problem domain except the boundary
layer. Other conditions are neglected. They are adjusted in the second step where only
the boundary layer is considered.

This approach results in better convergence and stability. First of all it is not con-
nected with reduction of the order of the differential operator. Therefore moments and
transverse forces are not neglected what makes the method much more general than
ones based on the membrane state.

It is hoped that the ideas presented will be impressive, particularly for researchers and
engineers who deals with other problems of the Mechanics of Continuum and Mathe-
matical Physics which involve tensor analysis and boundary layer tasks. First of all
I tried to present how tools of the computer algebra can be applied effectively and
what can be done additionally to moderate simplification process and exploit its sym-
bolic possibilities more deeply, effectively and how to obtain reliable results. The least
squares method functional has been appended with terms responsible for boundary con-
ditions. It resulted first of all with simpler algorithm, which has been implemented in
��. The very important matter is the discussed numerical occurrence that
the boundary value problem with 10th order differential operator can be approximated
with consideration of only 4 boundary conditions. It can be applied for other problems
with a boundary layer phenomenon, which are present for many engineering and phys-
ical tasks.

The considered symbolic problems are based on the theory of shells by Bielak [2].
However, discussed ideas can be applied for another theory of shells. It is assumed
that the reader is familiar with the notations rules used in the �� and
MathTensorTM language. Only the crucial aspects are discussed and some input and
output information has been intentionally omitted. The system output and formulas de-
rived with�� has been prepared for publication. Despite editorial scrutiny
it seems to be more sensible and effortless to use the presented commands and ideas to
receive own output than apply directly the final formula.

Notations are explained in the text, some of them: for tensor problems are collected
in the end.
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2 Symbolic Problems – Implementations of MathTensorTM

Presented are some selections from three �� sessions4. The crucial points
of the process of the derivation of differential equations are discussed. Starting with the
very general relations in tensor notation form, the final equations in terms of displace-
ments are obtained, which are ready for numerical computations.

2.1 Derivation of Differential Equations from Tensor Equations of Equilibrium

Three steps in the process can be distinguished, each of them is different.

Step 1 – Changing Covariant Derivatives in Equations to (Ordinary) Partial Ones.
The first equation of shell equilibrium takes the following form:

Ni j
�i � bi

j Q i � Pj � 0. (1)

The left hand side of the equation can be denoted with the following MathTensorTM

definition.

In[1]:= CD�n�ui,uj�,li� � q�ui� b�li,uj� � p�uj�

Out[1]= Nij�i � P
j � �bi

j� �Qi�

MathTensorTM was written for�� 2. Therefore all symbols in it are de-
noted with Latin letters. To receive Greek letters the output form have to redefined. For
example the symbols of the affine connection AffineG have got the standard output
form G. This redefines it to �.

In[2]:= Format�AffineG�a �� �� PrettyForm��, a�

The same can be done for Kronecker delta Kdelta to be expressed with ∆ or even
indices to be represented with small Greek letters.

That command changes the covariant derivatives to ordinary partial ones. Dummy
indices are automatically recognised and denoted with p,q,r... letters.

In[3]:= CDtoOD�%�

Out[3]= ��jpq� �N
qp� � ��ppq� �N

qj� � Npj,p � P
j � �bp

j� �Qp�

The space is metric so the affine connection can be expressed in terms of a met-
ric tensor. It is done with the AffineToMetric function. MathTensorTM function
Tsimplify will simplify the expression taking into account all symmetries of the
tensors involved.

In[4]:= Tsimplify�AffineToMetric�%��

Out[4]=
1

2
�gpj� �Nqr� �gpq,r� �

1

2
�gpq� �Nrj� �gpq,r��

1

2
�gpj� �Nqr� �gpr,q� �

1

2
�gpj� �Nqr� �gqr,p��

Npj,p � P
j � �bp

j� �Qp�

4 The section collects and extends topics which were presented in [8], [9], [10] and [13]
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Both�� and MathTensorTM have advanced algebraic simplification tools,
but sometimes the use of automatic function does not result in the simplest form. Using
more complex instruments better results can be obtained. The set of commands below
carry out the following operations. It is easy to find that the expression above contain 3
terms with Nqr. Therefore using the Collect terms can be collected in the expression
with respect to it and then simplify it term by term with Simplify. It is done with
the so called mapping Map function in the infix form /@. The result is saved for further
use.

In[5]:= r1 � Simplify/@Collect�%,n�u2,u3��

It results in the following formula, which contains only “ordinary” partial derivatives.

N p j
,p �

1
2

gpq gpq,r Nr j �
1
2

gp j �gpq,r � gpr,q � gqr,p� Nqr � bp
j Q p � Pj � 0. (2)

Step 2 – Summations. The next step consists in the summation of the expression. The
problem of the shell is two dimensional and the system should be informed about it
before starting the summation process.

In[6]:= Dimension � 2�

The first equation of equilibrium in tensor notation produces two partial differential
equations. The metric tensor on the reference surface is equal to the first differential
form gi j � ai j.

In[7]:= R1�uj � � MakeSum�r1�

Presentation of the result which contains 21 terms is omitted here.

Step 3 – Transformation to �� Differential Equations. In the end the
equation can be transformed into an “ordinary” partial differential equation. First tensor
the components have to be represented as the “normal” functions of two variables.

In[8]:= n�1,1� �� n11�x,y��
n�1,2� �� n12�x,y��
n�2,1� �� n21�x,y��
n�2,2� �� n22�x,y��	
and so on
�

Next ordinary differentiation has to be turned on.

In[9]:= On�EvaluateODFlag�

The first differential equation takes the form:

In[10]:= eqn�1� � R1�1�
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Out[10]= p1�x,y	 � bm11�x,y	 q1�x,y	 � �

bm12�x,y	 q2�x,y	 � n21�0,1��x,y	�

1

2
n22�x,y	 �ag12�x,y	 a22�0,1��x,y	 � ag11�x,y	

�2 a12�0,1��x,y	 � a22�1,0��x,y	���

1

2
n12�x,y	 �ag11�x,y	 a11�0,1��x,y	�

ag12�x,y	 a22�1,0��x,y	��

1

2
n11�x,y	 �2 ag11�x,y	 a11�1,0��x,y	�

ag12�x,y	 �a11�0,1��x,y	 � 4 a12�1,0��x,y	��

ag22�x,y	 a22�1,0��x,y	��

1

2
n21�x,y	 �2 ag11�x,y	 a11�0,1��x,y	�

ag22�x,y	 a22�0,1��x,y	 � ag12�x,y	

�2 a12�0,1��x,y	 � a22�1,0��x,y	�� � n11�1,0��x,y	

We will return to this equation later, in point 2.4.

2.2 Nonlinear Equations of the Second Order Theory

The approach can be easily extended to nonlinear problems, this is a simple example.
The third equation of shell equilibrium in tensor notation is:

Mi j
�i � Q j � 0. (3)

In the second order theory the additional moments caused by the stretching (tensile)
forces acting on the normal displacements are taken into consideration.

Mi j � Mi j � Ni j w3. (4)

It is implemented with the following function:

In[11]:= m�ui ,uj � �� m1�ui,uj� � n�ui,uj� w3

The moment tensor now has the following form:

In[12]:= m�ui,uj�
Out[12]= Mij � w3 �Nij�

The left hand side (lhs) of the third equation is:

In[13]:= CD�m�ui,uj�,li� � q�uj�
Out[13]= Mij�i � w

3 �Nij�i� � �w
3
�i� �N

ij� � Qj

Using a similar approach as that presented in the previous section the following result
is obtained:

Mp j
,p �

1
2

Mpq gr j �gpq,r � gpr,q � gqr,p� � 1
2

Mp j gqr gqr,p � Q j�

�N p j w3
,p �

1
2

w3 �gpq Nr j gpq,r � gp j Nqr �gpq,r � gpr,q � gqr,p� � N p j
,p� � 0.

(5)

Nonlinear terms are written in the second line.
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2.3 Receiving and Simplification of the Constitutive Relations

One of the task of the theory of shells is to reduce the three dimensional problem of the
theory of elasticity into a two dimensional one5. The analysis of stresses is reduced to
the analysis of internal forces: stretching (tensile) forces and moments. The respective
tensors are computed from the following integrals:

Ni j � � h

�h

�
g
a
�∆r

j � z br
j� Τri �z, (6)

Mi j � � h

�h

�
g
a
�∆r

j � z br
j� Τri z �z. (7)

The square root in these formulas is the following function:

Z �

�
g
a
� 1 � 2 H z � K z2. (8)

In[1]:= Z �� 1 � 2 H z � K z2�

The stress tensor for isotropic material can be derived from the formula:

Τi j � E � Ν
1 � Ν2 gi j gpq �

1
1 � Ν

gip g jq� 
Γpq. (9)

In[2]:= tau�ui ,uj � �� � Ν e
1 � Ν2

Metricg�ui,uj� Metricg�u1,u2��

e

1 � Ν
Metricg�ui,u1� Metricg�uj,u2�� gammastar�l1,l2�

A strain tensor in 3D space can be expressed in terms of the strain tensor of the
reference surface.


Γi j � Γi j � 2 z Ρi j � z2 
i j . (10)

In[3]:= gammastar�li ,lj � ��

gamma�li,lj� � 2 z rho�li,lj� � z2 theta�li,lj�

Contravariant components of the metric tensor 3-D shell can be computed from the
formula which is a function of the variable z measured along the normal to the reference
surface.

gi j �
ai j �1 � K z2� � 2 �2 H ai j � bi j� �1 � H z� z

Z2 . (11)

In[4]:= Metricg�ui ,uj � ��

a�ui,uj� �1 � K z2� � 2 	2 H a�ui,uj� � b�ui,uj�� 	1 � H z� z�
Z2

The integrals (6) and (7) appear to be simple but after substituting into them functions
(8), (9), (10) and (11), they become a bit more complicated but using possibilities of the

5 The consideration is made in a new�� session
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system they can be computed with arbitrary precision with respect to the thickness 2 h
expansion. It can be done with the function:

In[5]:= n�ui ,uj ��k � ��

Simplify/@Tsimplify�

AbsorbKdelta�

integ/@Expand�

Normal�

Series�

Z 	Kdelta�l3,uj� � z b�l3,uj��

tau�ui,u3�,
z,0,k������

This complex multi-function does the following: the considered integrand –
	Kdelta�l3,uj� � z b�l3,uj�� tau�ui,u3�
is expanded into a power series with Series and Normal. The result is algebraically
expanded with Expand and then integrated term by term (using the mapping procedure
/@) with a predefined function of integration integ:

In[6]:= integ�x � �� � h

�h
x�z

This approach is necessary as�� is a program and only a program. If the
argument of the function is complicated it takes a lot of time to deal with it. Therefore
it is usually sensible to divide the task into a set of simpler problems. This approach
speeds up computations. Mapping is a very useful tool in this process.

After integration the Kronecker delta is absorbed with AbsorbKdelta and simpli-
fied with the already mentioned functions Tsimplify and Simplify.

The parameter k defines the precision of the computation, for engineering purposes
it is sufficient for the calculations to be done with a precision to the third power of the
shell thickness. Then the parameter k in the function should take value 2.

In[7]:= noriginal�ui ,uj � � n�ui,uj��2�

The result can be used directly in further computations but is rather long. It con-
tains 24 terms, so its presentation is omitted here. Nevertheless using a set of the
�� and MathTensorTM tools it can be presented in a shorter form. Among
them we can find: Dum�%� for finding pairs of dummy indices, Expand�%� for the
expression expansion, Absorb�%,a� and AbsorbKdelta for lowering and raising
indices, Canonicalize for finding the canonical form of tensor expression and the
already mentioned Tsimplify and Simplify for tensor and algebraic simplifica-
tion.

Automatic simplification does not necessarily give the simplest form. The system can
be helped. An example of enforcing the required behaviour is given below. The terms
are grouped and each group is simplified.

In[8]:= Simplify�%�1� � %�6���
Simplify�%�2� � %�4���
Simplify�%�3� � %�5��
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Replacement is a very useful tool for controlling the simplification process. The well
known identities:

bpq b jp � 2 H bq
j � K aq

j,

bp
i b jp � 2 H bi j � K ai j,

(12)

Γp j � Γpq ∆q
j (13)

are applied with the following functions, respectively:

In[9]:= %/.
b�l1,l2� b�uj,u1� �

2 H b�l2,uj� � K a�l2,uj�,

b�l1,ui� b�uj,u1� �

2 H b�ui,uj� � K a�ui,uj��

In[10]:= %/.gamma�u1,uj� �

gamma�u1,u2� Kdelta�l2,uj�

�� simplifications tools do not always find the simplest form. Replace-
ment can be very useful in such cases, for example:

In[11]:= %/.aa Ν � bb Ν � 	aa � bb� Ν

In[12]:= %/.aa b�l1,l2� � bb b�l1,l2� �

	aa � bb� b�l1,l2�

In[13]:= %//.� aa

�1 � Ν2
� �

aa

1 � Ν2
,

aa 	�1 � Ν� � �aa 	1 � Ν�,

aa � � 1 � h2 K� � �aa �1 � h2 K�	
At the end the following result is obtained:

Ni j �
2 E h �1 � h2 K� �Ν ai j Γp

p � �1 � Ν� Γi j�
1 � Ν2 �

�
4 E h3 Γpq �Ν bpq �H ai j � bi j� � �1 � Ν� bp

i �bq
j � H ∆q

j� �
3 �1 � Ν2� �

�
8 E h3 �Ν ai j bpq Ρ

pq � �1 � Ν� bp
i Ρp j�

3 �1 � Ν2� �

�
4 E h3 �2 H ∆q

j � bq
j� �Ν aqi Ρp

p � �1 � Ν� Ρqi�
3 �1 � Ν2� �

�
2 E h3 �Ν ai j 
p

p � �1 � Ν� 
i j�
3 �1 � Ν2� � O �h5� .

(14)
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This is a formula for the tensor of moments. It is received by a similar procedure.

Mi j �
4 E h3 �Ν ai j bpq Γ

pq � �1 � Ν� bp
i Γp j�

3 �1 � Ν2� �

�
2 E h3 �2 H ∆q

j � bq
j� �Ν aqi Γp

p � �1 � Ν� Γqi�
3 �1 � Ν2� �

�
4 E h3 �Ν ai j Ρp

p � �1 � Ν� Ρi j�
3 �1 � Ν2� � O �h5� .

(15)

The next step is to check if simplified results obtained satisfy the last equation of equi-
librium, which has the following form and should be satisfied as an identity.

�pq �N pq � br
p Mqr� � 0. (16)

The check is carried out by the following function, which shows that it is satisfied. Here
an totally antisymmetric object �pq is denoted with. EpsDown�l1, l2�. The function
contain a lot of simplification tools like tensor simplification Tsimplify, canonical-
ization Canonicalize, absorbtion Absorb and AbsorbKdelta and expansion
Expand. Moreover an identity:

bpq br
p � 2 H bqr � K aqr (17)

is applied with b�l1,l2� b�l3,u1� � 2 H b�l2,l3� � K a�l2,l3�,a.

In[14]:= Tsimplify�

Absorb�

Canonicalize�

Absorb�

AbsorbKdelta�

Expand�

EpsDown�l1,l2�

	nfinal�u1,u2��

b�l3,u1� mfinal�u3,u2� ��

�,a

�

�/.b�l1,l2� b�l3,u1� �

2 H b�l2,l3� � K a�l2,l3�,a

�

� �� 0
Out[14]= True

2.4 Description of an Arbitrary Shell with MathTensorTM

The problems presented in the previous two sections are general consideration. The next
step is to carry out the more detailed calculations for a concrete shell, which is done in
a new�� session.
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Geometrical Description of the Reference Surface. A surface in 3D space can be
parameterised with two variables xi. This is an example of parameterisation of the
catenoide shown in figure 1.

In[1]:= r �� �Cos�x�2��
so
2 � x�1�2,

Sin�x�2��


so

2 � x�1�2, so ArcSinh�x�1�so
�	�

�5

0

5

�5

0

5

�4

�2

0

2

4

�5

0

5

Fig. 1. Catenoide

The components of the covariant curvilinear basis are computed as a derivative of the
vector r with respect to the parameter xi.

ri � �xi r. (18)

The condition NegIntegerQ�i� restricts the definition to covariant components.

In[2]:= ri�i �/�NegIntegerQ�i� �� ri�i� � �x��i�r

Geometrical Properties. The first differential form of the reference surface is defined
by the following scalar product:

ai j � ri � r j . (19)

In[3]:= a�i ,j �/�NegIntegerQ�i�&&NegIntegerQ�j� ��

a�i,j� � Simplify�ri�i�.ri�j��

It is sensible to collect these coefficients into the matrix.

In[4]:= aLowerMatrix �� aLowerMatrix �

Table�a��i,�j�,
i,2�,
j,2��
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This is a definition of the determinant a of this matrix.

In[5]:= Deta �� Deta �

Simplify�Det�Table�a��i,�j�,
i,2�,
j,2����

The third vector of the curvilinear basis can now be computed, it is normal to the
mid-surface. It is obtained from the formula:

r3 �
r1 � r2	

a
. (20)

In[6]:= ri��3� �� ri��3� � Simplify� ri��1� � ri��2�

PowerExpand�
Deta��
The normal vector is necessary to calculate the second and the third differential form.

In this example this computations are omitted because the process is very similar to the
first differential form derivation.

Tensor ai j is a metric tensor on the reference surface so its contravariant components
can be computed from the inversion of aLowerMatrix.

In[7]:= aUpperMatrix �� aUpperMatrix �

Simplify�Inverse�aLowerMatrix��

Contravariant coefficients ai j are elements of this matrix and can be computed from
the following definition. Here the condition PosIntegerQ�i� restricts the definition
to the contravariant components.

In[8]:= a�i ,j �/�PosIntegerQ�i�&&PosIntegerQ�j� ��

a�i,j� � aUpperMatrix�i,j�
Kinematical Relations. The displacement and rotation vectors can be decomposed in
the covariant basis:

w � wk rk � w3 r3, (21)

d � dk rk � d3 r3. (22)

The last term in the rotation vector is negligible for linear problems. Attention is focused
by limiting further consideration to geometrically linear theory.

In[9]:= w �� w � ww�1� ri��1� � ww�2� ri��2� � ww�3� ri��3�

In[10]:= d �� d � dd�1� ri��1� � dd�2� ri��2�	
 � dd�3��ri��3��
�

It has to be emphasised that MakeSum�� cannot be used in those definitions because
it results in an error. It is probably not a bug in the package but is caused by further
definitions which express displacements with their physical components. Nevertheless
it is a good example of the need to be critical of the results obtained with computer
assistance, they need careful scrutiny.

Derivatives of the displacement and rotation vectors are objects of valence one.

wi � �xi w, (23)
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di � �xi d. (24)

In[11]:= wi�i �/�NegIntegerQ�i� �� wi�i� � Simplify��x��i�w�

In[12]:= di�i �/�NegIntegerQ�i� �� di�i� � Simplify��x��i�d�

The physical components of the displacement and rotation components can be com-
puted from the following formulae:

�i � wi 	aii, (25)

�i � di 	aii. (26)

Thus, the following definition is made:

In[13]:= ww�i � �� ww�i� �
�i�x�1�,x�2��

PowerExpand�
a��i,�i��
In[14]:= dd�i � �� dd�i� �

�i�x�1�,x�2��

PowerExpand�
a��i,�i��
Strains. The generalised formula for the first strain tensor (containing terms responsi-
ble for temperature distortions) is:

Γi j �
1
2
�ri � w j � r j � wi� � Ε ai j � �nonlinear terms�. (27)

It is denoted by:

In[15]:= gamma�i ,j �/�NegIntegerQ�i�&&NegIntegerQ�j� ��

gamma�i,j� �

1

2
	 ri�i�.wi�j� � ri�j�.wi�i�� � Ε�x�1�,x�2�� a�i,j�

The other two strain tensors of the reference surface can be computed with the similar
definitions.

Internal Forces and Equations in Terms of Displacements. The formula for the
moments is presented in point 2.3. Having already computed the kinematical relations
and strain tensors internal forces can be expressed in terms of displacements. Here is an
example of one of the component of moment tensor for the considered parameterisation
of the catenoidal shell.

In[16]:= mRef�1,1�

Out[16]= �
2 e h3 so Ε�x,y	

3 ��1 � Ν� �x2 � s2o�
�
2 e h3 Κ�x,y	

3 � 3 Ν
�

2 e h3 x Ν �1�x,y	

3 ��1 � Ν2� �x2 � s2o�
�

4 e h3 s2o �3�x,y	

3 ��1 � Ν2� �x2 � s2o�
2 �

2 e h3 Ν �
�0,1�
2 �x,y	

�3 � 3 Ν2�
�
x2 � s2o

�

2 e h3 �
�1,0�
1 �x,y	

3 � 3 Ν2
�

4 e h3 so �
�1,0�
1 �x,y	

3 ��1 � Ν� �1 � Ν� �x2 � s2o�
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The internal forces are substituted into the differential equations, obtained in point
2.1, to receive them in terms of displacements. They are long, for example the first one
for the catenoidal shell contains 17 terms so it will not be presented here.

It can now be stated that it is possible to proceed from the very general equations to
very specific ones which are ready for numerical computations. The next section will
deal with these problems.

3 Numerical Tasks – Boundary Value Problems
Using the Refined Least Squares Method

3.1 Basic Features

The least squares method is a well–known, [15], meshless way of finding an approxi-
mate solution to a boundary value problem. The classical approach consists in minimis-
ing the functional based on algebraic, differential or integral equations, or on a system
of equations with a set of independent functions which satisfy boundary conditions.

The refined least squares (RLS) method uses the following approach. The minimized
functional is supplemented with the terms responsible for boundary conditions. The
approximating functions do not have to satisfy the boundary or initial conditions but
they must be linearly independent. The basic features of the RLS method are described
in [6] and [7].

Described below is an example of applying the RLS method to the tasks of computing
a short and long cylindrical shell, which are specific boundary layer problems. Another
example is presented in [12].

The set of equations presented below, functions in boundary conditions have been
developed with �� and the MathTensorTM package in a way presented in
the previous section.

3.2 Problem Description

Physical Description. Let us consider two steel (Young modulus E � 2 � 108, Poisson
ratio Ν � 3

10 ) cylindrical shells of length l � 4 m (short) and l � 60 m (long), thickness
2h � 10 mm, and cylinder radius so � 2 m. It is subjected to the periodical, with regard
to the direction of parallel, load normal to the reference surface p3 � P3 cos ��y�, � � 5,
P3 � 1 kN/m2 normal to the cylinder mid–surface, tangent load components p1 � 0,
p2 � 0.

The shapes of the undeformed reference surfaces are presented in the figures 2 and 3.
The variable y � 
 0, 2Π� is measured along parallel of the cylinder, and x � 
xa, xb�

along the meridian. The cylinder is fixed on both edges xa � � l
2 and xb �

l
2 .

Due to the axial symmetry of the cylinder the two–dimensional problem can be re-
duced to one–dimensional task by Fourier expansion.

From the engineering point of view the problem can be considered as a static of a
steel pipe loaded with a fifth component of the wind.
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Fig. 2. Short shell
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Fig. 3. Long shell, from the plane of symmetry x � 0 to the fixed end x � 30

Equations. The problem is described by a system of five second–order ordinary dif-
ferential equations obtained within�� notebooks discussed in the previous
section. The following notation is used:
�1�x� cos�y�— meridian rotation component,
�2�x� sin�y�— parallel rotation component,
�1�x� cos�y�— meridian displacement component,
�2�x� sin�y�— parallel displacement component,
�3�x� cos�y�— normal displacement component.
The system of equations represents the equilibrium state of the shell. The right hand

sides (rhs) of the equations are equal to zero, and below are their left hand sides (lhs):

e1 �� �
E �2 �1 �x� h3

3 s3
o �1 � Ν�

�
2 E ���

1 �x� h3

3 so �1 � Ν2� �
E �h2 � 3 s2

o� �2�1 �x� h

3 s4
o �1 � Ν�

�

�
2 E���

1 �x� h

1 � Ν2 �
� E��

2 �x� h
so �1 � Ν�

�
2 E Ν��

3 �x� h

so �1 � Ν2� � P1 �x� ,

(28a)
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e2 ��
5 h E ��

1 �x�
6 �1 � Ν�

�
h � E �4 h2 � 5 �1 � Ν� s2

o� �2 �x�

6 s3
o �1 � Ν2� �

�
2 h E Ν��

1 �x�

so �1 � Ν2� �
h � E �4 h2 � �17 � 5 Ν� s2

o� �2 �x�

6 s4
o �1 � Ν2� �

�
E h �4 h2 � �5 �1 � Ν� �2 � 12� s2

o� �3 �x�

6 s4
o �1 � Ν2� �

5 h E���
3 �x�

6 �1 � Ν�
� P3 �x� ,

(28b)

e3 �� �
E �2 h2 �2 � 5 s2

o� �1 �x� h

6 s2
o �1 � Ν�

�
2 E ���

1 �x� h3

3 �1 � Ν2� �
� E ��

2 �x� h3

3 so �1 � Ν�
�

�
E �2�1 �x� h3

3 s3
o �1 � Ν�

�
2 E���

1 �x� h3

3 so �1 � Ν2� �
5 E��

3 �x� h
6 �1 � Ν�

,

(28c)

e4 �� �
E �4 h2 �2 � 5 �1 � Ν� s2

o� �2 �x� h

6 s4
o �1 � Ν2� �

E ���
2 �x� h3

3 s2
o �1 � Ν�

�
E ���

1 �x� h

s2
o �1 � Ν�

�

�
E���

2 �x� h
so �1 � Ν�

�
E �4 h2 �2 � �12 �2 � 5 Ν � 5� s2

o� �2 �x� h

6 s5
o �1 � Ν2� �

�
� E �4 h2 � �17 � 5 Ν� s2

o� �3 �x� h

6 s5
o �1 � Ν2� � P2 �x� ,

(28d)

e5 �� �
E � ��

1 �x� h3

3 s2
o �1 � Ν�

�
E �4 h2 �2 � 5 �1 � Ν� s2

o� �2 �x� h

6 s3
o �1 � Ν2� �

E ���
2 �x� h3

3 so �1 � Ν�
�

�
E �4 h2 �2 � 5 �1 � Ν� s2

o� �2 �x� h

6 s4
o �1 � Ν2� �

E���
2 �x� h3

3 s2
o �1 � Ν�

�

�
� E �4 h2 � 5 �1 � Ν� s2

o� �3 �x� h

6 s4
o �1 � Ν2� .

(28e)

Boundary Conditions. It is obvious that the system of 5 second–order differential
equations system (28) requires 10 boundary conditions. Two types of boundary condi-
tions can be distinguished: essential conditions and boundary layer conditions.

The essential conditions (lhs) for our problem are:

b1 ���1 �xa� ,
b2 ���2 �xa� ,
b3 ���1 �xb� ,
b4 ���2 �xb� .

(29)

Their (rhs) are equal to zero. These boundary conditions are the same as used in the
membrane approach to the problem. Here it needs to be stated that the membrane ap-
proach is not correct for the considered task as the cylindrical shell is significantly bent
by this type of load so the moments and transverse forces cannot be neglected.
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The boundary–layer conditions (lhs) for our problem are:

b5 �� �1 �xa� ,
b6 �� �2 �xa� ,
b7 ���3 �xa� ,
b8 �� �1 �xb� ,
b9 �� �2 �xb� ,

b10 ���3 �xb� .
(30)

3.3 Method Description

For the considered system (28) a–e of the equations and boundary conditions (29) and
(30) the following functional can be built:

� � � xb

xa

������
�

5�
n�1

�Αn en�2������
�
�x �

10�
k�1

�Βk bk�2, (31)

where Αn and Βk are scale factors or scale functions.
The RLS method consists in minimising of this functional. If the solution is exact the

value of the functional is zero, otherwise it is positive. Minimisation is done by the Ritz
method. According to it the approximation of f �x� can be predicted in a form of linear
combination of m independent functions ui �x�.

f �x� �
m�

i�1

Ci ui �x� . (32)

Substituting (32) into (31) for each f �x� (it stands here for �1 �x�, �2 �x�, �1 �x�,
�2 �x� and �3 �x�, respectively) one can compute the derivative of � with respect
to Ci. Minimisation of the functional is equivalent to the condition:

��
�Ci

� 0. (33)

Doing it for each unknown Ci a system of algebraic equations is obtained. For a linear
problem it is linear one �Ai j Cj � Bi� with a symmetrical and positive definite matrix
Ai j.

The formulae for developing the terms of the system and the�� imple-
mentation are presented below.

3.4 Method Implementation

Each unknown function of the system of differential equations (28) can be approxi-
mated with a linear combination of monic Chebyshev polynomials. As the considered
problem is symmetrical with regard to the plane x � 0, the functions�1 �x� and�1 �x�
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are antisymmetrical and �2 �x�, �3 �x� and �2 �x� are symmetrical. The system can
be informed about it with the following definitions, for example:

In[1]:= �1�x � ��
PolyDegree�

i�0

c�5 i� MonicChebyshevT�2i � 1, 2 	x � bx�
ax � bx

� 1��
In[2]:= �2�x � ��

PolyDegree�
i�0

c�5 i � 1� MonicChebyshevT�2i, 2 	x � bx�
ax � bx

� 1��
where ax stands for xa, bx for xb, c�k� for Ck and:

In[3]:= MonicChebyshevT�n ,x � ��
ChebyshevT�n,x�

2n�1

It is not difficult to notice that the real domain 
xa, xb� is transformed to the interval
�1, 1�.
Each differential equation is scaled and saved into the variable, for example:

In[4]:= DifferentialEquation�1� ��

DifferentialEquation�1� �
r1

h
�

According to this approximation the scaled differential equation Αk ek and boundary
condition Βn bk can be rewritten in the following form:

Αk ek �x� � fk �x� �
5�p�1��1�

i�0

Ci mik �x� , (34)

Βk bk � gk �
5�p�1��1�

i�0

Ci nik. (35)

where p is an assumed polynomial degree.
Free terms fk are extracted from (34) with the following functions:

In[5]:= DiffEqnFreeTerm�k � �� DiffEqnFreeTerm�k� �

Expand��DifferentialEquation�k�/.c� � � 0��

The functions mik�x� can also be found with the very similar procedure. Standard
�� functions could be used but this one is faster.

In[6]:= DiffEqnCoefficient�i ,k � �� DiffEqnCoefficient�i,k� �

Expand�DifferentialEquation�k��

DiffEqnFreeTerm�k�/.c�i� � 1/.c� � � 0�

Similarly each scaled boundary condition for the task is saved into the variable. Here
the full set of�� input for the edge xa can be seen, the other 5 are similar:

In[7]:= BoundaryCondition�1� �� BoundaryCondition�1� ��1�ax� e�
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In[8]:= BoundaryCondition�2� �� BoundaryCondition�2� ��2�ax� e�

In[9]:= BoundaryCondition�5� �� BoundaryCondition�5� � �1�ax� e �

In[10]:= BoundaryCondition�6� �� BoundaryCondition�6� � �2�ax� e �

In[11]:= BoundaryCondition�7� ��

BoundaryCondition�7� ��3�ax� e�

The following commands are applied to make the extractions of nik �x� and gk from
the boundary conditions (35).

In[12]:= BoundCondFreeTerm�i � �� BoundCondFreeTerm�i� �

Expand��BoundaryCondition�i�/.c� � � 0��

In[13]:= BoundCondCoefficient�k ,i � ��

BoundCondCoefficient�k,i� �

Expand�BoundaryCondition�i��

BoundCondFreeTerm�i�/.c�k� � 1/.c� � � 0�

As x � 
xa, xb�, coefficients of the symmetric matrix can be computed with the fol-
lowing formula:

Ai j � � xb

xa

������
�

5�
k�1

mik�x� mjk �x�
������
�
�x �

10�
k�1

nik n jk. (36)

It is done with:

In[14]:= MatrixCoefficient�i ,j � ��

MatrixCoefficient�i,j� � MatrixCoefficient�j,i� �

Expand�integ1�Expand�
5�

k�1

DiffEqnCoefficient�i,k� DiffEqnCoefficient�j,k����
Expand�

10�
k�1

BoundCondCoefficient�i,k�

BoundCondCoefficient�j,k���
where integ1 is a function for computing a definite integral. There are predefined

formulas for integrating monomials and dealing with sums, it makes calculations faster.

In[15]:= integ1�z Plus� �� xxinteg1/@z�

In[16]:= integ1�z � �� xxinteg1�z��

In[17]:= xxinteg1�z � �� integx�z,ax,bx��

In[18]:= integx�a xn .,ax ,bx � ��
a 	�ax1�n � bx1�n�

1 � n
/�FreeQ�a,x��
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In[19]:= integx�xn .,ax ,bx � ��
bx1�n � ax1�n

1 � n
�

In[20]:= integx�a ,ax ,bx � �� a 	bx � ax�/�FreeQ�a,x��

In[21]:= integx�z ,ax ,bx � �� � bx

ax

z�x�

System matrix is built from the matrix coefficients. The matrix is symmetrical so
only the lower triangle should be saved.

In[22]:= SystemMatrix �� SystemMatrix �

Table�Table�

MatrixCoefficient�j,i�,


i,0,j��,
j,0,NumberOfEqns��

where, for our task:

In[23]:= NumberOfEqns � 5 	PolyDegree � 1� � 1

Analogously elements of the free vector can be obtained:

Bi � � xb

xa

������
�

5�
k�1

mik �x� fk

������
�
�x �

10�
k�1

nik gk. (37)

It is done with:

In[24]:= FreeVecCoefficient�i � ��

FreeVecCoefficient�i� �

Expand�integ1�Expand�
5�
k�1

DiffEqnCoefficient�i,k� DiffEqnFreeTerm�k���
�Expand�

10�
k�1

BoundCondCoefficient�i,k�

BoundCondFreeTerm�k���
In[25]:= FreeVector �� FreeVector �

Table�FreeVecCoefficient�i�,


i,0,NumberOfEqns��

As the matrix Ai j is positive definite and symmetrical the Cholesky-Banachiewicz
method is used for the solution of the linear system of equations. This is the only part
of the procedure done numerically. The results of the approximation are functions.
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Fig. 4. Short shell: deformation (exaggeration 5000 times)
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Fig. 5. Short shell approximation

3.5 One Step Approach

Short Shell. The approximation for the short shell (l � 4 m) is not difficult. The
deformed shape of it is presented in figure 4.

The figures 5, 6, 7, 8 and 9 show diagrams of some physical internal forces for the
considered case. Here 	11�x� cos�y� is a meridian stretching force and 	12�x� sin�y� is
a meridian shear force, 
11�x� sin�y� is a meridian torsion moment, 
12�x� cos�y� is
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Fig. 6. Short shell approximation
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Fig. 7. Short shell approximation
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Fig. 8. Short shell approximation
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Fig. 9. Short shell approximation
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Fig. 10. Short shell approximation: convergence analysis

5 10 15 20 25 30

2

4

6

8

10

12

14

Fig. 11. Short shell: relative error of the convergence
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Fig. 12. Short shell approximation

a meridian bending moment, and �1�x� cos�y� is a meridian transverse force. They are
defined as follows:

	11 �x� � �
2 E��

1 �x� h3

3 so �1 � Ν2� � 2 E��
1 �x� h

1 � Ν2 �
2 �E Ν�2 �x� h

so �1 � Ν2� �
2 E Ν�3 �x� h

so �1 � Ν2� , (38)

	12 �x� � �
E ��

2 �x� h3

3 so �1 � Ν�
�

E ��1 �x� h
so �1 � Ν�

�
E��

2 �x� h
1 � Ν

, (39)


11 �x� �
� E �1 �x� h3

3 so �1 � Ν�
�

E ��
2 �x� h3

3 �1 � Ν�
�

E��
2 �x� h3

3 so �1 � Ν�
, (40)


12 �x� �
2 E ��

1 �x� h3

3 �1 � Ν2� �
2 � E Ν�2 �x� h3

3 so �1 � Ν2� �
2 E��

1 �x� h3

3 so �1 � Ν2� , (41)

�1 �x� �
5 h E �1 �x�

6 �1 � Ν�
�

5 h E��
3 �x�

6 �1 � Ν�
. (42)

The figures 10 and 11 present analysis of the approximation convergence. The figure
10 shows convergence of the function value
12 ��1.933 m� with respect to the value
of PolyDegree. The figure 11 demonstrates function value 
12 in 31 point in the
interval x � 
0, l

2 �; variable on the vertical axis is PolyDegree, lighter colour rep-
resent smaller relative error with respect to the approximation for the highest value
of PolyDegree used in computations. It can be seen that the approximation close
to exact solution is reached when value of the variable PolyDegree is equal to 14.
It means that the degrees of the approximating polynomials attain value 28 for even
functions and 29 for odd ones.

The obtained functions can be substituted to the approximated equations to observe
the error. The figure 12 presents (dis)satisfaction of the first differential equation for the
considered case.

Long Shell. If the approximation of the problem of a long cylindrical shell had been
done with a full set of boundary conditions, then difficulties would have been expe-
rienced with convergence and stability. This is a high-order differential operator and
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Fig. 13. Long shell: deformation from the plane of symmetry x � 0 to the fixed end x � 30
(exaggeration 500 times)
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Fig. 14. Long shell, one step approximation approach

therefore the problem is ill-conditioned. The degrees of the approximating polynomials
have to be quite large number and the working precision of the computations have to be
equal to 512. Despite of this the loss of the precision has been over 300 digits.

The results of this approximation are presented in figures 14, 15, 16, 17 and 18.
The figures 19 and 20 show analysis of the approximation convergence. The fig-

ure 19 shows convergence of the function value
12 ��29 m� with respect to the value
of PolyDegree. The figure 20 demonstrates function value 
12 in 31 point in the
interval x � 
0, l

2 �; variable on the vertical axis is PolyDegree, lighter colour rep-
resent smaller relative error with respect to the approximation for the highest value of
PolyDegree used in computations. It can be seen that the approximation close to
exact solution is reached when value of the variable PolyDegree is equal to 46. It
means that the degrees of the approximating polynomials attain value 92 for even func-
tions and 93 for odd ones. The computational process becomes very long because the
system has a lot integrals to be computed symbolically.
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Fig. 15. Long shell, one step approximation approach
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Fig. 16. Long shell, one step approximation approach
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Fig. 17. Long shell, one step approximation approach
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Fig. 18. Long shell, one step approximation approach
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Fig. 19. Long shell, one step approximation approach: convergence analysis
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Fig. 20. Long shell, one step approximation approach: relative error of the convergence
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Fig. 21. Long shell, one step approximation approach

The figure 21 show (dis)satisfaction of the first differential equation for the consid-
ered case.

3.6 Two Step Approach

One of the most important features of the RLS method is the scale factors by which
better or worse satisfaction a selected equation or boundary condition can be enforced.
The idea of the base solution presented below has been developed by experimenting
with scale factors. When decreasing a scale factor in some boundary conditions a zero
has been put in instead of a very small number and it has turned out to still produce a
very good approximation.

Base Solution. It has been found that it is possible to approximate the system (28)
with the RLS method, taking into account only the essential boundary conditions (29)
and neglecting the boundary–layer ones (30). As it has been already mentioned they are
simply multiplied by zero, for example:

In[26]:= BoundaryCondition�5� ��

BoundaryCondition�5� � �1�ax� e 0 �

It is an unexpected situation but it can be interpreted physically - the problem is
statically indeterminate if all boundary conditions on fixed edge are satisfied. Some the
boundary conditions which are not essential for the overall stability can be released. It
has been found that it is enough to apply polynomials much lower degree than for one
step approach to obtain quite good results. The results of this approximation are shown
in figures 22, 23, 24, 25 and 26.

The figures 27 and 28 show analysis of the approximation convergence. The fig-
ure 27 shows convergence of the function value
12 ��29 m� with respect to the value
of PolyDegree. The figure 28 demonstrates function value 
12 in 31 point in the
interval x � 
0, l

2 �; variable on the vertical axis is PolyDegree, lighter colour rep-
resent smaller relative error with respect to the approximation for the highest value of
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Fig. 22. Long cylindrical shell, “base” approximation
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Fig. 23. Long shell, “base” approximation
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Fig. 24. Long shell, “base” approximation
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Fig. 25. Long shell, “base” approximation
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Fig. 26. Long shell, “base” approximation
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Fig. 27. ”Base” approximation: convergence analysis

PolyDegree used in computations. It can be seen that the approximation close to ex-
act solution is reached when value of the variable PolyDegree is equal to 10. It means
that the degree of the approximating polynomial attains value 20 for even functions and
21 for odd ones.



338 Ryszard A. Walentyński
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Fig. 28. ”Base” approximation: relative error of the convergence
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Fig. 29. Long shell, “base” approximation

The figure 29 shows (dis)satisfaction of the first differential equation for the consid-
ered case.

The solution is feasible on the most of the domain except boundary layers which sizes
are limited to about 1.2 m from each edge. The actual functions are highly oscillating
but they quickly decay to the base solution, which is smooth. Hence, it is practically
impossible to satisfy all the boundary conditions in one step, as the problem becomes
ill–conditioned in the Lyapunov sense and is slowly convergent. The base solution is
not a membrane because the moments and shear forces are not zero functions. Note that
neglecting of some boundary conditions in other methods usually results in a singular
system. Here a well–conditioned and non–singular problem is obtained.

Boundary-Layer Refinement. The base solution allows refinement of the approxima-
tion at the boundary layers.
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We are taking into account limited domain so the parameters describing the position
of the boundaries take values:

In[27]:= ax � �30�

In[28]:= bx � �288/10�

As none symmetry can be expected the approximation polynomials should contain
both odd and even functions.

In[29]:= �1�x � ��
PolyDegree�

i�0

c�5 i� MonicChebyshevT�i, 2 	x � bx�

ax � bx
� 1��

In[30]:= �2�x � ��
PolyDegree�

i�0

c�5 i � 1� MonicChebyshevT�i, 2 	x � bx�
ax � bx

� 1��
A full set of boundary conditions are now taken into account, for the fixed edge the

boundary conditions are expressed in displacements.

In[31]:= BoundaryCondition�1� ��

BoundaryCondition�1� � �1�ax� e�

In[32]:= BoundaryCondition�2� ��

BoundaryCondition�2� � �2�ax� e�

In[33]:= BoundaryCondition�3� ��

BoundaryCondition�3� ��1�ax� e�

In[34]:= BoundaryCondition�4� ��

BoundaryCondition�4� ��2�ax� e�

In[35]:= BoundaryCondition�5� ��

BoundaryCondition�5� ��3�ax� e�

The boundary conditions on the “artificial” edge x � 28.8 are expressed in forces.
It is assumed that the forces are equal to those obtained from the base approximation.
To avoid further loss of precision we can change numerical values of base approxima-
tion with a Rationalize function to “exact” fractions. It is a kind of cheating but
ensures symbolic computations of the coefficients of the system of algebraic equations.
Moreover the calculations are quicker.

In[36]:= rd1 � Rationalize�n11�bx�,10�Precision�n11�bx����
In[37]:= rd2 � Rationalize�n12�bx�,10�Precision�n12�bx����
In[38]:= rd3 � Rationalize�m11�bx�,10�Precision�m11�bx����
In[39]:= rd4 � Rationalize�m12�bx�,10�Precision�m12�bx��� �
In[40]:= rd5 � Rationalize�q1�bx�,10�Precision�q1�bx����
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In[41]:= BoundaryCondition�6� ��

BoundaryCondition�6� �
�11�bx� � rd1

h
�

In[42]:= BoundaryCondition�7� ��

BoundaryCondition�7� �
�12�bx� � rd2

h
�

In[43]:= BoundaryCondition�8� ��

BoundaryCondition�8� �
�11�bx� � rd3

h3
�

In[44]:= BoundaryCondition�9� ��

BoundaryCondition�9� �
�12�bx� � rd4

h3
�

In[45]:= BoundaryCondition�10� ��

BoundaryCondition�10� �
�1�bx� � rd5

h3
�

Satisfying all boundary conditions on the fixed edge layer conditions results in the
refined functions which diagrams are shown in figures 30, 31, 32, 33, 34, 35, 36 and 37
compared to the base solution. It can be observed that the taking into account additional
boundary conditions results in a small decrease of displacements. It can be interpreted
physically as a local increase of the shell stiffness connected with taking into consider-
ation more constrains in the boundary conditions. The obtained approximation error is
allowable for engineering purposes.

The figures 38 and 39 show analysis of the approximation convergence. The figure
38 demonstrates convergence of the function value 
12 ��29 m� with respect to the
value of PolyDegree. The figure 39 demonstrates function value 
12 in 31 point
in the interval x � 
0, l

2 �; variable on the vertical axis is PolyDegree, lighter color
represent smaller relative error with respect to the approximation for the highest value
of PolyDegree used in computations. It can be seen that the approximation close to
exact solution is reached when value of the variable PolyDegree is equal to 25. It
means that the degree of the approximating polynomial attains the same value.

�30 �29.8 �29.6 �29.4 �29.2 �29 �28.8
0

0.05

0.1

0.15

0.2

0.25

Displacement Component �3 �mm�

Refined
Base

Fig. 30. Boundary layer refinement of the “ base” approximation
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�30 �29.8 �29.6 �29.4 �29.2 �29 �28.8
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�0.15

�0.1

�0.05

0

Rotation Component �1 �
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�������������

m
�
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Fig. 31. Boundary layer refinement of the “ base” approximation
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Fig. 32. Boundary layer refinement of the “ base” approximation
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Fig. 33. Boundary layer refinement of the “ base” approximation
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Fig. 34. Boundary layer refinement of the “ base” approximation
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Fig. 35. Boundary layer refinement of the “ base” approximation
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Fig. 36. Boundary layer refinement of the “ base” approximation
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Fig. 37. Boundary layer refinement of the “ base” approximation
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Fig. 38. Boundary layer refinement of the “ base” approximation: convergence analysis
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Fig. 39. Boundary layer refinement of the “ base” approximation: relative error of the convergence
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Fig. 40. Boundary layer refinement of the “ base” approximation

The figure 40 presents (dis)satisfaction of the first differential equation for the con-
sidered case.

4 Conclusions and Final Remarks

4.1 Symbolic Tasks

It has been shown that it is possible to solve the linear and nonlinear tensor symbolic
problems in different aspects with the MathTensorTM package and formulate equations
from the very general formulas to the ones ready for numerical computations. Each task
requires different tools. There has been shown how the built in functions of the system
and the package can be used efficiently. The tools are intuitive and relatively simple,
nevertheless the full responsibility for the results obtained belongs to the user of the
system and package.

4.2 Numerical Tasks

The RLS method allows simpler algorithm to be built if there is no need to use functions
that have to satisfy boundary conditions. Therefore it is applicable to more general
purposes like multidimensional problems with discontinuities of boundary conditions.

The results of approximation are functions, not numbers. Therefore the results can be
used directly in further computations without interpolation. The quality of the approxi-
mation can be evaluated by substituting functions into approximated equations.

Moreover it has been shown that there is the possibility of the neglecting of some
boundary conditions for boundary layer problems and satisfy them locally in the next
step. This phenomenon for the problem being considered has a physical interpretation.
The mathematical interpretation seems to be an open problem.

According to that the two step approach to the boundary layer problems of theory of
shells has been proposed. The first step consists in approximation with negligence of
some boundary conditions. They are adjusted in the second step when only boundary
layer is considered. This approach can be applied to other boundary layer tasks.
�� as a (fully) integrated environment of symbolic and numerical compu-

tation and graphics is a very effective tool for the complex analysis of symbolic (tensor)
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calculations and can be applied to in the entire computational and publication process.
Its external package MathTensorTM is an effective tool of tensor analysis with the theory
of shells. However, its long expected upgrade should be better adopted for the current
possibilities of�� 4.1.
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Some Notations

There are some symbols used for tensor problems discussed in the section 2.
a — determinant of the first differential form
ai j — the first differential form of the reference surface, metric tensor on the reference

surface
bi j — the first differential form of the reference surface, curvature tensor
d — rotation vector
di — derivative of rotation vector
�i — physical component of the rotation vector
di — contravariant component of the rotation vector in the curvilinear basis
g — determinant of the metric tensor
gi j — metric tensor
2 h — shell thickness
H — mean curvature
K — Gaussian curvature
Ni j — tensor of stretching (tensile) forces
Mi j — tensor of moments
Pi — vector of loads
Qi — vector of transverse forces
r — parameterisation vector
ri — component of the curvilinear basis
w — displacement vector
wi — derivative of displacement vector
�i — physical component of the displacement vector
wi — contravariant component of the displacement vector in the curvilinear basis
w3 — normal displacement component
∆i

j — Kronecker delta

Γi j — strain tensor in 3D space
Γi j — the first strain tensor of the reference surface
Ε — coefficient of the thermal expansion
�i j — antisymmetric object under interchange of any indices
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Ρi j — the second strain tensor of the reference surface

i j — the third strain tensor of the reference surface
Τi j — stress tensor
Other notations are explained in the text.
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Abstract. In this contribution we conjecture that systems of linearized
Partial Differential Equations, viewed as consistent models for physically
realizable systems, are diagonalizable. While this property is interesting
for its own sake, our discussion will focus on technicalities and impli-
cations for advanced accelerated computing. We will demonstrate that
diagonalization with respect to a chosen spatial coordinate systemati-
cally “reshuffles” the original PDEs and creates equivalent differential
forms. It turns out that diagonalization automatically distinguishes the
variables in the interface- and boundary conditions defined on surfaces
normal to the diagonalization direction.

1 Introduction

Since early 90’s in the past century we have been focusing on the accelera-
tion of computer simulations of Partial Differential Equations and accuracy en-
hancement of the numerical solutions. We have devised a symbolic procedure for
systematically and automatically diagonalizing the linear PDEs commonly en-
countered in mathematical physics and computational engineering applications.

This presentation provides a detailed account of the ideas behind diagonal-
ization, and briefly discusses its implications for designing robust, accurate and
accelerated algorithms for solving Boundary Value Problems in both integral-
and differential form. We start with a conjecture stating that all linearized PDEs,
viewed as consistent models for physically realizable systems, diagonalizable. D-
forms are equivalent to the parent PDEs. However, they explicitly distinguish the
space coordinate with respect to which the diagonalization has been performed.
D-forms allow several useful interpretations which are generally deeply hidden
in the originating PDEs. We demonstrate the technical details by converting
two systems of PDEs into their equivalent D-forms: (i) the electromagnetic wave
equations for vector fields in fully bianisotropic and transversally inhomogeneous
media, and (ii) magnetostatic equations. For the diagonalization of several other
PDEs we refer to [1], [2]. We propose a symbolic notation, which can easily be
automated, and replaces tedious calculations by a simply-by-inspection manipu-
latory procedure. In this respect, the present work is a continuation of the work
in [1] and [2]. For reasons to be made clear soon we refer to D-representations as
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the Huygens’ Principle in Differential Form. This interpretation can favorably
be used for (i) generating novel stencils in the finite difference method, (ii) con-
structing functionals in the finite element method, and most importantly, (iii)
formulating and regularizing singular surface integrals in the Boundary Element
Method applications [1], [2]. D-forms in spectral domain are algebraic eigenvalue
equations. Using the associated eigenpairs, Green’s functions in question can eas-
ily be constructed [1], [2]. Furthermore, D-forms facilitate the investigation of
the asymptotic properties of the eigenpairs in the far- and near-field in the spec-
tral domain [1], [2]. In accordance with Heisenberg’s uncertainty principle these
asymptotic expansions correspond to the near- and far-fields in the spatial do-
main, respectively. In particular, utilizing the far-field expansions in the spectral
domain an easy-to-implement recipe for the regularization of singular surface
integrals emerges.

2 Diagonalization and Its Interpretation

Consider a differentiable 3-manifoldM3. Let Au = 0 represent a system of linear
homogeneous PDEs in Ω with given conditions on the boundary ∂Ω, with Ω
and ∂Ω ⊂ M3. At a point p ∈ Ω consider the local coordiante system (ξ, η, ζ).
We refer to the ζ−direction as the ‘‘normal’’ direction (N -direction), and the
plane normal to ζ as the ‘‘tangent’’ plane (T -plane) at p.

Diagonalization with respect to the N -direction transforms Au = 0 into an
equivalent form LΨ = ∂ζΨ (D-form) with distinct properties:

1. L = L(ξ, η). (For time dependent problems the list of arguments contains
the time variable t, or, ω, its dual variable in the Fourier domain.)

2. The components of Ψ are exclusively those field variables which enter into
the interface- (and boundary) conditions on the T−plane. Without any jump
discontinuities we obtain Ψ(ζ+) = Ψ(ζ−), which we preferably will write as
Ψ< = Ψ>.

3. Let Ψ be known and continuously differentiable to any order required in
the ε−neighborhood N (p, ε) (⊂ T−plane). Construct LΨ on N (p, ε). Then,
according to LΨ = ∂ζΨ , the rate of change of Ψ in theN -direction is uniquely
determined at p.

4. The property that L merely depends on ξ and η allows further conclusions.
Differentiate both sides of LΨ = ∂ζΨ with respect to ζ, and interchange
the order of ∂ζ and L at the L.H.S. to obtain L∂ζΨ = ∂

(2)
ζ Ψ . Substitute for

∂ζΨ from the D-form and introduce L(2) = LL to get L(2)Ψ = ∂
(2)
ζ Ψ . By an

induction argument L(n)Ψ = ∂
(n)
ζ Ψ for n ∈ N .

5. Therefore, in the neighborhood of p in the N -direction, we have:

Ψ(ξ, η, ζ + h) =
∑
n

hn

n!

{
L(n)Ψ

}
(ξ,η,ζ)

(1)
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6. Consider a closed surface γ ⊂ Ω. At each point (ξ, η, ζ) of γ proceed as
sketched above and construct the field Ψ ′ at all points (ξ, η, ζ+h), such that
the entirety of these points build the surface γ′, with γ′ ⊂ Ω. This interpre-
tation suggests referring to the diagonalization as the Huygence principle in
differential form. These considerations allow the construction of useful and
fast algorithms for the BEM [3]-[9], Finite Difference Method [10], and the
Finite Element Method applications.

7. Consider the Fourier transform of LΨ = ∂ζΨ with respect to the spatial
coordinates in the T -plane:

L(kξ, kη)Ψ = λΨ, (2)

where the bar indicates variables in the (kξ, kη)− spectral domain.
8. In view of (2) consider the eigenvalues λ(kξ, kη) and the associated eigenvec-

tors Ψ(kξ, kη) for asymptotically large kξ and kη. According to the Heisen-
berg uncertainty principle the far field in the spectral domain corresponds
to the near field in the spatial domain. Therefore, it can be postulated that
the (kξ, kη → ∞) asymptotics of the eigenpairs provide the ingredients for
expanding the near fields in the spatial domain. Indeed we have shown [1],
[2] that this is valid. Furthermore, the asymptotic eigenpairs can be used
to regularize surface integrals, with (weak-, strong-, or hyper-) singular ker-
nels [11]: A major source for numerical difficulties in the BEM applications
originate in the inadequate treatment of the kernel singularities in surface
integrals. This may lead to inaccurate near field distributions and thus di-
vergent or near-divergent numerical results. Regularization techniques using
spectral domain asymptotics allow us, however, to ‘‘zoom’’ into these diffi-
culties and ‘‘temper’’ their behavior to any degree we desire.

9. Consider Au = s with the source function s = Jδ(ζ − ζ0). Here, δ(·) stands
for the Dirac delta function. Diagonalization applied to this equation au-
tomatically generates the interface equations. Thereby, in contrast to the
expositions in standard text books, there is no need for introducing a thin
pillbox, and the subsequent limiting process.

3 Procedural Details of the Diagonalization

We choose a cartesian coordinate system (x, y, z), and perform the diagonal-
ization with respect to the z−coordiante. A few comments and preparatory
calculations are in place.

3.1 Domain Decomposition

Adopt the following representation for the field1 Ψ(x, y, z).

Ψ(x, y, z) = Ψ<(x, y, z)H(z0 − z) + Ψ>(x, y, z)H(z − z0), (3)
1 The differentiability of the involved functions, to any order required, has been as-
sumed.
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Ψ(.) may be scalar or a vector. H(·) is the Heaviside’s step function: H(z) is
0 for z < 0, and 1 for z > 0. Obviously we have

∂aΨ(x, y, z) =
{
∂aΨ

<(x, y, z)
}H(z0 − z) +

{
∂aΨ

>(x, y, z)
}H(z − z0), (4)

with a representing x or y. Furthermore, with ∂zH(z0 − z) = −δ(z0 − z) =
−δ(z − z0) and ∂zH(z − z0) = δ(z − z0) we obtain

∂zΨ(x, y, z) =
{
∂zΨ

<(x, y, z)
}H(z0 − z) +

{
∂zΨ

>(x, y, z)
}H(z − z0)

+
{−Ψ<(x, y, z) + Ψ>(x, y, z)

}
δ(z − z0). (5)

3.2 A Convenient Symbolic Representation of the Curl Operator

In order to facilitate our manipulations and to allow symbolic computations we
write the curl operator in the form

∇× =


 0 −∂z ∂y

∂z 0 −∂x
−∂y ∂x 0


 = ∂x


0 0 0
0 0 −1
0 1 0




︸ ︷︷ ︸
N1

+∂y


 0 0 1

0 0 0
−1 0 0




︸ ︷︷ ︸
N2

+∂z


0 −1 0
1 0 0
0 0 0




︸ ︷︷ ︸
N3

= ∂xN1 + ∂yN2 + ∂zN3, (6)

The matrices Ni (i = 1, 2, 3) are defined in (6). Note that

NT
i Ni =


1− δ1i 0 0

0 1− δ2i 0
0 0 1− δ3i


 ; i = 1, 2, 3. (7)

(Here, δmn stands for the Kronecker symbol.) These properties motivate ap-
propriate decompositions of the 3 × 3 identity matrix I, which will be used for
the diagonalization, e.g. consider the decomposition induced by N1:

I =


1 0 0
0 0 0
0 0 0


+


0 0 0
0 1 0
0 0 1


 =


1 0 0
0 0 0
0 0 0




1 0 0
0 0 0
0 0 0




︸ ︷︷ ︸
U1

+


0 0 0
0 0 1
0 −1 0




0 0 0
0 0 −1
0 1 0




︸ ︷︷ ︸
N1

= U1U1 +NT
1 N1 (8)

The matrix U1 has been introduced in (8). Similarly, we obtain (9) by intro-
ducing U2 and U3 mutatis mutandis2:

I = UiUi +NT
i Ni; i = 2, 3. (9)

2 In [1], [2] we have suggested an alternative decomposition of the identity matrix,
which was devised for the diagonalization of PDEs arising in the theory of linear
elasticity, and piezoelectricity.
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The relationships in (10) hold true (0 stands for the 3× 3 null matrix):

UiNi = NiUi = UiN
T
i = NT

i Ui = 0; i = 1, 2, 3. (10)

It is instructive to examine further properties ofNi and establish a connection
between these matrices and the proper rotation matrices in R3.

Matrices Ni and Proper Rotation Matrices Ri. In view of

N1N2 =


0 0 0
1 0 0
0 0 0


 and N2N1 =


0 1 0
0 0 0
0 0 0


 (11)

we obtain [N1, N2]
Def= N1N2 −N2N1 = N3. Therefore, the constituent matrices

N1, N2, and N3 of the curl operator satisfy the defining commutation relations
of the Lie algebra so(3), [12]:

[N1, N2] = N3, [N2, N3] = N1, [N3, N1] = N2. (12)

Rotation Group SO(3). Next we establish a relationship between Ni and
the proper rotation matrices Ri defined in (13). It is known that every proper
rotation in R3 can be expressed in terms of a succession of three proper rotations
about the x−, y−, and z− axis. The corresponding one-parameter subgroups can
be generated by the matrices R1(α), R2(β), and R3(γ):


1 0 0
0 cosα −sinα
0 sinα cosα


 ,


 cosβ 0 sinβ

0 1
−sinβ 0 cosβ


 ,


 cosγ −sinγ 0
sinγ cosγ 0
0 0 1


 . (13)

Each of these matrices satisfy the following properties: (i) They are orthonor-
mal, meaning that RTi (θ)Ri(θ) = I. (ii) They are proper (special) in the sense
that det {Ri} = 1. (iii) The group multiplication is an analytic function of pa-
rameter θ. More precisely, Ri(θ1)Ri(θ2) = Ri(θ1+θ2). (iv) The inverse operation
is an analytic function of parameter θ: R−1

i (θ) = Ri(−θ) = RTi (θ).
These matrices form a one-parameter Lie group and since they are special

and orthonormal in R3, they are called the special orthogonal group in 3 di-
mensions and denoted by SO(3). The basic vectors of the Lie algebra so(3) (the
infinitesimal generators) are obtained by differentiating Ri(θ) with respect to
the corresponding angle parameter θ and consecutively setting θ equal to zero.
This establishes the relationship we have been looking for [12]:

dR1(α)
dα

∣∣∣
α=0

= N1,
dR2(β)
dβ

∣∣∣
β=0

= N2,
dR3(γ)
dγ

∣∣∣
γ=0

= N3. (14)



352 Alireza R. Baghai-Wadji

A Convenient Symbolic Representation of the Nabla Operator

∇ =


∂x∂y
∂z


 =


1 0 0
0 1 0
0 0 0




︸ ︷︷ ︸
N12


∂x∂y

0


+


0 0 0
0 0 0
0 0 1




︸ ︷︷ ︸
U3


 0

0
∂z


 (15a)

= N12


∂x∂y

0


+ U3


 0

0
∂z


 (15b)

4 Maxwell’s Equations in Differential Form

Consider the Maxwell’s equations in differential form with J and ρ being, re-
spectively, the electric current density and the charge density:

∇×H − ∂D

∂t
= J (16a)

∇×E +
∂B

∂t
= 0 (16b)

∇ ·B = 0 (16c)
∇ ·D = ρ (16d)

Applying the dot product of ∇ to both sides of (16a) and using (16d) we
obtain the continuity equation ∂ρ/∂t+∇ ·J = 0. The field variables in (16) are
as follows. E: electric field; D: dielectric displacement; H: magnetic field; B:
magnetic induction.

4.1 Constitutive Equations

General Bianisotropic Media. In fully bianisotropic media we have the re-
lationships in (17) for the field vectors D and B. The material parameters
εij , ξij , ζij , and µij ; i, j = 1, 2, 3 constitute 3× 3 matrices.

D = εE + ξ, B = ζE + µH. (17)

Let x represent E or H, and κ either of the matrices in (17). General physical
properties, such as passivity and reciprocity, translate into specific constraints
imposed on the involved material matrices. In present discussion we merely re-
quire the existence of these matrices. This means that for general bianisotropic
media, for example, we require that κx �= 0 for every x �= 0. The D-procedure
will result in a set of necessary conditions on the material matrices.

General Anisotropic Media. Fully anisotropic media are characterized by
the fact that ξ = ζ = 0, and that εx �= 0, and µx �= 0 for x �= 0.
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Isotropic Media. Here we have ξ = ζ = 0, in addition to εx = αI and µx = βI

with α, β ∈ R+.

4.2 Maxwell’s Equations in Static Limit (∂/∂t ≡ 0)

∇×H = J , ∇×E = 0, ∇ ·B = 0, ∇ ·D = ρ. (18)

Assuming D = εE and B = µH, (18) decouples into (19) and (20).

Electrostatic Equations in Anisotropic Dielectric Media

∇×E = 0, ∇ ·D = ρ, D = εE. (19)

Magnetostatic Equations in Anisotropic Magnetic Media

∇×H = J , ∇ ·B = 0, B = µH. (20)

4.3 Diagonalization of the Electrodynamic Equations

Our objective is the diagonalization of the electrodynamic equations in general
bianisotropic, source-free media3 with respect to a coordiante variable, say, z.
We adopt a harmonic time-dependence of the fields according to e−jωt. Then
with ∂/∂t ⇐⇒ −jω and introducing ∂/∂(jωx) = ∂/∂x̃, ∂/∂(jωy) = ∂/∂ỹ, and
∂/∂(jωz) = ∂/∂z̃, we obtain

[∂x̃N1 + ∂ỹN2 + ∂z̃N3[H = −εE − ζH, (21a)

[∂x̃N1 + ∂ỹN2 + ∂z̃N3]E = ξE + µH. (21b)

Multiply (21) by NT
3 , and U3 from the LHS, and insert the decomposition

U3U3 + N3N
T
3 for the identity matrix between the material matrices and the

field vectors at the RHS, to arrive at (22).[
∂x̃N

T
3 N1 + ∂ỹN

T
3 N2

]
H + ∂z̃N

T
3 N3H (22a)

= −(NT
3 εN3)(NT

3 E)− (NT
3 εU3)(U3E)− (NT

3 ζN3)(NT
3 H)− (NT

3 ζU3)(U3H)[
∂x̃N

T
3 N1 + ∂ỹN

T
3 N2

]
E + ∂z̃N

T
3 N3E (22b)

= (NT
3 ξN3)(NT

3 E) + (NT
3 ξU3)(U3E) + (NT

3 µN3)(NT
3 H) + (NT

3 µU3)(U3H)

[∂x̃U3N1 + ∂ỹU3N2]H + ∂z̃U3N3H (22c)
= −(U3εN3)(NT

3 E)− (U3εU3)(U3E)− (U3ζN3)(NT
3 H)− (NT

3 ζU3)(U3H)

[∂x̃U3N1 + ∂ỹU3N2]E + ∂z̃U3N3E (22d)
= (U3ξN3)(NT

3 E) + (U3ξU3)(U3E) + (U3µN3)(NT
3 H) + (U3µU3)(U3H)

3 Details regarding the inclusion of sources will be exemplified in Sec. 4.4.
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To convey the underlying idea consider (22a) in greater detail:
0 0 −∂x̃
0 0 −∂ỹ
0 0 0


H + ∂z̃


1 0 0
0 1 0
0 0 0


H

= −

 ε22 −ε21 0
−ε12 ε11 0
0 0 0




 E2
−E1
0


−


0 0 ε23

0 0 −ε13
0 0 0




 0

0
E3




−

 ζ22 −ζ21 0
−ζ12 ζ11 0
0 0 0




 H2
−H1
0


−


0 0 ζ23

0 0 −ζ13
0 0 0




 0

0
H3


 (23)

Obviously, we have been able to achieve several goals by one stroke: (i) The
(trivial) third equation (0 = 0) can be discarded. (ii) The ‘‘transversal’’ (x, y)−,
and the ‘‘normal’’ z−dependences have been distinctly separated. (iii) At the
LHS the matrices are built such, that the x− and y− derivatives act on H3 only.
At the same time, the z−derivative acts on the components H1 and H2 only.
Equation (22b) leads to similar conclusions mutatis mutandis.

Next consider (22c). Written explicitly we have:
 0 0 0

0 0 0
−∂ỹ ∂x̃ 0


H + ∂z̃


0 0 0
0 0 0
0 0 0


H

= −

 0 0 0

0 0 0
ε32 −ε31 0




 E2
−E1
0


−


0 0 0

0 0 0
0 0 ε33




 0

0
E3




−

 0 0 0

0 0 0
ζ32 −ζ31 0




 H2
−H1
0


−


0 0 0

0 0 0
0 0 ζ33




 0

0
H3


 (24)

Several facts are noteworthy: (i) The z− variation has been eliminated. (ii)
The (trivial) first two equations (0 = 0) can be discarded. (iii) The remaining
equation allows us to express the ‘‘normal’’ field components E3 and H3 in
terms of the ‘‘transversal’’ field components and their derivatives with respect to
the ‘‘transversal’’ variables. Equation (22d) leads to similar conclusions mutatis
mutandis. In summary we obtain

∂z̃



E1
E2
H1
H2


 =




ξ21 ξ22 µ21 µ22
−ξ11 −ξ12 −µ11 −µ12
−ε21 −ε22 −ζ21 −ζ22
ε11 ε12 ζ11 ζ12





E1
E2
H1
H2




+




ξ23 µ23
−ξ13 −µ13
−ε23 −ζ23
ε13 ζ13



(
E3
H3

)
+



∂x̃ 0
∂ỹ 0
0 ∂x̃
0 ∂ỹ



(
E3
H3

)
(25)
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(
E3
H3

)
=
(

ε33 ζ33
−ξ33 −µ33

)−1(−ε31 −ε32 −ζ31 −ζ32
ξ31 ξ32 µ31 µ32

)
E1
E2
H1
H2




+
(

ε33 ζ33
−ξ33 −µ33

)−1 [ 0 0 ∂ỹ −∂x̃
∂ỹ −∂x̃ 0 0

]
E1
E2
H1
H2


 (26)

Substituting4 (26) into (25) and introducing Ψ = (E1, E2, H1, H2)T lead to

L(εij , ξij , ζij , µij , ∂x̃, ∂ỹ)Ψ = ∂z̃Ψ. (27)

4.4 Diagonalization of the Magnetostatic Equations

Our starting point are the equations in (20), [13]. We first assume a source free
medium (J ≡ 0), and then consider fields which are driven by a source function.
Equation (20) implies that B can be expressed as the curl of a vector potential
A. Under these conditions (20) implies

∇×H = 0, (28a)
∇×A = µH. (28b)

Our goal is to investigate the diagonalization of (28) with respect to the
z−coordiante. The occurance of the curl operator in both equations suggests
a procedure similar to that we developed in the previous section. We insert
N3N

T
3 +U3U3 for the indentity matrix I between µ and H at the RHS of (28b),

and multiply both equations, first by NT
3 , and then by U3, from the LHS. The

resulting equations collapse in

∂z

(
H1
H2

)
=
[
∂x
∂y

]
H3, (29a)

∂z

(
A1
A2

)
=
[
∂x
∂y

]
A3 +

(
µ21 µ22
−µ11 −µ12

)(
H1
H2

)
+
(

µ23
−µ13

)
H3,

(29b)[−∂y ∂x ]
(
H1
H2

)
= 0, (29c)

[− 1
µ33

∂y
1
µ33

∂x
](A1

A2

)
− ( µ31

µ33

µ32
µ33

)(H1
H2

)
= H3. (29d)

4 Note that the existence of the above inverse matrix is necessary to perform our
manipulations. In particular its determinant should nonzero: ε33µ33 − ζ33ξ33 �= 0.
Note that diagonalization with respect to the x−, and y− coordinates results in
similar inequalities. Therfeore, we conclude that for physically realizable systems
the necessary conditions εiiµii − ζiiξii �= 0, (i = 1, 2, 3) have to be satisfied.



356 Alireza R. Baghai-Wadji

The appearance of the z− derivatives of H1, H2, A1, and A2 in (29a) and
(29b) suggest that these are the only field components which will enter into the
D-form (permissible, reduced variables). Therefore, H3 and A3 must be elimi-
nated by using (29c) and (29d). However, we realize that this is not possible:
While (29d) is an expression for H3 in terms of the admissible field variables5,
there is no equation available which would allow the elimination of A3. (Equa-
tions (29c) and (29d) do not involve A3.) Therefore, according to our conjecture,
(28) does not model a physically realizable system. Alternatively, it can be stated
that: Assuming a general 3× 3 matrix µ and allowing spatial variation with re-
spect to all the three spatial coordiantes, the equations (28) are not consistent.

Therefore, the primary objective is now to create conditions under which
A3 disappears from our equations. We can achieve this goal by assuming that
there is no variation in one of the transversal directions, and/or specializing the
structure of µ. Thus, assume ∂/∂y ≡ 0. Then (29) reduces to (30).

∂zH1 = ∂xH3 (30a)
∂zH2 = 0 (30b)
∂zA1 = ∂xA3 + µ21H1 + µ22H2 + µ23H3 (30c)
∂zA2 = −µ11H1 − µ12H2 − µ13H3 (30d)
∂xH2 = 0 (30e)

H3 =
1
µ33

∂xA2 − µ31
µ33

H1 − µ32
µ33

H2 (30f)

Interpretation

1. Equations (30b) and (30e) imply that H2 is a trivial solution.
2. In (30d) the undesirable field component A3 does not appear. In order to

eliminate the trivial solution H2 from (30d) we have to set µ12 = 0.
3. Equation (30f) is needed to eliminate H3. To eliminate the trivial solution

H2 from this equation the condition µ32 = 0 is necessary.
4. Setting µ21 = 0, H1 disappears from (30c). However, H1 enters this equation

over H3(see (30f))! Therfeore, µ23 = 0.

In summary it can be stated that under the conditions that

µ =


µ11 0 µ13

0 µ22 0
µ31 0 µ33


 and ∂y ≡ 0 (31)

(30) decouples into (32) and (33).

∂zH1 = ∂xH3 (32a)
∂zA2 = −µ11H1 − µ13H3 (32b)

H3 =
1
µ33

∂xA2 − µ31
µ33

H1 (32c)

5 In view of (29d) µ33 �= 0. Analogeously, diagonalization with respect to x−, and y−
coordinates require that µ11 �= 0, and µ22 �= 0, respectively.
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∂zH2 = 0 (33a)
∂zA1 = ∂xA3 + µ22H2 (33b)
∂xH2 = 0 (33c)

Focus on the latter system first: (33a) and (33c) imply that H2 = const in the
entire space. Considering finite energy functions we have H2 = 0. Therefore,
from (33b) we obtain ∂zA1 = ∂xA3, which cannot be diagonalized, unless A1
and A3 vanish simultaneously. Therefore: A1 = A3 = H2 = 0.

Consider (32) next: Substitute (32c) into (32a) and (32b), and rearrange to
obtain the desired D-form:

∂z

(
A2
H1

)
=
(−(µ13/µ33)∂x −(µ11µ33 − µ13µ31)/µ33

∂x(1/µ33)∂x −∂x(µ31/µ33)
)(

A2
H1

)
. (34)

It should be pointed out that the coefficients in our PDEs may vary as
functions of x, which is the independent variable on the T -plane6.

Inclusion of Idealized Sources. Consider in (20) a uniform (J2 = const)
electric current line:

J = J2e2δ(x− x0)δ(z − z0) (35)

(e2: unit vector in y-direction) Note that since this ‘‘source distribution’’
satisfies the condition ∂/∂y ≡ 0, the consistency requirement is satisfied.

Repeating the D-procedure in this Section along with our formulation in
terms of the Heaviside’s function in (5) we obtain{(−(µ13/µ33)∂x −(µ11µ33 − µ13µ31/µ33)

∂x(1/µ33)∂x −∂x(µ31/µ33)
)(

A2
H1

)}<
H(z0 − z)

+
{(−(µ13/µ33)∂x −(µ11µ33 − µ13µ31/µ33)

∂x(1/µ33)∂x −∂x(µ31/µ33)
)(

A2
H1

)}>
H(z − z0)

=
{
∂z

(
A2
H1

)}<
H(z0 − z) +

{
∂z

(
A2
H1

)}>
H(z − z0) (36)

+

{
−
(
A2
H1

)<
+
(
A2
H1

)>}
δ(z − z0) +

(
0

−J2δ(x− x0)

)
δ(z − z0)

Note that the definition range of H(z0 − z), H(z − z0), and δ(z − z0) are
mutually exclusive and their union spans the entire z−axis. Using this property
and individually equating to zero terms which are associated with H(z0 − z),
H(z−z0), and δ(z−z0), we obtain the governing equations in z < z0, and z > z0,
and the interface condition at z = z0, respectively.
6 A condition for obtaining meaningful results is that µ11µ33 − µ13µ31 �= 0. Similarly,
diagonalization with respect to the x− and y− directions results in the conditions
µ22µ33 − µ23µ32 �= 0 and µ11µ22 − µ12µ21 �= 0.
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4.5 Diagonalization of the Electrostatic Equations

Consider (19). Let ε be a general 3×3 matrix. In contrast to Sec. 4.4, our analysis
here is three-dimensional (∂/∂y �= 0).

Equation (19) implies that E can be written as a gradient of a scalar potential
function E = −∇ϕ. Therefore, in source-free media the governing equations are
∇ ·D = 0, and D = −ε∇ϕ.

It can be shown [1], [2] that the following is valid7(
L11 L12
L21 L22

)(
ϕ
D3

)
= ∂z

(
ϕ
D3

)
. (37)

Written explicitely Lij (i, j = 1, 2) are:

L11 = − ( ε13/ε33 ε23/ε33 )
[
∂x
∂y

]
= LT22 (38a)

L12 = −1/ε33 (38b)

L21 =
[
∂x
∂y

] (ε11ε33 − ε213)/ε33 (ε12ε33 − ε13ε23)/ε33

(ε21ε33 − ε13ε23)/ε33 (ε22ε33 − ε223)/ε33


[∂x

∂y

]
(38c)

5 Conclusion

In this contribution we conjectured that systems of linearized Partial Differential
Equations, considered as consistent models for physically realizable systems, are
diagonalizable. We examined two problems in computational electromagnetics
and showed that the associated PDEs are diagonalizable. We made clear that
the diagonalization with respect to a given spatial coordinate is a process for
systematically ‘‘reshuffling’’ the original PDEs, and creating equivalent reduced
differential forms. Furthermore, we demosntrated that the diagonalization pro-
cedure automatically selects the variables which enter into the interface- and
boundary eqautions related to surfaces normal to the diagonalization direction.

It should be pointed out that using our regularization technique moments of
Green’s functions associated with a given Boundary Value Problems can be writ-
ten in coordinate-free, frequency-, and material independent forms, and there-
fore, these moments can be regarded as universal functions for the underlying
class of problems [3]. The universal functions are generally astonishingly smooth;
they can be precalculated, stored, and thus retrieved as often as required (data
recycling). This capability allows us to separate the scientific computing efforts
from the pre- and postprocessing steps in simulations. These considerations have
been instrumental in the development of the Fast-MoM, which is an accelerated
7 Notice that we are requiring that ε33 �= 0. The diagonalization with respect to the x−
and y− coordinates would require that ε11 �= 0 and ε22 �= 0, respectively. Therefore,
necessary conditions for physical realizability of the present problem are εii �= 0,
with i = 1, 2, 3.
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form of the conventional Method of Moments [4]-[7]. Using precalculated univer-
sal functions the computation times for the calculation of impedance matrices in
the BEM applications reduce to the times required for retrieving data from the
chosen storage medium. However, in spite of this advancement, a major draw-
back in the BEM still remains to be removed: the impedance matrices are dense.
Several techniques have been suggested in literature for obtaining sparse matri-
ces, each with its own limitation. We have suggested a procedure which consists
of constructing problem-specific orthogonal sequences of basis functions derived
from the involved Green’s functions [18], [19], and [20]. The idea is to expand
the unknowns in our problems in terms of basis functions which embed in their
structures intrinsic features of the underlying PDEs: Using Meyer’s orthogonal-
ization technique [14]-[17], and Green’s functions, we have constructed functions
which are orthonormal to their integer-translates [18], [19], and [20]. In the case
of Laplace operator, we have been able to prove that the resulting functions
support a multiresolution analysis, and leads to Green’s-functions-based scaling
functions and wavelets.

Our present research includes the investigation of alternative localization
techniques for generating sparse impedance matrices in the MoM applications,
e.g. coherent states and Wannier fucntions. Furthermore, we are investigating
the existence question of the diagonalized forms: Why is it possible to diagonal-
ize a certain systems of linearized PDEs in the first place? And, viewed from a
physical prospective, what are the necessary and sufficient conditions for their
formulation.
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1 Introduction

The recent progress in the generation of the extremely short laser pulses has
allowed to reach the pulse durations of few femtoseconds and the peak intensi-
ties higher than 1015 W/cm2 (for review see [1]). Their applications cover the
range from the technology and the medicine to the sophisticated spectroscopi-
cal researches and the nuclear fusion. The femtosecond lasers possess the rich
nonlinear properties, which dramatically complicate the field dynamics. There
are two main approaches to the theoretical analysis of the femtosecond pulse
dynamics. In fact, these approaches reproduce the mainstreams of the nonlinear
physics in general.

The former is based on the numerical simulations of the field dynamics and
the field-matter interaction. Even a comparatively simple model of this type
needs the computations taking about of one week (1.2 GHz Athlon) for the
simulation of the real lasing taking less than 10 µs. The main obstacle in the
direct numerical simulations is not only the limits of the computer performance,
but also the large set of the parameters governing the laser dynamics. This
excludes the direct enumeration for the analysis of the system’s global properties.
Moreover, the obtained results, as a rule, are very complicated for the clear
physical comprehension.

On the other hand, the use of the analytical and semi-analytical methods
can give us the Ariadna’s thread in the labyrinth of the nonlinear phenomena.
The basis of the analytical approach to the research of the femtosecond laser
dynamics is the so-called soliton model [2]. In the framework of this approach,
the nonlinear evolution is approximated by the distributed model, which, as a
rule, leads to the analog of the Landau-Ginzburg’s type equation [3]. The stable
soliton-like solutions of this equation are considered as the ultrashort pulses (see,
for example, [2,4]). This approach reduces the problem to the algebraic one and
allows the computer algebra realization enhancing the physical comprehension
of the underlying phenomena and the result’s reproducibility.

However, the main obstacle here is the lack of the exact solutions describing
a non-steady-state evolution. Moreover, a lot of the important problems lies at
the border of the basic approximations validity that demands the additional
analysis involving the numerical simulations.

Here we present the general approach to the analysis of the ultrashort pulse
dynamics in the solid-state lasers, which is based on the analytical and semi-

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 361–374, 2003.
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analytical consideration and allows the computer algebra realization. The com-
parisons with the experiment and the numerical results demonstrate the validity
of the models under consideration and give the clear and comparatively simple
understanding of the underlaying phenomena.

2 Dimension Reduction

As it was mentioned, the analytical approach, as a rule, is based on the soliton
model of the ultrashort pulse generation. Here we shall demonstrate that the
dimension reduction allows to obtain the physically important results on the
basis of the relatively simple maps.

Let us consider the four-dimensional model taking into account the evolution
of the pulse peak intensity, the wave front radius of curvature, the laser beam
diameter and the intracavity net-gain [5].

During the past years a great deal of attention has been paid to the method
of the ultrashort pulse generation called as the Kerr-lens mode locking. The
basic idea here is the saturation of the diffraction loss by the high-intensive field
due to its self-focusing in the laser active medium [2]. The propagation of the
field a(z, r, t) (z is the longitudinal coordinate, r is the radial coordinate for the
cylindrically symmetric laser field, t is the local time) through nonlinear medium
can be described on the basis of the nonlinear parabolic equation [6]:(

∂

∂z
+ i

∆⊥
2k

+ iβ|a|2
)
a = 0, (1)

where the laser beam has the Gaussian radial profile:

a(r) = E0ρ
−1/2exp

[−k0r2
2ρ

− ikr2

2R

]
. (2)

R is the radius of the wave front curvature, ρ = πw2/λ is related to the laser
beam diameter w, k=2π/λ, λ is the wavelength, ∆⊥ = (1/r2)(∂/∂r)[r2(∂/∂r)],
β = k n2/n is the coefficient of the Kerr-type nonlinearity, n2 and n are the
nonlinear and linear refraction coefficients, respectively. We shall suppose that
|a|2 has the dimension of the field intensity I.

From Eqs. (1, 2) the maps for R and ρ can be obtained:

ρz+1 =
(C1x+ C2)

2 + C3

C1
, (3)

Rz+1 =
ρz+1

C1x+ C2
(4)

where z is the field’s round-trip number (i.e. we use the normalization of the
propagation distance to the laser cavity length), x is the active crystal length,
C1 = ρz/R

2
z + C3/ρz, C2 = ρz/Rz and C3 = 1− 2βρzIz.
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Fig. 1. The ultrashort pulse intensity I and the Lyapunov’s parameter Λ versus the
dimensionless pump P . Tcav=10 ns, tp=1 ps.

Then the maps for the field intensity and the dimensionless gain in the active
medium are:

Iz+1 = Iz exp
(
gz − l − kr2/D′) , (5)

gz+1 = gz + (gm − gz)P − 2gzIztp
Eg

− gzTcav
Tr

, (6)

where g and l are the gain and loss coefficients, respectively, gm is the maxi-
mal gain corresponding to the full population inversion of the quasi-two level
active medium, Tcav is the cavity period, Tr is the gain relaxation time, the Eg
parameter has a sense of the gain saturation energy. The saturable diffraction
loss is described by the last term in Eq. (5) (D′ is the diameter of the intracav-
ity aperture). The key control parameter is P=σaIpTcav/(hνa) (here σa is the
pump absorption cross-section, Ip is the pump intensity, νa is the frequency of
the pumping field), which is the dimensionless pump energy stored during Tcav.
It is very conventional to normalize the field intensity to the nonlinear parameter
β. Then the third term in Eq. (6), which contains the definition of the soliton-
like ultrashort pulse energy 2Iztp (tp is the pulse width), has to be rewritten as
2τIz (τ=tp/(βEg)). Let us confine ourself to the picosecond pulse generation.
In this case the pulse duration is defined by the net-group-delay dispersion and
the geometrical configuration of the laser cavity, so that the pulse duration is
approximately constant and is not mapped.

The result of the simulations on the basis of this simplest model is shown
in Fig. 1 for the parameters corresponding to the picosecond Ti:sapphire laser.
One can see, that the variation of the P parameter causes the dramatic changes
in the field intensity behavior (left axes) and in the corresponding Lyapunov’s
parameter Λ (right axes). There exist the regions of the stable operation (A),
which change into the regions with the oscillatory and chaotical behavior (B, C
and D). So, the region of the pump providing the ultrashort pulse generation
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has the pronounced heterogenic character with the steady-state, chaotic and
period multiplication zones. It should be noted, that the period-multiplication
behavior is different for B and C regions, which correspond to Ruelle-Takens
and Fiegenbaum scenarios, respectively.

It is surprisingly, that such simple scheme allowing the computer algebra
realization is in the good agreement with the exact numerical simulation based
on the detailed model described in Ref. [7] and agrees with the experiment
reported in Ref. [8].

However, it is clear that the transition to the femtosecond generation de-
mands to map not only the pulse intensity, but also another ultrashort pulse
parameters. This leads to the increase of the mapping dimension. The most ap-
propriate way is to be based on the distributed laser model, which takes into
consideration the saturable gain and loss action, the linear and spectral dissipa-
tion, the phase nonlinearity and the group-delay dispersion. As it was mentioned
above, this leads to the generalized Landau-Ginzburg’s equation:

∂a(z, t)
∂z

=
[
g − l +

(
t2f + id

) ∂2

∂t2
− iβ |a(z, t)|2 + L̂(|a|2)

]
a(z, t), (7)

where we excluded the explicit dependence on r by means of the assumption that
the spatial evolution contributes only to the nonlinear operator L̂(|a|2) causing
the change of the field loss on the aperture due to self-focusing. The last process
is governed by the field intensity that validates our approximation. Moreover,
we introduced the action of the spectral filter with the inverse bandwidth tf and
the group-delay dispersion with the corresponding coefficient d.

For the pulse-like solutions the boundary conditions correspond to the van-
ishing at t → ±∞ field. However, in the case of the numerical simulations we
have to put obviously the periodic boundary condition through the identification
of t = −Tcav/2 with t = Tcav/2.

The form of L̂ can be different. In the weak-nonlinear limit we have L̂=σ |a|2
(cubic nonlinear Landau-Ginzburg’s equation). The more realistic approximation
is L̂= σ |a|2−µ |a|4 (quintic nonlinear Landau-Ginzburg’s equation). Here the key
parameter is σ=10−10 ÷ 10−12 cm2/W, which has a sense of the inverse intensity
of the diffraction loss saturation and can be controlled by the cavity alignment
[9]. The saturation of the nonlinearity due to the higher-order nonlinear term
with the µ parameter prevents from the collapse of the soliton-like solution of
Eq. (7) [4].

The cubic Landau-Ginzburg’s equation has a soliton-like solution in the form
a(t)=a0 cosh ((t− δ)/tp)

−1−iψ exp(iφ), where a0, tp, δ, ψ and φ are the ultra-
short pulse amplitude, its width, the time delay, the chirp and the phase de-
lay, respectively. However, the general non-steady-state pulse-like solution is not
known even for this simplest form of L̂. In order to analyze the field evolution in
the general case and for the more complicated nonlinearities we have to perform
the numerical simulations.

Nevertheless there is the possibility for the dimension reduction, which is
based on the so-called aberrationless approximation [10,11]: let us suppose that
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the pulse shape conserves approximately, but the pulse parameters depend on z.
Then the backward substitution into Eq. (7) results in the set of the first-order
ordinary differential equations for the pulse parameters evolution. Such system
allows the comparatively simple consideration in the framework of the computer
algebra system.

Let us consider the cubic Landau-Ginzburg’s equation, but with the satura-
tion of the nonlinearity to avoid the collapse. The simplest choice is L̂=σ0(1 −
σ0a0(z)2/2) |a(z, t)|2, where the weak-nonlinear coefficient σ0 is saturated by
the evolutive pulse peak intensity a0(z)2. Then from Eq. (7) we have the four-
dimensional mapping for the ultrashort pulse parameters:

tp(z + 1) = tp(z)+

4− 7dψ(z)− 3ψ(z)2
(
φψ(z)− 2σa0(z)2 − ψ(z)βa0(z)2

)
tp(z)2

2tp(z)2
,

ψ(z + 1) =
(
1− 2σa0(z)2

)
ψ(z) +

(
φ− βa0(z)2

)
ψ(z)2+

φ− 3βa0(z)2 − 5d+ 3ψ(z) + 5dψ(z)2 + 3ψ(z)2

tp(z)2
, (8)

a0(z + 1) = a0(z)

[
1 +

dψ(z)− 1 +
(
g(z)− l − σa0(z)2

)
tp(z)2

tp(z)2

]
,

g(z + 1) = g(z) exp
(
−2 τ a0(z)2tp(z)2 − Tcav

Tr
− P

)
+

gmP

P + Tcav/Tr

[
1− exp

(
−Tcav

Tr
− P

)]
,

where σ = σ0(1 − σ0a0(z)2/2), δ = 0, φ = βa0(z)2 + (d + ψ(z))/tp(z)2 and
τ = tf/(βEg) (note the replacement of tp by tf ). As the initial conditions we
can take the pulse parameters corresponding to the quasi-soliton solution of the
cubic Landau-Ginzburg’s equation.

The stable stationary points of this system correspond to the steady-state
generation of the ultrashort pulse. But there exists also the unsteady-state oper-
ation, which has regular as well as irregular character. The corresponding regions
of the group-delay dispersion are shown in Fig. 2, which depicts the dependance
of the pulse duration tp and its chirp ψ on the d coefficient for the steady-state
regime. The A region corresponds to the chaotic behavior of the pulse parame-
ters; B shows the region, where there is no the quasi-soliton solution (divergent
mapping); in the C region there are the periodical oscillations of the pulse pa-
rameters (most pronounced for a20).
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Fig. 2. The steady-state pulse duration (a) and the chirp (b) versus the d coefficient for
the time scale and the intensity normalized to tf and β, respectively. σ0=10 (curve 1),
1 (curve 2), 0.1 (curve 3). l=0.05, gm=0.5, P=4×10−4, x=5 mm, λ=800 nm, Tcav=10
ns, Tr=3 µs.

The appearance of the regular as well as irregular oscillations, as a result of
the | d | decrease, was observed experimentally [8,11] and their basic character-
istics are in the good agreement with the theoretically predicted on the basis
of our simple mapping procedure. Unfortunately, the attempt to describe the
B region on the basis of the model under consideration fails due to the strong
deviation from the soliton model, i. e. due to the invalidity of the abberation-
less approximation. The numerical simulations based on Eq. (7) with L̂=-γ/
(1+σ |a|2) (the arbitrary strong amplitude nonlinearity) demonstrate the multi-
ple pulse operation in this region (Fig. 3). The main features of the transition
to the multiple pulse generation are: 1) there exists the σ parameter producing
the minimal extension of the A and B regions; 2) the decrease or the increase
of σ relatively to this optimal value expands the region of the multiple pulse
operation.

The similar behavior is typical also for the femtosecond lasers with the so-
called slow saturable absorber, i. e. the absorber with the energy-dependent

nonlinearity: L̂=-γ/ (1+Σ
t∫

−∞
|a(z, t′)|2dt′), where Σ=1/Ea, Ea is the loss sat-

uration energy and we do not take into account the longitudinal relaxation in
the absorber (the corresponding relaxation time is much larger than tp) [12].
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Fig. 3. Contour-plots of the field intensity logarithm below (a) and above (b) optimal
σ. Vertical axes is the number of the simulation lattice points (their total number is
213 that corresponds to the 102 ps time window).

In the next section we shall demonstrate that, in spite of the absence of
the analytical solution for the description of the multiple pulses, the computer
algebra approach allows the comprehension of their sources.

3 Perturbation Analysis

Even beyond the rigorous limits of its validity the linear stability analysis can
shed light upon the nature of the nonlinear system instability. We can not exactly
describe the solution resulting from the perturbation growth, but can compre-
hend the character of the processes causing the pulse transformation. Here we try
to fill up the gaps in the above presented analysis. We shall consider the destabi-
lizing phenomena in the vicinity of the stability boundaries. As the basic model
the ultrashort pulse laser with a slow saturable absorber will be considered.

The simplifying idealization intended for the description of the mode locking
region heterogeneity (Fig. 1) and for the understanding of the destabilization
scenarios difference (Fig. 3) is to neglect the imaginary terms in Eq. (7). This
simplification is valid in the picosecond region of the ultrashort pulse duration
and allows to comprehend the basic sources of the phenomena under considera-
tion.

Let the pulse duration be much less than the longitudinal relaxation time
in the saturable absorber (for the review of the physical model under consid-
eration see [13]) and much larger than the transversal relaxation time (i. e.
we consider the incoherent regime of the light-matter interaction). Then in the

weak-nonlinear limit (i. e. when the pulse energy
t∫

−∞
|a(t′)|2 dt′ � Ea, Eg) the
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master Eq. (7) results in:

∂a(z, t)
∂z

= g0


1−Ξ

t∫
0

a(z, t′)2dt′ +


Ξ

t∫
0

a(z, t′)2dt′




2

 a(z, t)− (9)

γ0


1−

t∫
0

a(z, t′)2dt′ +


 t∫

0

a(z, t′)2dt′




2

 a(z, t) + t2f

∂2a(z, t)
∂t2

− la(z, t),

where the first and second terms correspond to the gain and loss saturation,
respectively; g0 and γ0 are the respective saturable gain and loss coefficients at
t=0 (t=0 corresponds to the quasi-soliton maximum). The saturation parameter
is Ξ=Ea/Eg that results from the normalization of the pulse energy to Ea. The
weak-nonlinear limit allows to omit the higher-order terms on the pulse energy
in Eq. (9). This equation has the soliton-like solution [14]: a(t)=a0/ cosh((t −
δ)/tp), where t2p = 1/(g0 − l − γ0), a20 =

√
2 (g0 − l − γ0) /

√
γ0 −Ξ2g0, δ =

−√2 (Ξg0 − γ0) /
√
γ0 −Ξ2g0.

Let us consider the stability of this solution in the framework of the linear
stability analysis. The seeding perturbation ξ(t) exp(ςz) obeys after linearization
of Eq. (9) the following equation:

∂2ξ(t)
∂t2

+ δ
∂ξ(t)
∂t

+

ξ(t) (γ0 −Ξg0)

t∫
0

a(t′)2dt′ + ξ(t)
(
Ξ2g0 − γ0

) t∫
0

a(t′)2dt′



2

+ (10)

a(t) (γ0 −Ξg0)

t∫
0

a(t′)ξ(t′)dt′ + (g0 − γ0 − l − ς) = 0.

The simplest way is to analyze Eq. (10) in the long- and short-wavelength
limits that allows either to neglect the second-order derivative in the comparison
with the first-order one or to exclude the integral over the perturbation by virtue
of the Riemann-Lebesgue’s theorem. In the first case there is no the perturbation
damped at t = ±∞. In the second case we have the solution for the perturbation
expressed through the hypergeometric functions, which is too awkward to be
written here (see Maple 6 worksheet at Waterloo Maple Application Center [15]).
The basic picture is close to that in the quantum mechanics: the loss and gain
saturations by the soliton-like pulse form the “potential well”, which allows the
existence of both the discrete and the continuous spectrum of the perturbations.
It should be noted, that our approximation is valid for large “quantum numbers”,
that is in the vicinity of the continuous spectrum. If the allowed “levels” lie
below the critical level with eigenvalue (“energy”) g0 − γ0, then ς > 0 and
there are the asymptotically growing perturbations, i.e. the pulse is unstable in
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Fig. 4. Logarithm of the numerical profile of the pulse intensity (solid). Dashed -
unperturbed soliton profile, Dotted - double pulses generation as a result of the per-
turbation growth.

the framework of linear analysis. The undamped perturbation belonging to the
discrete spectrum is visible in the numerical simulations as the slowly decaying
wings outside the soliton wings (compare solid curve with dashed one in Fig. 4).
The amplitude of this perturbation is proportional to the pulse energy.

The increase of the pulse energy due to the Ξ decrease, i. e. the decrease
of Ea, results in the increase of the “bounded” (i. e. belonging to the discrete
spectrum) perturbation. This causes the pulse splitting and the multiple pulse
generation (dotted curve in Fig. 4 and the right-hand side picture in Fig. 3).

The contribution of the continuous spectrum is quite different. Its appearance
results from the increase of the spectral loss for the shortest pulses or from the
nonlinear pulse spectrum broadening (the latter takes a place in the presence
of the imaginary terms in the master equation). In this case the pulse energy
decreases and the amplified background noise appears. The satellite pulses are
formed by this noise amplification. This causes the multiple pulse generation
(the left-hand side picture in Fig. 3) or the chaotic behavior.

Our relatively simple analytical model explains also the heterogeneous char-
acter of the mode locking region (see Fig. 5). The increment of the perturbation
growth, which is negative if the soliton is stable, can oscillate around zero. An
example of such an oscillation in the form of the “kink” is shown in Fig. 5. As
a result, there exist the regions of the ultrashort pulse stability, which alternate
with the regions of the pulse instability.

Hence, we may completely analyze the main stability properties of the quasi-
solitons in the mode-locked lasers, which allows the computer algebra realization.
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Fig. 5. Stability increment ς vs Ξ for the growing “quantum number” (i. e. the growing
order of the perturbation).

4 Coherent Effects

The above presented analytical and semi-analytical models do not take into con-
sideration the coherent nature of the field-matter interaction, which is important
for the ultrashort pulse duration shorter than 50 fs. The usual approach here
is numerical simulation (see, for example, [16]). Here we evolve the analytical
model of the quasi-soliton generation in the lasers with a coherent semiconductor
absorber. Our approach allows the direct computer algebra realization [17].

In the presence of the coherent interaction with the absorber the L̂ operator
in Eq. (7) has to be replaced by the expression

2πNzaωµ

c
u− 2πNzaµ

c

dv

dt
,

where N = γEa/(h̄ωza) ∼ 1018 cm−3 is the carrier density in the semiconductor
absorber, ω is the field carrier frequency, za is the absorber thickness (∼10
nm), µ is the dipole momentum (∼0.28×e coulomb×nanometer for GaAs/AlAs
absorber, e is the elementary charge). For the semiconductor absorber Ea �10
÷ 100 µJ/cm2. u and v are the slowly varying envelopes of the polarization
quadrature components, which obey the Bloch equations (w is the population
difference) [18]:

du

dt
= (∆− dθ

dt
)v + qaw,

dv

dt
= −(∆− dθ

dt
)u,

dw

dt
= −qau, (11)

where ∆ is the mismatch between the optical resonance and the pulse carrier
frequency, θ is the instant field phase, q = µ/h̄. We suppose that the pulse
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duration is shorter than both longitudinal and transverse relaxation times in the
absorber. For the latter we use tcoh=50 fs.

Now let us introduce in L̂ also the fast absorber term σ|a|2 in order to take
into account the self-focusing in the active medium and then to make some trick
for the sake of the analytical consideration of the soliton-like solution of Eqs. (7,

11). The transition to the field area α =
t∫

−∞
a(t′)dt′ yields:

[
(g − l + iφ)

d

dt
+ δ

d2

dt2
+ (1 + id)

d3

dt3
+
σ − iβ

η2

(
dψ(t)
dt

)2
d

dt

]
α(t)− (12)

γ

tcoh
sin(α(t)) = 0.

Here we introduced the η parameter, which is governed by the ratio between
the size of the generation mode in the active medium and in the semiconductor
absorber or by the reflectivity of the upper surface of semiconductor saturable
absorber. Also we normalized the time to tf and the field to qtf . Then the
intensity and time units for the Ti:sapphire laser are 0.2 TW/cm2 and 2.5 fs,
respectively.

The trick α(t) = x, dα(t)/dt = y(x) with d=0 and β=0 transforms this
third-order equation in the second-order one:

[(
d2y

dx2

)
y +

(
dy

dx

)2

+ δ
dy

dx
+ (g − l)

]
y − γ

tcoh
sin(x) = 0, (13)

which has not the soliton-like solution but allows the approximate solution in the
form y(x) = a0 sin(x/2) +

∑
m≥1

am sin( (m+1)π
2 ). In the lowest order this solution

corresponds to the generation of the 2π-area pulse (the so-called self-induced
transparency pulse) and gives for the pulse amplitude, the time delay and the
duration a0 = 2

√
2(g − l), δ = γ/(2(g − l)tcoh) and tp = 2/a0, respectively.

The positivity of g − l imposes the initial absorber loss constraint γ > g − l.
Only in this case there is no background amplification (i. e. there exists no
continuous spectrum for the ultrashort pulse perturbations). This condition is
obviously disadvantageous because the γ growth increases the lasing threshold.
The presence of the phase factors (d, β �= 0) does not improve the situation,
although in the chirp-free limit this allows to reduce Eq. (12) to the first-order
equation:

[
δ
dy(x)
dx

+
β

η2d
y(x)2 + (α− γ − φ

d
)
]
y(x)− γ

tcoh
sinx = 0, (14)

which has the same approximated solution, but with the slightly transformed
parameters: φ = 3βa20/(4η

2) + d(g − l), δ = 4γ/(tcoha20), a0 = 2
√
3(g − l),

tp = 2/a0.
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The fundamental improvement is caused by σ �= 0. In this case there exists
the soliton-like solution with sech-shaped profile and

a0 =
2
tp
, tp =

1√
l − g

, δ =
γ

tcoh(l − g)
, σ = η2/2. (15)

The confinement on the value of σ results from the coherent absorber induced
selection of only 2π-pulses, although the pulse amplitude and the duration are
defined by the fast saturable absorber, which is produced by the Kerr-lens mode
locking. The main advantage is the negative value of g − l − γ for the arbitrary
γ. This produces the stability against background amplification automatically
and allows to reduce the pulse duration down to sub-10 fs for the moderate
pumping. Moreover, the pulse parameters mapping obtained on the basis of the
abberationless approximation

da0
dz

= 2
(g − l)η2t2p − η2 + 4σ

η2t3p
,
dtp
dz

= 4
η2 − 2σ
a0η2t2p

,

θ =
2(d+ 4 β

η2 )

a0t3p
, δ = 2

γtp
tcoha0

. (16)

demonstrates the pulse automodulational stability.
Additionally the presented model describes the sech-shaped chirp-free pulses

with π-area and the chirped pulses with variable area. The respective substitu-
tions are

u(t) = u0/ cosh(
t

tp
), v(t) = v0/ cosh(

t

tp
),

w(t) = tanh(
t

tp
),

dφ(t)
dt

=
ψ

tp
tanh(

t

tp
),

where a0 =
√
1 + ψ2/tp, u0 = −1/

√
1 + ψ2, v0 = ψ/

√
1 + ψ2.

As our analysis demonstrates, in the contrast with the propagation in the
solely semiconductor layer, the π-pulses can be stable in the laser due to the fast
saturable absorber action.

Hence, the pure analytical extension of the soliton model allows to describe
the coherent effects. As a result, the computer algebra simulation replaces the
cumbersome numerical analysis and allows the very clear physical interpretation.

5 Conclusion

We presented the self-consistent approach to the analysis of the ultrashort pulse
generation in the mode-locked lasers, which is based on the dimension reduction
and the analysis of the soliton-like states of the dynamical equations describing
the action of the main lasing factor in the incoherent as well as the coherent lim-
its. The numerical simulations in the finite dimensional model in the combination
with the stability analysis of the soliton-like solutions of the master dynamical
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equations allow the computer algebra realization including the on-line calcula-
tors. This can essentially supplement the full dimensional numerical analysis and
partially replaces their, especially, in the problem of the global optimization.

The approach under consideration is realized as the Maple 6 worksheet [15,19]
and takes less than 15 min of calculation a 900 MHz Athlon processor.

For the sake of completeness, let us note some problems, which are still un-
solved. The methods under consideration take into account only single pulse
regimes or, as a direct but nontrivial generalization, the complexes of the un-
bounded multiple pulses. However, there exist the reach structures of the strongly
interacting pulses, which can be considered only numerically. We suppose, that
the situation can be improved by the means of the extension of the single soliton-
like solution. There are the first attempts in this direction, which are based on
the Painlevé analysis [20]. In order to be applicable the cumbersome algebraic
calculations taking place in this approach require the computer algebra realiza-
tion likewise the direct soliton methods (as an example of the computer algebra
algorithmization, the Hirota’s method is considered in [19]). We plan the further
development of the computer algebra approach in this direction.
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Abstract. Two classical types of periodic wave motion in polar coor-
dinates has been studied using a computer algebra system. In the case
of polar coordinates, the usual perturbation techniques for the nonlinear
shallow water equation leads to overdetermined systems of linear alge-
braic equations for unknown coefficients. The compatibility of the sys-
tems is the key point of the investigation. The found coefficients allow
to construct solutions to the shallow water equation which are periodic
in time. The accuracy of the solutions is the same as of the shallow wa-
ter equation. Expanding the potential and surface elevation in Fourier
series, we express explicitly the coefficients of the first two harmonics as
polynomials of Bessel functions. One may speculate that the obtained ex-
pressions are the first two terms of an expanded exact three-dimensional
solution to the surface wave equations, which describe the axisymmetri-
cal and the simplest unaxisymmetrical surface waves in shallow water.

1 Introduction

Two-dimensional nonlinear shallow water equation

fxx + fyy − ftt + αε (−fxfxt − fyfyt) + βε (−fxxft − fyyft) = 0 (1)

was introduced by Airy to describe the propagation of surface gravity waves.
This is the leading approximation for very long waves of finite amplitude. The
same equation describes two-dimensional gas dynamics in an isentropic gas flow.

The aim of this paper is to present a series of solutions to this equation in
polar coordinates (θ, r). They are periodic in time, and their accuracy is the
same as of equation (1).

In his classic book “Hydrodynamics”, §§ 191-195, Lamb [4] considers at least
two special cases of long linear waves in polar coordinates (θ, r) propagating
over a horizontal bottom. The first case is axisymmetric waves caused by a
periodic source of energy (3). The second case is the simplest unaxisymmetric
waves (4) in a circular basin. The solution we have found gives, in particular,
nonlinear corrections to these well known linear solutions.

Different versions of the shallow water equations are related mainly to a
choice of basic variables (see [5]). We follow the book of Mei [6] and use the
potential at bottom and surface elevation as basic variables.

F. Winkler and U. Langer (Eds.): SNSC 2001, LNCS 2630, pp. 375–386, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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There is a small parameter associated with the shallow water equations: the
ratio of amplitude to depth, ε (measure of nonlinearity). As in the classic Airy
equations, we retain only the quadratic terms (of orders O (ε) ).

The potential at the bottom is expanded in Fourier series in time:

f(r, θ, t) = U(r, θ) + S1(r, θ) sin (ωt) + C1(r, θ) cos (ωt)
+S2(r, θ) sin (2ωt) + C2(r, θ) cos (2ωt) + ...

+Sm(r, θ) sin (mωt) + Cm(r, θ) cos (mωt) + ... (2)

The main result of this work consists in the explicit expressions (35) - (42) for
functions U , S1, C1, S2 and C2 up to orders ε, which are homogenous poly-
nomials in Bessel functions Z0(ωr) and Z1(ωr) and trigonometric functions of
angular variable θ. Their coefficients are polynomials in r−1 and r. A similar
expansion for the surface elevation can be derived. These expressions give a pe-
riodic solution to the classic shallow water equation, within the same accuracy as
the equations are derived. Therefore, the result can be interpreted as a nonlinear
periodic solution of surface wave equations (8) - (11) calculated up to orders ε.
The calculations of coefficients and the check of results were performed using
the Computer Algebra System “MATHEMATICA”.

The two linear solutions used in the book of Lamb [4] are following:

f(r, θ, t) = J0(ωr) sin (ωt)− Y0(ωr) cos (ωt) (3)
f(r, θ, t) = J1(ωr) cos θ sin (ωt) . (4)

They describe the axisymmetric wave motion with periodic source located in the
center of polar coordinates system and the simplest case of regular unsymmet-
rical wave motion in a circular basin.

When trying to find the functions U(r, θ), S1(r, θ), C1(r, θ), S2(r, θ), and
C2(r, θ), we are forced to solve a Bessel-type non-homogenous differential equa-
tion of the second order:

Z ′′ (r) +
1
r
Z ′ (r) +

(
A+

B

r2

)
Z (5)

= q00J0(ωr)Y0(ωr) + q01J0(ωr)Y1(ωr) + q10J1(ωr)Y0(ωr) + q11J1(ωr)Y1(ωr),

where qij are polynomials of r, r−1.
We seek a solution Z(r) in the form

Q00J0(ωr)Y0(ωr)+Q01J0(ωr)Y1(ωr)+Q10J1(ωr)Y0(ωr)+Q11J1(ωr)Y1(ωr) (6)

where Qij are polynomials of r with unknown coefficients. These coefficients are
calculated as solutions of overdetermined systems of linear algebraic equations
(as in [7] and [8], where the same approach was used for describing the long
periodic waves on a slope). In the cases considered, the compatibility of these
overdetermined systems appears to be a matter of luck, and we see no reason
why the luck should continue. Nevertheless, we take the liberty of making an
“experimental” conjecture that the terms derived are only the lowest terms of a
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three dimensional exact solution to the surface wave equations (8) - (11) over a
horizontal bottom. The exact three-dimensional solutions are not known at the
moment, but we present an “intermediate” object (solutions of orders ε) which,
we hope, describes more accurately the behavior of the long periodic waves as
compared with the Lamb linear solution.

2 Basic Equations

The aim of this section is to remind briefly the derivation of shallow water
equation in the form suitable for us and to fix notations. We follow mainly to
book of Mei [6]. Non-dimensional coordinates are used as follows:

x =
x′

l′0
, y =

y′

l′0
, z =

z′

h′
0
, t =

g
1
2h

′ 12
0

l′0
t′, η =

η′

a′
0
, ϕ =

h′
0

a′
0l

′
0g

1
2h

′ 12
0

ϕ′, h =
h′

h′
0

(7)

where the prime denotes physical variables, and a′
0, l

′
0, and h′

0 denote the char-
acteristic wave amplitude, depth, and wavelength, respectively; η′ is the surface
elevation; g is the acceleration of gravity; x and y are the horizontal coordinate;
z is the vertical coordinate; and t is the time. The scaled governing equation and
the boundary conditions for the irrotational wave problem read

ϕxx + ϕyy + µ−2ϕzz = 0, −1 < z < εη(x, y, t) (8)
ηt + εϕxηx + εϕyηy − µ−2ϕz = 0, z = εη(x, y, t) , (9)

ϕt + η +
1
2
ε
(
ϕ2
x + ϕ2

y

)
+ εµ−2ϕ2

z = 0, z = εη(x, y, t) , (10)

ϕz = 0, z = −1 (11)

where ε and µ are the measures of nonlinearity and frequency dispersion defined
by

ε = a′
0/h

′
0, µ = h′

0/l
′
0. (12)

The potential ϕ(x, y, z, t) is expanded in powers of vertical coordinate

ϕ(x, y, z, t) =
∞∑
m=0

(z + 1)mFm(x, y, t) (13)

We use ∇ to denote the horizontal gradient (∂/∂x, ∂/∂y). Substituting (13)
into (8) and equating to zero the coefficients of each power of z + 1, we have

Fm+2 =
−µ2∇2Fm

(m+ 2)(m+ 1)
(14)

The boundary condition at the bottom (11) gives

F1 = 0 (15)
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Denoting f(x, y, t) ≡ F0(x, y, t) and expanding all expressions in powers of
µ, we obtain the first terms of ϕ

ϕ = f − 1
2!
µ2(z + 1)2∇2f +O

(
µ4
)

(16)

Expression (16) satisfies (8) and (11). Substitution of (16) into (9) and
(10) gives the Boussinesq-type equations for two functions: potential at bottom
f(x, y, t) and surface elevation η(x, y, t):

ηt + ε∇η · ∇f + (1 + εη)∇2f = 0 (17)

η + ft +
1
2
ε(∇f)2 = 0 (18)

The last two equations are equivalent to equations (1.16) and (1.17) of chap-
ter 11 of [4].

Expressing the surface elevation η(x, y, t) in terms of f(x, y, t) and its deriva-
tives, we have the single equation of type (1) for the function f(x, y, t).

This equation can be rewritten in polar coordinates (r, θ) as follows:

1
r2
fθθ +

1
r
fr + frr − ftt + αε

(
− 2
r2
fθfθt − 2frfrt

)
(19)

+βε
(
− 1
r2
ftfθθ − 1

r
ftfr − ftfrr

)
= 0

3 Periodic Problem

We suppose that the solution is periodic in time and can be expanded in Fourier
series in an area excluding a neighborhood of axis of symmetry and infinity.
Making some additional scaling, we can assume that frequency ω is equal to 1
without loss of generality.

f (r, θ, t) = S1
00 (r, θ)) sin (t) + C1

00(r, θ) cos (t) (20)
+S2

10(r, θ)ε sin (2t) + C2
10(r, θ)ε cos (2t) + ...

In the zero-order, we have the following linear problems for S1
00(r, θ) and

C1
00(r, θ)

S1
00 +

1
r2
S1
00θθ +

1
r
S1
00r + S1

00rr = 0 (21)

C1
00 +

1
r2
C1
00θθ +

1
r
C1
00r + C1

00rr = 0 (22)

Their general solution expressed in polar coordinates can be presented as a
series:

αJ0J0(r) + αY0 Y0(r)
+
(
αJ1SJ1(r) + αY1SY1(r)

)
sin θ +

(
αJ1CJ1(r) + αY1CY1(r)

)
cos θ + ...

+
(
αJnSJn(r) + αYnSYn(r)

)
sinnθ +

(
αJnCJn(r) + αYnCYn(r)

)
cosnθ + ... (23)
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where αJnC and αYnC are arbitrary constant coefficients providing the convergency.
We concentrate our attention on the first two terms of this series (zero and the
first harmonics in θ)

Let us denote by S = S (r) and C = C (r) two arbitrary solutions of Bessel
equation

rZrr + Zr + rZ = 0, (24)

Functions S (r), C (r) and their derivatives S′ (r), C ′ (r) can be expressed in
terms of Bessel functions as follows:

S (r) = a11J0 (r) + a12Y0 (r) , (25)
S′ (r) = −a11J1 (r)− a12Y1 (r) (26)
C (r) = a21J0 (r) + a22Y0 (r) , (27)
C ′ (r) = −a21J1 (r)− a22Y1 (r) (28)

Then the first two terms of (23) can be written in the form:

S1
00(r, θ) = ASS − (ASSSS′ +ASSCC

′) sin θ − (ASCSS′ +ASCCC
′) cos θ (29)

C1
00(r, θ) = ACC − (ACSSS′ +ACSCC

′) sin θ − (ACCSS′ +ACCCC
′) cos θ ,(30)

where AX and AXY Z are arbitrary constant coefficients (We can assume AS = 1
and AC = 1 almost without loss of generality).

Lamb [4] considers two particular cases of (29), (30):
(i)

S1
00(r, θ) = εJ0 (r) (31)

C1
00(r, θ) = −εY0 (r) (32)

(AX = 0, AXY Z = 0, a12 = −ε, a21 = ε, a11 = a22 = 0). The solution
describes axisymmetric wave motion with periodic source located in the center
of polar coordinates system.

(ii)

S1
00(r, θ) = 0 (33)

C1
00(r, θ) = −εJ1(r) cos θ (34)

(AS = 0, AC = 0, all AXY Z are equal to zero except for ACCC = −ε). The
solution describes the simplest case of regular unsymmetrical wave motion in a
circular basin.

The first solution is used in §§ 191-195 of book of Lamb [4] for describing
axisymmetric wave motion with periodic source located in the center of polar
coordinates system. The second one is used there for describing the simplest case
of regular unsymmetrical wave motion in a circular basin. The aim of subsequent
consideration is to give next-order corrections to these linear solutions.
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4 Calculation of S2
10 (r, θ)

S2
10(r) is presented as a sum of four components:

S2
10(r) = −

1
2
αSgrad2 +

1
2
αCgrad2 +

1
2
βSmod2 − 1

2
βCmod2 (35)

where

Sgrad2 =
1
2
rSS′ +

(
A2
SCC +A2

SSC

)(1
4
rC2 +

1
4
rCC ′ − 1

4
C ′2
)

(36)

+
(
A2
SCS +A2

SSS

)(1
4
rS2 +

1
4
rSS′ − 1

4
S′2
)

+(ASCCASCS +ASSCASSS)
(
1
2
CS +

1
4
C ′S +

1
4
CS′ − 1

2
C ′S′

)

+
(
ASSC

(− 1
4rCS + 3

8C
′S + 1

8CS
′ + 1

4rC
′S′)

+ASSS(− 1
4rS

2 + 1
2SS

′ + 1
4rS

′2)

)
sin θ

+
(
ASCC

(− 1
4rCS + 3

8C
′S + 1

8CS
′ + 1

4rC
′S′)

+ASCS(− 1
4rS

2 + 1
2SS

′ + 1
4rS

′2)

)
cos θ

+
( 1

4ASSCASCCCC
′ + 1

4ASCSASSSSS
′

+ 1
4 (ASCSASSC +ASCCASSC) (CS′ + C ′S)

)
sin 2θ

+
( 1

8

(
A2
SCC −A2

SSS

)
rCC ′ + 1

8

(
A2
SCS −A2

SSS

)
SS′

+ 1
4 (ASCCASCS −ASSCASSS) r(CS′ + C ′S)

)
cos 2θ

Cgrad2 =
1
2
rCC ′ +

(
A2
CCC +A2

CSC

)(1
4
rC2 +

1
4
rCC ′ − 1

4
C ′2
)

(37)

+
(
A2
CCS +A2

CSS

)(1
4
rS2 +

1
4
rSS′ − 1

4
S′2
)

+(ACCCACCS +ACSCACSS)
(
1
2
CS +

1
4
C ′S +

1
4
CS′ − 1

2
C ′S′

)

+
(

2ACSC
(− 1

4rC
2 + 1

2rCC
′ + 1

4C
′2)

+2ASSS(− 1
4rCS + 1

8C
′S + 3

8CS
′ + 1

4rC
′S′)

)
sin θ

+
(

2ACCC
(− 1

4rC
2 + 1

2rCC
′ + 1

4C
′2)

+2ACCS(− 1
4rCS + 1

8C
′S + 3

8CS
′ + 1

4rC
′S′)

)
cos θ

+
( 1

4ACCCACSCCC
′ + 1

4ACCSACSSSS
′

+ 1
4 (ACCSACSC +ACCCACSS) (CS′ + C ′S)

)
sin 2θ

+
( 1

8

(
A2
CCC −A2

CSC

)
rCC ′ + 1

8

(
A2
CCS −A2

CSS

)
SS′

+ 1
4 (ACCCACCS −ACSCACSS) r(CS′ + C ′S)

)
cos 2θ

Smod2 =


 1

2rSS
′ + 1

2

(
A2
SCC +A2

SSC

) (− 1
2C

2 − 1
2rCC

′)
+ 1

2

(
A2
SCS +A2

SSS

) (− 1
2S

2 − 1
2rSS

′)
+(ACCCACCS +ACSCACSS)

(− 1
2CS − 1

4rC
′S − 1

4rCS
′)

 (38)
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+
(−2ACSS (− 1

4rCS + 3
8C

′S + 1
8CS

′ + 1
4rC

′S′)
−2ACSC(− 1

4rC
2 + 1

4rC
′2)

)
sin θ

+
(−2ASCC (− 1

4rCS − 1
8C

′S + 1
8CS

′ + 1
4rC

′S′)
−2ASCS(− 1

4rS
2 + 1

4rS
′2)

)
cos θ

+


 ASCCASSC(− 1

2rCC
′ − 1

2C
′2)

+ASCSASSS
(− 1

2rSS
′ − 1

2S
′2)

+(ASCSASSC +ASCCASSS) (− 1
4rC

′S − 1
4rC

′S − 1
2C

′S′)


 sin 2θ

+


 1

2

(
A2
SCC −A2

SSC

)
(− 1

2rCC
′ − 1

2C
′2)

+ 1
2

(
A2
SCS −A2

SSS

) (− 1
2rSS

′ − 1
2S

′2)
+(ASCCASCS −ASSCASSS) (− 1

4rC
′S − 1

4rC
′S − 1

2C
′S′)


 cos 2θ

Cmod2 =


 1

4rCC
′ + 1

2

(
A2
CCC +A2

CSC

) (− 1
2C

2 − 1
2rCC

′)
+ 1

2

(
A2
CCS +A2

CSS

) (− 1
2S

2 − 1
2rSS

′)
+(ACCCACCS +ACSCACSS)

(− 1
2CS − 1

4rC
′S − 1

4rCS
′)

 (39)

+
(−2ACSC (− 1

4rCS − 1
8C

′S + 1
8CS

′ + 1
4rC

′S′)
−2ACSS(− 1

4rC
2 + 1

4rC
′2)

)
sin θ

+
(−2ACCS (− 1

4rCS − 1
8C

′S + 1
8CS

′ + 1
4rC

′S′)
−2ACCC(− 1

4rC
2 + 1

4rC
′2)

)
cos θ

+


 1

2

(
A2
CCC −A2

CSC

)
(− 1

2rCC
′ − 1

2C
′2)

+ 1
2

(
A2
CCS −A2

CSS

) (− 1
2rSS

′ − 1
2S

′2)
+(ASCSASSC +ASCCASSS) (− 1

4rC
′S − 1

4rC
′S − 1

2C
′S′)


 sin 2θ

+


 1

2

(
A2
SCC −A2

SSC

)
(− 1

2rCC
′ − 1

2C
′2)

+ 1
2

(
A2
SCS −A2

SSS

) (− 1
2rSS

′ − 1
2S

′2)
+(ASCCASCS −ASSCASSS) (− 1

4rC
′S − 1

4rC
′S − 1

2C
′S′)


 cos 2θ

5 Calculation of C2
10(r, θ)

C2
10(r) is presented as a sum of two components:

C2
10(r)=−

1
2
αΠgrad+

1
2
βΠmod2 (40)

where

Πgrad=




−12CS− 1
4rC

′S− 1
4rCS

′

+(ACCCASCC+ACSCASSC)
( 1
4C

2+ 1
4rCC

′− 1
4C

′2)
+(ACCSASCS+ACSSASSS)

( 1
4S

2+ 1
4rSS

′− 1
4S

′2)
+1
2

(
ACCSASCC+ACCCASCS
+ACSSASSC+ACSCASSS

)( 1
2CS+

1
4rC

′S+ 1
4rCS

′− 1
2C

′S′)


(41)

+


ASSC

(−14rC2+ 1
2CC

′+ 1
4rC

′2)+ACSS(−14rS2+ 1
2SS

′+ 1
4rS

′2)
+ASSS(−14rCS+ 1

8C
′S+ 3

8CS
′+ 1

4rC
′S′)

+ACSC(−14rCS+ 3
8C

′S+ 1
8CS

′+ 1
4rC

′S′)


 sin θ
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+


ASCC

(−14rC2+ 1
2CC

′+ 1
4rC

′2)+ACCS(−14rS2+ 1
2SS

′+ 1
4rS

′2)
+ACCC(−14rCS+ 3

8C
′S+ 1

8CS
′+ 1

4rC
′S′)

+ASCS(−14rCS+ 1
8C

′S+ 3
8CS

′+ 1
4rC

′S′)


 cos θ

+




(ACSCASCC+ACCCASSC) 1
4rCC

′

+(ACSSASCS+ACCSASSS) 1
4rSS

′

+1
2r

(
ACSSASCC+ACSCASCS
+ACCSASSC+ACCCASSS

)
(CS′+C ′S)


 sin 2θ

+




(ACCCASCC−ACSCASSC) 1
4rCC

′

+(ACCSASCS−ACSSASSS) 1
4rSS

′

−12r
(−ACCSASCC−ACCCASCS
+ACSSASSC+ACSCASSS

)
(CS′+C ′S)


 cos 2θ

Πmod2=




1
4r (C

′S+CS′)
+1
2 (ACCCASCC+ACSCASSC)

(−12C2− 1
2rCC

′)
+1
2 (ACCSASCS+ACSSASSS)

(−12S2− 1
2rSS

′)
+
(
ACCSASCC+ACCCASCS
+ACSSASSC+ACSCASSS

)(−12CS− 1
4rC

′S− 1
4rCS

′)


 (42)

+


 −ACSC

(−14rCS− 1
8C

′S+ 1
8CS

′+ 1
4rC

′S′)
−ASSS

(−14rCS+ 1
8C

′S− 1
8CS

′+ 1
4rC

′S′)
−ASSC(−14rC2+ 1

4rC
′2)−ACSS(−14rS2+ 1

4rS
′2)


 sin θ

+


 −ACCC

(−14rCS− 1
8C

′S+ 1
8CS

′+ 1
4rC

′S′)
−ASCS

(−14rCS+ 1
8C

′S− 1
8CS

′+ 1
4rC

′S′)
−ASCC(−14rC2+ 1

4rC
′2)−ACCS(−14rS2+ 1

4rS
′2)


 cos θ

+




1
2 (ACSCASCC+ACCCASSC) (−12rCC ′− 1

2C
′2)

+1
2 (ACSSASCS+ACCSASSS)

(−12rSS′− 1
2S

′2)
+1
2

(
ACSSASCC+ACSCASCS
+ACCSASSC+ACCCASSS

)
(−14rC ′S− 1

4rC
′S− 1

2C
′S′)


 sin 2θ

+




1
2 (ACCCASCC−ACSCASSC) (−12rCC ′− 1

2C
′2)

+1
2 (ACCSASCS+ACSSASSS)

(−12rSS′− 1
2S

′2)
+1
2

(
ACCSASCC+ACCCASCS
−ACSSASSC−ACSCASSS

)
(−14rC ′S− 1

4rC
′S− 1

2C
′S′)


 cos 2θ

6 Examples

We give here explicit corrections for Lamb’s linear solutions.
Case i.
Assuming that

S1
00(r, θ) = S (r) , C1

00(r, θ) = C (r) (43)

We have

f(r, t) = S sin (t) + C cos (t) (44)
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r
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Fig. 1. Axisymmetric progressive waves. Dependence of surface elevation η on radius
r. The solid line is (ε)-order solution, and the dashed line is zero-order solution. Face
slope is more steep and rear slope is more gentle as compared with zero order Lamb
solution. ε = 0.1, t = π.

+ ε

(
1
2
(
S2 − C2)+ 3

4
r(SS′ − CC ′)

)
sin (2t)

+ ε

(
CS +

3
4
r(SC ′ + S′C)

)
cos (2t) .

Substituting these expressions into (18), we could derive the following ex-
pressions for η(r, θ, t).

η(r, θ, t) =
(
−1
4
S′2 − 1

4
C ′2
)
ε+ C sin t− S cos t (45)

+
(
2CS +

3r
2

(CS′ + C ′S)
)
ε sin (2t) (46)

+
((
C2 − S2)+ 3r

2
(CC ′ − SS′)− 1

4
(
C ′2 − S′2)) ε cos (2t) (47)

Setting a12 = −1, a21 = 1, a11 = a22 = 0, we have S(r) = −Y0 (r) and
C(r) = J0 (r) . Then the main approximation for η(r, θ, t) is

J0 (r) sin (t) + Y0 (r) cos (t) (48)
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Fig. 2. Contours of unsymmetric waves (case ii) for t = 3
4π, 5

6π, 11
12π, π.

The solid lines are (ε)-order solutions, and the dashed lines are zero-order solutions.
ε = 0.2.

which is equivalent to√
2
πr

(
cos
(
r − π

4

)
sin (t) + sin

(
r − π

4

)
cos (t)

)
=

√
1

2πr
sin
(
r − π

4
+ t
)
(49)

for r → +∞. So, we can consider this case as progressive wave, whereas the case
a11 = 1, a22 = a12 = a21 = 0 is a standing (symmetrical) wave. New solution
(solid line) and zero-order Lamb solution (broken line) are shown in Fig. 1.

Case ii.
Assuming that

S1
00(r, θ) = 0, C1

00(r, θ) = C ′ (r) cos θ (50)
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(We suppose in the numerical calculation that if C = −εJ0)
We have

f(r, t) = C ′ cos θ cos (t) (51)

+ ε

(
3
8
C2 +

3
8
rCC ′ − 1

4
C ′2 +

(
3
8
rCC ′ +

1
8
C ′2
)
cos 2θ

)
sin (2t) .

Substituting this expression into (18), we could derive the following expressions
for η(r, θ, t).

η(r, θ, t) =
(
−1
4
cos2 θC2 − 1

2r
cos2 θCC ′ − 1

4r2
C ′2
)
ε+ C ′ cos θ sin t (52)

+
((− 1

4 cos
2 θ − 3

4

)
C2 − ( 1

2r cos
2 θ + 3

2r cos
2 θ
)
CC ′

+
(− 1

4r2 + 3
4 − 1

2 cos
2 θ
)
C ′2

)
ε cos (2t)

The presented nonlinear corrections alter dramatically the topology of con-
tours of surface waves. In particular, the contours vary in time in contrast with
Lamb solution and the surface is never flat. Examples of the contours of waves
are shown in Fig. 2.

7 Conclusions

Some periodic solutions with the accuracy of ε to the classical surface wave
equations (8) - (11) are presented. The intermediate equations are given for
illustrating the method of derivation but the expressions (35) - (42) can be
proved by substitution into system (8) - (11) (using expression (16) for the
potential). Linear versions of these problems when the terms of zero orders in ε
only are retained were subject of classical investigation in the book of Lamb [4]
§§ 191-195.

We conjecture that these expressions are only the lowest terms of a certain
expanded exact three-dimensional solution to surface wave equations (8) - (11).
The number of known exact solutions to the surface wave equations is rather
small and there are no three-dimensional ones.

The first solution can be used for describing the water dynamics generated
by periodic pressure source.

The second one presents the simplest unsymmetrical water waves in circular
basin.

The presented formulas can be useful, in particular, for describing wave dy-
namics in the problems with boundary conditions at the circumferences.

The derived formulas are obtained by the method of unknown coefficients
as solutions of some overdetermined systems algebraic linear equations. The
reason for their solvability remains obscure in the moment.
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